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ABSTRACT

This paper focusses on the performance of the Metropolis al-
gorithm when employed for solving combinatorial optimiza-
tion problems. One finds in the literature two notions of
success for the Metropolis algorithm in the context of such
problems. First, we show that both these notions are equiv-
alent. Next, we provide two characterizations, or in other
words, necessary and sufficient conditions, for the success
of the algorithm, both characterizations being conditions on
the family of Markov chains which the Metropolis algorithm
gives rise to when applied to an optimization problem. The
first characterization is that the Metropolis algorithm is suc-
cessful iff in every chain, for every set A of states not con-
taining the optimum, the ratio of the ergodic flow out of A
to the capacity of A is high. The second characterization
is that in every chain the stationary probability of the op-
timum is high and that the family of chains mixes rapidly.
We illustrate the applicability of our results by giving alter-
native proofs of certain known results.

Categories and Subject Descriptors

G.1.6 [Optimization]: simulated annealing; G.3 [Probability

And Statistics]: Probabilistic algorithms (including Monte
Carlo)

General Terms
Theory, Algorithms

Keywords

Metropolis algorithm, optimization, success of Markov chain
families, rapid mixing of Markov chains

1. INTRODUCTION
The Metropolis algorithm [2] is a very simple-to-implement
randomized search heuristic which can be used to locate an
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optimum point in a large search space. Although the algo-
rithm is widely used, our theoretical understanding of the
performance of the algorithm is somewhat limited. While
it is known that the Metropolis algorithm cannot work effi-
ciently on all instances of even problems like the maximum
bipartite matching [4] or the minimum spanning tree [6],
yet it has been proved to be efficient on random instances of
even some NP-hard problems, e.g., the graph bisection prob-
lem [1]. We provide in this paper two characterizations (i.e.,
necessary and sufficient conditions) for the success of the
Metropolis algorithm for optimization. As our characteriza-
tions relate certain notions (e.g., rapid mixing of a family of
Markov chains) which have been very well studied in related
but different contexts, we hope that our results will help to
understand better why and when the Metropolis algorithm
will work efficiently for optimization.

Given an optimization problem, the Metropolis algorithm
defines a Markov chain for each instance of the problem, the
state space of the chain being the set of feasible solutions
of the instance. There is also a meighborhood structure de-
fined on the set of feasible solutions where the set N(s) of
neighbors for a solution s is the set of all those feasible solu-
tions which can be reached from s by one inexpensive local
move. The algorithm also defines a probability distribution
on N(s) for every s. The Markov chain when at s at a step
will move in its next step to one element of N(s) as per the
defined probability distribution on N (s). In this manner the
chain traverses the space of feasible solutions with the aim
of encountering an optimum solution sooner or later.

The probability distribution on N(s) is so defined that it
will favor an element with a value better than the one for
the current element s, the extent of the preference depend-
ing on a parameter called temperature which is defined for
each specific chain. One would then consider the Metropo-
lis algorithm to be successful for an optimization problem IT
if for each instance of II, there is a temperature such that
the corresponding Markov chain is guaranteed to encounter
an optimum solution efficiently, i.e., in a number of steps
bounded by a fixed polynomial in the instance size, irrespec-
tive of the initial solution the chain starts at. One finds in
the literature two somewhat different formalizations of this
notion of efficient behavior: one in terms of the expected
number of steps to reach an optimum, the other in terms of
the probability that the number of steps to reach an opti-
mum is bounded by a fixed polynomial in the instance size.
We show both of these formalizations of success to be, not
surprisingly, equivalent to each other. We then provide a



necessary and sufficient condition for success, which is that
for every set A of search points, A not containing an op-
timum, the ratio ®(A) of the ergodic flow out of A to the
capacity of A is high.

As each of the Markov chains defined by the Metropolis
algorithm for a problem II is ergodic, each chain is guaran-
teed to reach close to its unique stationary distribution when
run for sufficiently many steps. It is easy to see, therefore,
that a sufficient condition for the success of the Metropo-
lis algorithm for IT is that (a) the Markov chain for each
instance reaches a distribution close to its stationary distri-
bution in steps polynomial in instance size (in other words,
the family of chains is rapidly mixing) and (b) the station-
ary distribution probability of an optimum solution is high.
Because, in such a case, if we run the chain corresponding
to an instance for polynomially many steps, the probability
of encountering an optimum is high.

Our other result is that the above sufficient condition for
success is actually also a necessary one. We prove this by
showing that our first characterization is equivalent to this
new condition. Thus we prove that rapid mixing is necessary
for the success of the Metropolis algorithm for optimization.

We then show that our characterizations can be used in
a straightforward and easy manner to provide both positive
and negative results about the success of the Metropolis al-
gorithm by providing alternative proofs of two results on
the behavior of the Metropolis algorithm on certain classes
of inputs for the minimum spanning tree problems, which
were originally proved in [6]. We also provide a necessary
condition on the density of states (a notion defined in [3])
needed for the success of the Metropolis algorithm, making
use of our characterization of success. The result is similar
to the one given in [3].

2. THE METROPOLIS ALGORITHM, NO-
TIONS OF SUCCESS

2.1 The Metropolis Algorithm

Let IT be an optimization problem, and without loss of
generality, we will consider it to be a minimization problem.
Let I denote a set of instances of II. For i € I, let n; de-
note the size of the instance . We denote by S the set of
all feasible solutions of the instance i. (Typically, |S®] is
exponential in n;.) Without loss of generality, we make the
following assumptions:

1. For every instance ¢ in I, the neighborhood structure
N® on SO the set of feasible solutions of i, is a con-
nected, undirected graph. We use d¥ to denote the
largest degree of the graph. We assume that d® is
bounded above by a fixed polynomial in n;.Thus, the
neighbourhood structure graph is symmetric and typ-
ically, the degree of any vertex in the graph is small
compared to the total number of vertices.

2. There is an easy to evaluate cost function c(-) which,
given a feasible solution r, gives the cost ¢(r) of r, and
this cost is a non-negative real number.

3. Every instance has a unique optimum. (The case of
multiple optima can be reduced to the unique one case
by a reduction given in [3]).

The Metropolis algorithm on instance ¢ runs a Markov chain
X® = (Xé”, X{i), ...), using the temperature parameter as
some TW. The state space of the chain is the set S@ of
the feasible solutions of i, and the transition probabilities
are defined as below. (u and v denote any two feasible solu-
tions).

0

(if w # v and v ¢ N(u))
_cw)—c(w)
(1)

c(u) and v € N(u))

2d1(1)

P[Xpi1 = 0| Xi = u] = (11f c(v) >

it e(v) < cu) and v € N(w)

1( > ;ﬁu)P[Xk*H = 7| Xk = u]
fu=wv

Let PO = (pg)v Tu,v € S(')) denote the transition matrix
of the Markov chain X where for all u,v € S(z), Dus. ), =
P[Xi4+1 = v| Xk = u]. As per [3], for T'= 0,5 > 0, we define
8 0 ifs>0
e T = .
1 ifé=0
The above chain can easily be seen to be ergodic and time-
reversible, and its unique stationary distribution 7 = (7; :
j € 8% is given by:

i = ()

ZvES( ) € @

Our chain is a so called lazy Markov chain because it sat-
isfies the condition that for every state j € S® p];) > é
This condition is necessary for the applicability of the Con-
ductance Theorem [5]. We note that every Markov chain
can be easily modified into a lazy one without incurring a
slowdown of its rate of convergence by more than a constant
factor.

2.2 Notions of Success

One finds in the literature two notions of success, one in
terms of the worst expected number of steps to reach the op-
timum as we vary the starting state, and the other in terms
of the minimum of the probabilities to reach the optimum
within steps bounded by a fixed polynomial, the minimiza-
tion being done over all starting states. (See, e.g., [3] and
[6].) We recall that for the chain X S denotes its state
space, P = (pgll)c : 4,k € S@) denotes its transition prob-
@) .
N M ]

ability matrix and (m; e S@) denotes its unique sta-

Ozp)t denote the state in

tionary probability distribution. Let s
S with the maximum stationary probability(which corre-
sponds to minimum cost). We now define formally the two

notions of success.

DEFINITION 1 (S-SUCCESS). The family X = {XP|i e
I} is defined to be S-successful if there exist constants k,ng >
0 such that Vi € I such that n; > no,

max E[min{t > 0[X{” = s} | X{? = 5] <nf

s€S(®)

DEFINITION 2 (W-SUCCESS). The family X = {X Vi €

I} is defined to be W-successful if there exist constants ki1, k2, no >



0 such that Vi € I such that n; > no,

min Pmin{t > 0|X" =

k
s opt} < TL ! | X
s

=s]>n; "

These definitions for success may perhaps be considered too
stringent as they require the Metropolis algorithm to do well
in the worst case over all possible start states. This is be-
cause, in practice, one may start the algorithm either from a
state uniformly selected at random, or from a state which we
have reasons to believe to be a good start state. However, in
the general case with which we are concerned in this paper,
selecting a state uniformly at random is in itself a difficult
problem, and we may not have any a priori idea as to which
of the states would be good as start state(s).

The following Theorem shows that the two definitions are
actually equivalent.

THEOREM 1. The family X = {X )i € I} is S-successful
if and only if it is W-successful.
We defer the proof of the above to Appendix A.

From the above theorem we have that we can use either

of the two definitions of success to argue that a family of
Markov chains is successful.

DEFINITION 3 (SUCCESS). A family X of Markov chains
is successful if it is W-successful, or equivalently, S-successful.

3. TWO CHARACTERIZATIONS OF SUC-
CESS
In this section we give two different characterizations of

success of a family of Markov chains.

DEFINITION 4  (JERRUM AND SINCLAIR, [5]). Let X be
an ergodic Markov chain with state space S, transition ma-
tric P = (ps,j : 1,7 € S) and stationary distribution ™ =
(m; : 4 € 8). Then for all non empty proper subsets A of S,
ZiGA,jeZ TiPij

ZieA T
The conductance of the chain is defined as

o(X) = min D(A)
ACS,A#¢,cap(A)<

where cap(A) =Y

B(A) =

iceA i

Let I be a set of problem instances for a combinatorial opti-
mization problem. For each ¢ in I with temperature of i as
T;, let X® = (Xéi),Xfi), ...) be the Markov chain 4 gives
rise to. We assume each X to satisfy the assumptions
listed in Section 2.1. As before, let nZ denote the size of the
instance 4, and let S and P = (p] kg k€ St ) denote
the state space and the state transition matrix of X" @ re-
f,z,)t be the state in S with the minimum
cost. Let the stationary probability distribution of X® be

spectively. Let s

(775-” . j € S®). We assume that there is a polynomial g(-)
such that for all ¢ in I, n](.i) > 279 for every j in S,

THEOREM 2. The following three statements are equiva-
lent:
(a) The family X of Markov chains is successful.
(b) There exist constants k,ng > 0, such that for all ¢ in I

with n; > no, for all non-empty subsets A of S
the condition

B(A) > n; "

- {Sopt

is satisfied.
(c) The family X of Markov chains mizes rapidly*, and there

exist constants no, k > 0 such that for all i in I with n; > no
k (1)

where 0 15 84,

we have that 7rc(,i) >n;

PROOF. ((a) implies (b)) Let X be successful and hence
W-successful. Thus there exist constants ki, k2,no > 0 such
that Vi € I with n; > no,

m1n P[min{t > 0|X") = sf;’t} <nf| Xéi) =s]>n "

s€s (1)

For each ¢ such that n; > ng, suppose that the start state is
chosen from S@ according to some probability distribution
(s € 89) on states Then

P[min{t > 0| X" = s } < nk
> Pmin{t > 0[x{” = 5§} <nft | X{0 = sJPIX) = o]
s€s®
> £
ses(®)
=n; " (1)

Our proof is obtained by showing that we reach a contra-
diction if we assume that the successful family X does not
satisfy the condition of (b).

Let us assume that for X it holds that for all constants
k,m>0,3i € I withn; >m, andan A C S®) — {sffp)t} such
that

®(A) <n;" (2)
We fix constants k', m’ > 0. Then 3i’ € I with n;; > m’,and
an A C 8@ {sopt} such that

O(A) <ny, K (3)
For the chain of 7', using the A satisfying 3, we define the

following initial distribution fsil) 1se 8,

s {0
S<7' ) = cap(A)
0

With this as the initial distribution, we derive a contradic-
tion to 1 above for the chain X of 4. First, we prove by

if s e A;
otherwise;

induction on ¢ that the probability that X makes a tran-
sition from some state in A to some state in A for the first
time in the t-th step, w1th 1n1t1al distribution as fS , is less
. Let P = (" Pix ) ke 8t ) be the transition
matrix of X .

Base step(t=1): The probability that the 1st step of X
is from some state in A to some state in A is clearly

Z f(l ) (Z

JEAKEA

than ni,

=P(A) < n;k/ (from 3)

nformally, a family of chains mixes rapidly means that
within steps bounded by a fixed polynomial in instance size,
each chain will come very close to its stationary distribution,
i[rl]respective of the initial distribution. For the definition, see
5].



Induction step: We assume the induction hypothesis to be
true for all t < #'. The probability that X () makes a move
from some state in A to some state in A for the first time in
(t' + 1)-th step is Ty 1/cap(A), where

_ § : (i), (@) (")
7;’+1 — Tsy Psysg -+ -pst/+1,st/+2
sl,A.A,st/+16A,st/+2€Z

- ¥

8140811 €A o €A

(i), (@) (")

Tsy Psg,sy - -ps,ﬁ/_'_l,st/_*_2

(using the time reversibility of X))

-/

_ '), (i @’ (
- Z ( 7TL(§; pSlzh)Sa . 'pSlt/)Jrl,Sturz ZsleA p812,)51

52,...75t1+1€A,$tl+2EZ

E (i), (") @)
S Tsy Psg,sz -+ 'pst/+1,st/+2
82,0084/ 41 €A,S €A

=T

Thus, the probability that X () makes a move from some
state in A to some state in A for the first time in the (¢’ +1)-
th step

= Tiry1/cap(A)
< Ty /cap(A)

This is the probability that X (@) makes a move from some
state in A to some state in A for the first time in the t'-th
step and this probability is less than n;,k (from the induc-
tion hypothesis). Using the union bound, again for the same
initial distribution, V& > 0,

Pmin{t > 0] X" = s©,} < n¥"]

opt il

< P[min{t > 0|X") € A} <nl]

k! _K
< Mngr Ny

_ n;(k/fk//)

Since we are free to choose k', k" and m’, we have, therefore,
proved that Ve,¢’,m” > 0,3 € I with n; > m” and an
initial distribution, such that
P[min{t > 0|Xt(i) = sggt} <nf] < n=¢
under that initial distribution. This contradicts 1, hence
the family X could not have been successful and we have a
contradiction.

((b) implies (c)) Let there exist constants k,ng > 0, such
that Vi such that n; > no,

min B(A) >n; "
ACS() —(s(D) ), A%

We first show that this implies at least inverse polynomial
conductance and therefore rapid mixing.

Let m be a constant such that Vo > m, z° + 1 < 21, Let
¢ € I be an instance where n; > max{no, m}. From Defini-
tion 4 and the time reversibility of X;, we have

(XD = Min 4 5(), A% max{®(A), ®(A)}. As one of A

and A does not contain sff;t, ®(X) is at least n; *. To-

gether with the assumption that Vj € S®, wj(.i) > 279 for
a fixed polynomial ¢(-), and the assumptions of Section 2.1,
it follows from the Conductance Theorem(see Corollary 2.8
of [5]) that X is a rapidly mixing family of Markov chains.

Next we prove that the optimum element has a high sta-
tionary distribution probability. Let A’ = S — {sffp)t} and

let o denote sg?t. Thus,

(i), (9)
2jes® {0} ™ Pjo
B)

/ —
B(4) = S0 T
2jes (0}

~ 2jest_{o) ”gZ)pgl,;'

1-— m(,”

(From time reversibility of X (®)

. e Zjes(i)f{o} p(()zj
1-— ng)

)
10
Also ®(A’) > n;*. Thus, we have

(%)
nt<
1—ms

—1- 7T((7i) < nfﬂ'éi)
= 71 +nf)>1

; 1
:}’Tl’gl) > —

—— (asn; >m
_1+nf_nf+1 ( izm)

((c) implies (a)) Let X be a rapidly mixing family of Markov
chains. Let Vi € I, such that n; is large enough, sglp)t > n;kl
for some constant k3 > 0. Let k2 > 0 be a constant such
that if (f;z) :j € 89 be the distribution of X; after n*2
. (4)
steps, and, Vj € S@, f]@ > ﬁé , for any start state (since
X is a rapidly mixing family of Markov chains, there exists
such a constant). Then the expected number of steps till
the chain hits the optimal state for the first time is at most

2711-1+ 2(in other words, on expectation, the chain requires

at most 2nf1 blocks, each of ni” steps, to reach sffp)t for the
first time). This shows that X is S-successful and hence

successful. [

4. APPLICATIONS

We have shown that the performance of the Metropolis
algorithm is closely related to the mixing time of the under-
lying family of Markov chains. More specifically, a family of
Markov chains generated by instances from a set satisfying
certain properties, is successful if and only if the family is
a rapidly mixing one and the stationary probability of the
goal state is at least some inverse polynomial in the size of
the input instance. These results provide a systematic way
of proving both positive and negative results about the suc-
cess of the Metropolis algorithm. In this section we provide
alternative proofs of certain known results making use of our
characterizations of success.

4.1 Minimum Spanning Tree Problem on Con-
nected Triangles



To illustrate the applicability of our success characteri-
zations, we consider the Minimum Spanning Tree problem.
The instances and the heuristic are the same as those con-
sidered in [6] except for a self loop with probability at least %
added to each state to ensure strong aperiodicity. The prob-
lem is, given an undirected weighted graph G = (V, E, w), w
being the weight function, to compute the minimum span-
ning tree of G. The instances we consider are connected
triangles as shown in figure 1.

The state space here is the set of all connected subgraphs of

AN

Figure 1: Connected triangles

the input graph. The cost ¢ of a subgraph is the sum of the
weights of its edges. Clearly, the state corresponding to the
minimum cost is the minimum spanning tree which we de-
note by M ST. We call two states s1 and sz neighbors of each
other iff s3 can be obtained from s; either by including an
edge not present in s1, or by removing an edge in s1 (1.e. by
flipping an edge as we call it). Thus the relation defined by
neighborhood is symmetric. We denote the set of all neigh-
bors of a state s by N(s), the number of edges by m, and the
current state by s. We take the number of triangles as the
size of an instance. The maximum of the degrees of nodes of
the graph which underlies the Markov chain the Metropo-
lis algorithm simulates, is clearly m. At any given instant,
the Metropolis algorithm stays at its current state s with
probability % With probability % it flips an edge selected

uniformly at random and, if the resultant graph ¢ is con-
c(t)—c(s)
nected, accept the flip with probability min{1,e=~ =  },

7 being the temperature.

4.1.1 Example where the Metropolis Algorithm Fails
at Every Temperature

We here consider the same set of instances as considered
by Wegener in [6] where the Metropolis algorithm fails to
efficiently compute the minimum spanning tree. The set of
instances I; is the set of all connected triangles consisting
of 2n triangles, so that the number of vertices is 4n + 1 and
number of edges is m = 6n, for each n > 0. There are n light
triangles, the edge weights of each of which are 1,1 and m.
The edge weights of each of the remaining n triangles (heavy
triangles) are m?,m? and m®. The unique MST consists of
all the edges with weight 1 or m?. Let T be a function
mapping each instance ¢ € I; to a temperature 7@, For
each i € Iy, the algorithm runs an ergodic Markov chain
v )) with state space S (which is the set of all connected

sub-graphs of i), and transition probability matrix P(m =

i (1) . .
(p;;CT ) ijke S®) where

0
(if s ¢ N(t) and s # t)

1 . _c®)—c(s)
i,70¢ )) ﬁmln{ 1,e () }
” (if s € N(1))
(in(i))
1- Et’es(i)f{s}(l — Dy )
(if s =1t)

Each Yq(f()i) is time-reversible, with Gibb’s distribution as its
stationary distribution. It is easy to verify that each node
has stationary probability at least some inverse exponential
in n, so that we can use Conductance Theorem. Let =

T(1)
a7 (%) . i . . . . 7
(7T§ T je st )) be the stationary distribution of Y((T)( 9
Let Y7 = (YT<( L rie ).

THEOREM 3. For no T is the family Yr successful.

PROOF. We consider an instance ¢ € I; having 2n con-
nected triangles, and m = 6n edges.
case 1: T >m
We show that, when T is at least m, the stationary proba-
bility of M ST is less than any inverse polynomial in n. From
Theorem 2, it implies that the famlly Yr is not successful if,
for arbltrarlly large instances 1, TG > m.
In each connected subgraph of the input, there may be 2
or 3 edges of each triangle. 2 edges can be chosen out of 3
in 3 ways. Thus each triangle can be in one of four differ-
ent configurations. Thus the search space S contains 42"
states. We partition S into 4™ classes of 4™ states each.
In a class, the configuration of each light triangle is fixed.
We can fix the configurations of all light triangles in 4" ways
and thus we have 4" classes. Each class has 4™ states for 4™
different combinations of configurations of the heavy trian-
gles. We show that the sum of the stationary probabilities
of the states in the class containing the optimal point is not
more than inverse exponential in n. Let c}}’ and C(LZ) de-
note the sets of all possible combinations of configurations
of heavy and light triangles respectively . Yu € Cg) UC(L”7
let W(;ZZ) denote the ratio of the sum of the weights of all

—w

= Zuecg) e ()
The sum of the stationary probabilities is minimum for the
class corresponding to g € Cj(vf) where all the edges of all
light triangles are present, and maximum for the class cor-
responding to b € C<Li) where only the edges of light triangles
with weight 1 are present. The ratio of these two sums is

edges present in u, to T®. Let Sum;f?i)

c(t)
(@)
SumT(b) e T( )/Ztes(7()) e

. c(t
( (t)

) - . e
Sum, ;) .e T(“ / Ztes(i()') e 17
s

_ 2n—n(m+2)
—e 7(%)

<e" (as TW > m)

Observing that there are 4™ classes, we can conclude that
the maximum sum of the stationary probabilities of all states
in a class cannot be more than ﬁe" <1.27" < n~" for all
constant k for all large enough n, which is also an upper
bound on the stationary probability of the MST.



case 2: TW < m
For i € I we define a set A C S — {MST}, such that
®(A) is not more than inverse exponential in n. We take
A to be the set of all states where each heavy triangle have
one edge of weight m? missing. Clearly A does not contain
the goal state which is the MST. If s; € A and sz € A are
neighbors, then

1 =m2 1
2me B < om 2m

6Ty _

51,82

; 1
77n T(z) < _ —6n
(as m) 19 ¢
(because we have to include the missing edge of weight m?
of some triangle to come out of A)
Thus we have
(7W), 1)

ZjeA keA T ik —6n —k

ZjeA Ty

for all constant k for large enough n. From Theorem 2 it
follows that for Yr to be successful, T cannot be less than
m for arbitrarily large instances i € 1.

Thus for all temperatures, the Metropolis algorithm fails
to efficiently compute the minimum spanning tree for the
instances in I;. [

4.1.2  Example where the Metropolis Algorithm Suc-
ceeds at Some Temperature

Now we consider a set of instances considered by Wegener
n [6] for which the Metropolis algorithm provably computes
the minimum spanning tree efficiently at some temperature.
Each instance of our next instance set I consists of n con-
nected triangles, for each n > 0. The weights of the sides of
each of them are m?, m? and m?®, where m = 3n is the num-
ber of edges. We take the temperature T to be m? for
the instance ¢ with m edges. Vi € I2, in each connected sub-
graph of 4, each triangle is in one of the three configurations:
good (two edges each of weight m? are present), bad(one edge
of weight m? and one edge of weight m?> are present), com-
plete(all three edges are present). We here view the algo-

rithm, when run on ¢ € I at temperature m? , to simulate
the ergodic Markov chain Z(i), with state space Sm

transition probability matrix Q¥ = (qj L g ke S( ))

SY) ={(g,b,¢) : 0< g,b,c<n,g+b+c=n}

where (g,b, ¢) stands for the state in which number of good,
bad and complete triangles are g, b and c respectively. Clearly
the goal state is (n,0,0).

Of course qglz =0if s # ¢t and s ¢ N(¢). The remaining
transition probabilities are as follows?:

*7TL2 1
b < 3 ) b —m_ 2
m 2 = —
e B e

(2) -
Qgb,0),(g,b—1,c4+1) — om (b #0)
(4) _2¢ ¢
Aigb,c),(g,b+1,c—1) — o m (c#0)
_m3 )
() g < m§ > g —m2
9g,b,c),(g—1,b,c+1) — %6 2 = %e (g #0)

2The transition probabilities are well defined because
qéz)b )9y depends only on g,b,c, g ,b',c and not on

which of the n triangles are good, bad or complete.

(@) - _c
U(g,b.c).(g+1,b,e—1) — 5

(c #0)

() (i) 1
Ugbo)(gbe) =17 Yo g
tes{? —{(g.b,0)}

By detailed balance equations we observe that Z @ isa time
reversible Markov chain with stationary distribution o =

(ay) RS Sii)) of Z™ is the following:

=)

D es®
o) t€50g,8,0)

(g,b c) _ c(t)
2tes® e( ni)
where S is set of all connected subgraphs of i with g,b

(g,b,¢)
and c good bad and complete triangles respectively, and

S as in last subsection, is the set of all connected sub-
graphs of i. Here again we see that all stationary probabili-
ties are at least some inverse exponential of n.

We now con51der another Markov chain W® with state
space S and transition matrix R = (r; (1) 1,k € S“))
(QW ) . Thus each pair of steps of Z(® b1mulates a single
step of W®. W is easily seen to be an ergodic time-
reversible Markov chain with the same stationary distribu-
tion ¢ as Z(®. If some eigenvalue of W happens to
be negative, we can modify the chain by replacing R by
%(IN + R(i))7 where N is the cardinality of ng) and Iy is
the N cross N identity matrix, without changing its station-
ary distribution or slowing down its convergence too much.
Clearly to establish that the Metropolis algorithm performs
well on instances from I at temperature m%, it is sufficient
to show that the family W = (W) : 4 € I,) is successful.

DEFINITION 5. Vi € I2,Y(g,b,c) € S\ such that (g,b, c) #
(n,0,0), newt(s) is the state in S\ defined as follows:

_J (g+1L,b=1,¢) (ifb#0)
next((g,b,c)) = { (g +1,b,c— ;) (Ztherwise}

Intuitively next(s) is one step closer to M ST than s. In one
iteration of our algorithm, a bad triangle cannot become
good. But a bad triangle can become good in a single move
of W@ as cach move of W® represents a pair of iterations
of the algorithm. Thus Vs € S\ — {MST},r{") y >

O’I‘()

next(s),s

s,next(s

> 0.

DEFINITION 6. For every s € Sy), We define path(s) to
be a sequence uiuz . ..up where uy = s,up = MST,Vj,1 <
j<pu; € Sf),Vj,l <j<p-1uj+1 = next(u;). From
definition 5, such a path is sure to exist for every state s.

LEMMA 1. For large enough n,
(a)Vj € S — {MST}, a“) <o)y
(b)Vj € 8 — {MmST}, r'V

PROOF. (a) Let j be (g,b,¢).
case 1: b#0
In the algorithm, One way to go from (g, b, ¢) to (g+1,b—1,¢)
in two steps is via (g,b — 1,c+ 1).Thus

@) i) i)
T(g.b,0),(g+1,0—1,¢) = Ug,b,0),(9,—1,e+1) (g,b—1,c41),(g+1,6—1,)

1
j,next(y) > 4mZe



_1 _1
:ie—m 2.c+1 :b(c+1)6_m 3 )

2m 2m 4m?2

To go from (g + 1,b — 1,¢) to (g,b,¢), a good triangle has
to become complete. Even if the correct edge of a triangle
(the one with weight m?) is selected for flip, the probability
1
that the flip is accepted is e~™? . Thus
(4) —-m 2
T(gb.o)(g+1b-1,0) < € A
From the time-reversibility of W we have

1
() 1 —m 2
T (g,b,c) Im?2
@ bletl) i
<o 7(g,b,) 4Am?2 €
< PRORINAO)

(9:5,0) " (g,b,),(g+1,b—1,c)

o (2)
O (g+1,b—1,¢)T (g+1,b—1,¢),(g,b,c)
1

(%) e ™2
< U(g+1 b—1 c)

Thus we have a<( 9 < o for large enough m.

b,e) — “(g+1,b—1,c)
case 2: b=0
In the algorithm, (g+1, b, c—1) may be reached from (g, b, ¢)
in two steps in the following way: In the first step, a com-
plete triangle becomes good. In the next step, the state
remains unchanged. Thus,

) cl ¢
T(g,b,¢),(g4+1,b,c—1) Z om om2  4m )

To go from (g+1,b,c—1) to (g,b,c), a good triangle has to
become complete. Thus from similar argument as in case 1,
we have
(@) -
T(g+1bie—1),(g.bie) = € ,
From the time reversibility of W ¥,
(®) 1

[

T (g,b,c) Im
<0 (asb=0and (g,b,¢) # (n,0,0), ¢ > 1)
)
S 0(g.0.0)T (g,,0),(g+1,b,e—1)

_ (%)
- 0‘(9+1vb;6*1)r(g+1,b,071),(g,b,c)
1

—m?2
< O(g41,b,e-1)€

Giving us U<(g>7b78> < E;)H pe_1) for large enough m.

(b) Follows from (4) and (5) in the proof of part (a). [

Before proving the success of the family W, we prove another
Lemma.

LEMMA 2. Let A be a non-empty subset ofS(i) {MST}

Then are states u € A,v € A such that Ug) = max{a

je S(Z)}, and rz(f)v >

4'm e’
PROOF. Let t € A and o\ = max{agl) :j e SYY. From
Lemma 1(a), path(t) is s sequence of states with non de-
creasing stationary probabilities. Let u be the first vertex on
path(t) such that v = next(u) € A. Thus Uéi) < o). Since
(1) (i

o, = max{a R RS Sf)}, we have o) = oy ) = max{JJ(i)

JjE€ Sil)}. From Lemma 1(b) the claim follows. []

THEOREM 4. The Markov chain family W = (W® i
1) is successful.

PrOOF. Let A be a non-empty subset of S;i) —{MST}.
From Lemma 2, Ju € A,v € A such that o) = max{a?

VES Sy)} and rff)v >3 125' Thus,

() (%)
ZJEAkEA i Tik

A =T o

(l) (2)

Tu,v

T (n+1)3.00
(Since |S{”] < (n+1)® and Vt € 4,0 > o)

1
>
~ 4m2e(n+1)3

1
:7>7’L76

36e(n+ 1) (for large enough n)te :P

Since A is any non-empty subset of Sii) — {MST}, from
Theorem 2, the claim follows.

O

4.2 Relation of Success of a Family of Markov
Chains to Density of States

Our result enables us to arrive at a result which is very
similar to that of Sasaki (see Proposition 1 of [3]). For some
problem II, for a set of instances I, let X = {X® : 4 ¢ I}
be a family of Markov chains which arise out of applying
the Metropolis algorithm on instances in I. Let d® be the
maximum of the degrees of all nodes of the underlying graph
of X@ . The state space of X(i), the cost function, the sta-
tionary distribution of X® the neighborhood and size of
instance i have usual notations. The transition probabil-

ity matrix P = (p(,>C gk € S%) is same as the one
()

im0 c$:),” be the minimum

given in Section 2.1. Let ¢
and maximum costs of the states in S respectively For

each r, ¢V <rc< cgyil)az, let Sﬁi) ={s e S c(s) > r}

? Yman
and W9 = {s € 8% . Z 50 pg > 0}. Let n(ST " be
the number of states with maxlmum stationary probability

(4) ;
wffgz) in SS”. Now,

(4), (3)
o(S,) = ZJ€S< ) kes® "d Pik
) — Z 71_()
]GSU) J
i)
,(fw)d(”alew (>
_ 24t
S NO)
2jes T
(smceV]ES(> kEST ’pﬂk 2d§71iz)am)

75( ) W
oy ))Wﬁfc’i"m)>

_ v
(i)

Thus from Theorem 2 we have the following Theorem:



THEOREM 5. The family X of Markov chains as defined
above is not successful if for all constants k > 0, we have
instances © € I of arbitrarily large size such that for some
T, ng?m <r< c,(%)az,

W
s

S. CONCLUDING REMARKS

We have provided in this paper two characterizations of
the success of the Metropolis algorithm for combinatorial
optimization problems. As Section 4 shows, our results can
be used in a straightforward manner for deciding the success
of the algorithm for specific problems. One of our charac-
terizations implies that the rapid mixing of the underlying
Markov chains is a necessary condition for the success of
the Metropolis algorithm. Further, as fairly powerful tech-
niques, e.g., canonical paths, resistance, etc., are already
available to argue about rapid mixing, our results open the
possibility of making use of such techniques in the context
of the success of the Metropolis algorithm.
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APPENDIX
A. PROOF OF THEOREM 1

We provide here a proof of Theorem 1.

Theorem 1 The family X = {X@|i € I} be S-successful
if and only if it is W-successful.

PROOF. (if)Let the family X is W-successful. Thus there
exist constants k1, k2, no > 0 such that Vi € I with n; > no,

ml}q P[min{t > 0|X") = sopt} <nfr | X§) =] > nke
ses()

For each i such that n; > ng, we see the simulation of x®

as a sequence of blocks, each of nkl steps. Using the fact
that the probability that the chain encounters s( )t in some
k2 for any starting state of the block,

we fix a starting state s and bound Exp[l], where s,()p)t is

block is at least n,

reached at for the first time at I-th block. An upper bound

oot

obtained by multiplying it by n*'. Thus, Vs € S,
E[{min{t > 0|X{" = s\ }} | X§" = 5]

opt

on the expected number of steps before hitting s, , is then

oo
<0y G (1=t R

o0
_ k1 k2 : —kay\j—1
=n"t.n; E j.(1—mn;"?)
j=1

ki, —k2
n;

2Ky

=n N

_ nk1+k2
Thus, Vi € I with n; > no,

E[ max {min{t > 01X(” = s{)}} | X{ = ] < nf 42
sesie

Hence the family X is S-successful.
(only if )Let the family X is S-successful. Thus there exist
constants k,ng > 0 such that Vi € I such that n; > no,

E[ max {min{t > 01X(” = s }} | X[ = o] < nt
sesle

For each i such that n; > ng, we consider a phase consist-
ing of 2en¥ lgn, steps Where ¢ > 0 is a constant. We fix a
starting state s; € S, We imagine the phase to be com-
posed of clgn; blocks, each of 2n¥ steps. Now by Markov’s
inequality, Vp,1 < p < clgn;, Vs, € S, the probability that

©)

X® does not reach Sopt in p-th block, given that the start-

1

kE— 2"

ing state of p-th block is sp, i
We introduce a family of indicator random variables {Y; :
1< j <clgn;}, such that

y. =4 L If X@ encounters sg;)t in the j-th block;
’ 0, otherwise.

Let B, denote the staring state of the j-th block. The prob-
ability that Som is not encountered in the entire run is:

clgn
P[([Y; =0]
Jj=1
clgn; clgn;
= > P\M=0()[B=
EDYN Sclgnies(i) Jj=1 Jj=2
clgng clgn,
= > P[()[Y;=0]B;=sIP[ [ [B
sg,...,sclgnies(i) Jj=1 j=2

clgn;

- ¥

EL TN sclgnigs(z‘) j=2
clgmn;
—clgn; .
< > 2P () [B) = s]]
52,581 n; €5W =2

—cC
=n;

Thus for all starting state s1 € S, with probability at least

1—n;c, X reaches sgt within 2¢n®lgn; steps. Thus X
is W- successful O

s5]]

58" PY; = 0| B; = 5,]P[ () [B; = s;]]



