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The Graph Isomorphism Problem

» Given graphs G = (V4, E;1), H=(V,, E)
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The Graph Isomorphism Problem

» Given graphs G = (V4, E;1), H=(V,, E)
» Does there exist a bijection f : Vi — V, s.it. {u,v} € E; iff

{f(u),f(v)} € E57
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» Given graphs G = (V4, E;1), H=(V,, E)
» Does there exist a bijection f : Vi — V, s.it. {u,v} € E; iff

{f(u),f(v)} € E57

» Not known to be either in P or NP-Complete

Second-order Birkhoff Polytope and the Problem of
Pawan Aurora Graph | somorpglsm Detection December 21, 2015 2 /44



The Graph Isomorphism Problem

v

Given graphs G = (V4,E1), H=(V2, E2)

Does there exist a bijection f : Vi — V, sit. {u,v} € E; iff
{f(u),f(v)} € E27

Not known to be either in P or NP-Complete

Best known theoretical algorithm runs in 20(v7198 ") time [Babai,
Luks, Zemlyachenko 1983]
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The Graph Isomorphism Problem

v

Given graphs G = (V4,E1), H=(V2, E2)

Does there exist a bijection f : Vi — V, sit. {u,v} € E; iff
{f(u),f(v)} € E27

Not known to be either in P or NP-Complete

Best known theoretical algorithm runs in 20(v7198 ") time [Babai,
Luks, Zemlyachenko 1983]

A 20098°n) time algorithm is recently proposed [Babai 2015]
(being peer-reviewed)
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The Graph Isomorphism Problem

» Given graphs G = (V4, E;1), H=(V,, E)

» Does there exist a bijection f : Vi — V, s.it. {u,v} € E; iff
{f(u),f(v)} € E27

» Not known to be either in P or NP-Complete

> Best known theoretical algorithm runs in 20(V19g 1) time [Babai,
Luks, Zemlyachenko 1983]

» A 208" ") time algorithm is recently proposed [Babai 2015]
(being peer-reviewed)

» Several heuristics that perform very well in practice, for e.g.,
nauty, bliss, traces etc.
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The Graph Isomorphism Problem

An isomorphism
between G and H

Graph H

fla)=1
fle)=86
fle)=8
fld)=3
flg)=5
flhy=2
fly=4
=7

Figure : Isomorphic Graphs

figure taken from http://www.andrew.cmu.edu/user/hgl/2.png
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The Graph Isomorphism Problem

» Wlog Vi = Vo = {1,...,n}, hence bijection will be a
permutation
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The Graph Isomorphism Problem

» Wlog Vi = Vo = {1,...,n}, hence bijection will be a
permutation

» Can some re-ordering of the vertices of one graph make it iden-
tical to the other?
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The Graph Isomorphism Problem

» Wlog Vi = Vo = {1,...,n}, hence bijection will be a
permutation

» Can some re-ordering of the vertices of one graph make it iden-
tical to the other?

> Naive algorithm: try all n! permutations
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Various Approaches to Gl

Graph theoretic

Polynomial time algorithms for planar graphs, graphs of bounded
genus, bounded tree width etc.

Group theoretic

Polynomial time algorithms for graphs of bounded degree, graphs
with bounded eigenvalue multiplicities etc.; 20(v1081) time
algorithm for general graphs

Combinatorial

General heuristics that are polynomial time for certain classes like
interval graphs, graphs with excluded minors etc.; most practical
tools use this approach
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Linear Programming Approach [Tinhofer 1991]

IP-Gl: Find a point X € {0,1}"*" subject to the following:
Z(Aikaj — XikByj) =0, Vi,j (1a)
K
d Xj=1,Vi (1b)
J
d Xi=1,Vi (1c)
J

where, A, B are the adjacency matrices of G, H
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Linear Programming Approach [Tinhofer 1991]

IP-Gl: Find a point X € {0,1}"*" subject to the following:
Z(Aikaj — XikByj) =0, Vi,j (1a)
K
d Xj=1,Vi (1b)
J
d Xi=1,Vi (1c)
J

where, A, B are the adjacency matrices of G, H
» (1b) and (1c) along with integrality force X to P,
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Linear Programming Approach [Tinhofer 1991]

IP-Gl: Find a point X € {0,1}"*" subject to the following:

Z(Aikaj — XikByj) =0, Vi,j (1a)
k

Y Xj=1,Vi (1b)
j

ij,- =1,Vi (1c)
j

where, A, B are the adjacency matrices of G, H
» (1b) and (1c) along with integrality force X to P,
» (1a) corresponds to P/ AP, = B
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Recent Progress
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Recent Progress

» Lift-and-project methods: Sherali-Adams, Lovasz-Schrijver, Lasserre
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Recent Progress

» Lift-and-project methods: Sherali-Adams, Lovasz-Schrijver, Lasserre

» Time complexity: O(n¥) for k rounds
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Recent Progress

» Lift-and-project methods: Sherali-Adams, Lovasz-Schrijver, Lasserre
» Time complexity: O(n¥) for k rounds

» Q(n) rounds of SA required for some graphs [Atserias,Maneva
2012; Malkin 2014]
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A Second Integer Program

IP-Gl: Find a Y € {0,1}"*" that satisfies the following constraints:

i = Yuij =0, Vi j k.l (2a)

Yii=Yii=0,ViVj#l (2b)
Z Vijh = Z Vi = Yig s ¥ isjil (20)

ZYUU—Z J/,J/—]- Vi (2d)
Z Akp p/ pl = Z Ykp kp * p/ ) v k, / (2e)

E Akp Upl § Yij,kp : p/ , v ’7./7k7/ (2f)
P
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A Second Integer Program

IP-Gl: Find a Y € {0,1}"*" that satisfies the following constraints:

i = Yuij =0, Vi j k.l (2a)
Yiit=Yii=0,ViVj#l (2b)

Z Yiik = Z Yiii = Yijij» Vi j,1 (2c)
ZYUU—Z J/,J/—]- Vi (2d)
Z Akp p/ pl = Z Ykp kp * p/ ) v k, / (2e)

ZAkp Upl ZYij,kp' pl > v Iy Js k1 (2f)
p

Theorem
Graphs G, H are isomorphic iff IP-GI has a feasible solution
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Integer Solutions

» The n?x n? symmetric matrix P! with (PC[,Z]),-J-yk, = (Ps)ij(Ps)i
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Integer Solutions

» The n®x n? symmetric matrix Pc[,2], with (P([,z]),-j’k, = (Ps)ij(Ps)i

» We call it the Second-order Permutation Matrix
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Integer Solutions

» The n®x n? symmetric matrix Pc[,2], with (P([,z])mk, = (Ps)ij(Ps)i

» We call it the Second-order Permutation Matrix

Theorem
Y = 73([,2] is a solution of IP-Gl iff o is an isomorphism between G, H
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The Linear Program

LP-GI:  Find a point Y
subject to 2a-2f
\/ij,k/zoa\v/i)jakal (33)
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The Linear Program

LP-GI:  Find a point Y
subject to 2a-2f
\/ij,k/zoa\v/i).jakal (33)

Note
Yij .k < 1is implied
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The Linear Program

LP-Gl: Find a point Y
subject to 2a-2f
\/ij,k/zoa\v/i,.jakal (33)

Note
Yij .k < 1is implied

Observation
The feasible region of LP-Gl, Pgy corresponds to one lift step of
Sherali-Adams starting with the Tinhofer polytope
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The Linear Program

LP-Gl: Find a point Y
subject to 2a-2f
\/ij,k/zoa\v/i,.jakal (33)

Note
Yij .k < 1is implied

Observation
The feasible region of LP-Gl, Pgy corresponds to one lift step of
Sherali-Adams starting with the Tinhofer polytope

Definition
Define B[é}_, as the integer hull of Pgy, for a given G, H, i.e., B[é}_, =
conv(PC[,2]\ o is an isomorphism between G, H)

Second-order Birkhoff Polytope and the Problem of
Pawan Aurora Graph | somorpglsm Detection December 21, 2015 10 / 44



Second-order Birkhoff Polytope, Bl?

Definition
Define polytope P as Pgy with G =H = (V,0) or G = H = K,
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Second-order Birkhoff Polytope, Bl?

Definition
Define polytope P as Pgy with G =H = (V,0) or G = H = K,
Definition

Similarly, define polytope B2 as B[Gz,]_, with G = H = (V,0) or
G=H=K,
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Second-order Birkhoff Polytope, Bl?

Definition
Define polytope P as Pgy with G =H = (V,0) or G = H = K,

Definition
Similarly, define polytope BI? as B[Gz,]_, with G = H = (V,0) or
G=H=K,

Observation
The Second-order Birkhoff polytope B[ is the integer hull of P or

B = conv(P([,2]] o €S,). Clearly, B C P
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Second-order Birkhoff Polytope, Bl?

Definition
Define polytope P as Pgy with G =H = (V,0) or G = H = K,

Definition
Similarly, define polytope BI? as B[G2,]_, with G = H = (V,0) or
G=H=K,

Observation
The Second-order Birkhoff polytope B[ is the integer hull of P or

B = conv(P([,2]] o €S,). Clearly, B C P

History of Bl
Appears in literature as the QAP(Quadratic Assignment Problem)-
polytope [Volker Kaibel's PhD Thesis, 1997]
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Role of B in GI

Theorem
Graphs G, H are isomorphic iff Pgy N B # (0. Moreover, Pgy N

Bl — B[C?L
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Role of B in GI

Theorem
Graphs G, H are isomorphic iff Pgy N B # (0. Moreover, Pgy N
Bl — B[C?L

Corollary
For non-isomorphic graphs G, H, Pgy C P\ B
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Motivation

» Feasible region for Non-Isomorphic Graphs
In R™¥" In anxzr’
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Approach

Lemma

The polytopes P and B[ are full-dimensional in the affine plane P
given by (2a)-(2d). Thus a facet plane of B is a hyperplane in P
and hence must split P into two parts
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Approach

Lemma

The polytopes P and B[ are full-dimensional in the affine plane P
given by (2a)-(2d). Thus a facet plane of B is a hyperplane in P
and hence must split P into two parts

Idea
The facet planes of B[ separate Pgy \ B2 from BE. We can

use the knowledge of these facets to eliminate Pgy \ B and thus

reduce Pgy to its integer hull, B[z]
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The Trivial Facets of B

Lemma

Yiik =0 forall i # k,j # |, define some of the facets of BE. We
call them the trivial facets of B[
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The Trivial Facets of B

Lemma
Yiik =0 forall i # k,j # |, define some of the facets of BE. We
call them the trivial facets of B2

Remark
Note that these are the non-negativity conditions in LP-GI, hence
also facets of P
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The Trivial Facets of B

Lemma
Yiik =0 forall i # k,j # |, define some of the facets of BE. We
call them the trivial facets of B2

Remark
Note that these are the non-negativity conditions in LP-GI, hence

also facets of P

Theorem
All the vertices of BI2l are some of the vertices of P and all the facet
planes of P define some of the facets of Bl (its trivial facets)
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A Polynomial-Sized Family of Facets

» Let i, /', k be distinct indices
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A Polynomial-Sized Family of Facets

» Let i, /', k be distinct indices

» Similarly let j,j/, I be distinct indices
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A Polynomial-Sized Family of Facets

» Let i, /', k be distinct indices
» Similarly let j,j/, I be distinct indices
» The inequality Qo(k,/,i,i,j,j') is given by

Yiikt + Yy + Yiir ok < Yi + Yiijr
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A Polynomial-Sized Family of Facets

v

Let i, /', k be distinct indices

v

Similarly let j,j’, I be distinct indices

v

The inequality Qo(k,/,i,1',j,j") is given by

Yiikt + Yy + Yiir ok < Yi + Yiijr

v

Qo(k,1,i,i",j,j") defines a family of facets for n > 6
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A Polynomial-Sized Family of Facets

v

Let i, /', k be distinct indices

v

Similarly let j,j’, I be distinct indices

v

The inequality Qo(k,/,i,1',j,j") is given by

Yiik + Yirp o + Yig < Y + Yijij

v

Qo(k,1,i,i",j,j") defines a family of facets for n > 6

Qo(k,1,i,i",j,j') can be included in LP-GI without affecting its
polynomial time complexity

v
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An Exponential-Sized Family of Facets

> Let i1,...,im, k be m+ 1 distinct indices
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An Exponential-Sized Family of Facets

> Let i1,...,im, k be m+ 1 distinct indices
» Similarly let j1,...,Jm,/ be distinct indices
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An Exponential-Sized Family of Facets

> Let i1,...,im, k be m+ 1 distinct indices

» Similarly let j1,...,Jm,/ be distinct indices
> Let A= {(i17.j1)a ceey (imajm)}
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An

v

v

v

Pawan Aurora Graph Isomorpl

Exponential-Sized Family of Facets

Let i1,...,im, k be m+ 1 distinct indices
Similarly let ji,...,jm,! be distinct indices

Let A= {(i17.j1)a DRI (ima.jm)}
Then the inequality Qy1(k,/, A) is given by

S Vi <Y+ >, Vi

(iJ)eA (i)#(i"J")eA
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An Exponential-Sized Family of Facets

> Let i1,...,im, k be m+ 1 distinct indices

v

Similarly let ji,...,jm,! be distinct indices

Let A= {(i17.j1)a DRI (ima.jm)}
Then the inequality Qy1(k,/, A) is given by

S Vi <Y+ >, Vi

(iJ)eA (i)#(i"J")eA

v

v

v

Q1(k, 1, A) defines a family of facets for n > 6, m > 3
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Another Exponential-Sized Family of Facets
[Jinger-Kaibel]

> Let P and Q be sets of indices and 3 be an integer
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Another Exponential-Sized Family of Facets
[Jinger-Kaibel]

> Let P and Q be sets of indices and 3 be an integer
» Then the inequality Q2(P, Q, 3) is given by

Z Yiii < Z Yiu+ (8% —B)/2

(f)ePxQ (),(kNePxQ,i<k
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Another Exponential-Sized Family of Facets
[Jinger-Kaibel]

> Let P and Q be sets of indices and 3 be an integer
» Then the inequality Q2(P, Q, 3) is given by

Z Yiii < Z Yiu+ (8% —B)/2

(i) ePxQ (if),(kePxQ,i<k

» Q(P, Q, ) defines a family of facets for 5+1 < min{|P|,|Q|},
Pl +|Q<n—3+8,8>2
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A Third Exponential-Sized Family of Facets
[Jinger-Kaibel]

» Let Q, P1, and P> be index sets such that Py N P, = () and 3
be any integer
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A Third Exponential-Sized Family of Facets
[Jinger-Kaibel]

» Let Q, P1, and P> be index sets such that Py N P, = () and 3
be any integer

» Then the inequality Q3(P1, P2, Q, ) is given by

Z Yiii + 8 Z Yiiii + Z Yij ki

(f)eP1xQ (i)EP2xQ (if),(kNeP1x Q,i<k
LD SRR DI PR =LY
) . v y v 2 -
(U),(k/)GPzXQ,I<k (U)€P1XQ,(/</)GP2><Q

Second-order Birkhoff Polytope and the Problem of
Pawan Aurora Graph | somorpglsm Detection December 21, 2015 19 / 44



A Third Exponential-Sized Family of Facets
[Jinger-Kaibel]

» Let Q, P1, and P> be index sets such that Py N P, = () and 3
be any integer

» Then the inequality Q3(P1, P2, Q, ) is given by

Z Yiii + 8 Z Yiiii + Z Yij ki

(f)eP1xQ (i)EP2xQ (if),(kNeP1x Q,i<k
LD SRR DI PR =LY
) . v y v 2 -
(U),(k/)GPgXQ,I<k (U)€P1XQ,(/</)GP2><Q

> Q3(P1, P2, Q, 3) defines a family of facets under certain restric-
tions on the parameters
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Facial Structure of Bl

A General Inequality
All the known facets of B2l are special instances of a general
inequality

D nina Y+ (B—1/27 > (28-1))  ny Y+ 1/4

ijkl i

where 3 € Z and nj; € Z for all (i)
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Facial Structure of Bl

A General Inequality

All the known facets of B2l are special instances of a general
inequality

D nina Y+ (B—1/27 > (28-1))  ny Y+ 1/4

ijkl ij
where 3 € Z and nj; € Z for all (i)

There are more Facets

Theorem
There exists at least one facet of B2l which is not an instance of
the above inequality
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Limitations

» We see that our knowledge of the facets of B2 is limited
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Limitations

» We see that our knowledge of the facets of B2 is limited

» Our analysis will be limited to the situation when Pgy \ B is
separated from B2 by facets of type Q1, Q> and Q3
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Partial Ordering on the Exponential-Sized Families

» A partial ordering can be defined for each exponential-sized
family
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Partial Ordering on the Exponential-Sized Families

» A partial ordering can be defined for each exponential-sized
family

» The number of all the minimal facets is polynomial in n
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Partial Ordering on the Exponential-Sized Families

» A partial ordering can be defined for each exponential-sized
family

» The number of all the minimal facets is polynomial in n

» These are included in LP-GI without affecting its poly-time
complexity
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Partial Ordering on the Exponential-Sized Families

» A partial ordering can be defined for each exponential-sized
family

» The number of all the minimal facets is polynomial in n

» These are included in LP-GI without affecting its poly-time
complexity

Consequently
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Partial Ordering on the Exponential-Sized Families

» A partial ordering can be defined for each exponential-sized
family

» The number of all the minimal facets is polynomial in n

» These are included in LP-GI without affecting its poly-time
complexity

Consequently

> Let Y € Pgy \ BB violates an inequality in Q; for i € {1,2,3}
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Partial Ordering on the Exponential-Sized Families

» A partial ordering can be defined for each exponential-sized
family

» The number of all the minimal facets is polynomial in n

» These are included in LP-GI without affecting its poly-time
complexity

Consequently

> Let Y € Pgy \ BB violates an inequality in Q; for i € {1,2,3}

» There must exist an inequality Z € Q; such that Y violates Z
but does not violate any other inequality / € Q; s.t. | < Z
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Partial Ordering on the Exponential-Sized Families

» A partial ordering can be defined for each exponential-sized
family

» The number of all the minimal facets is polynomial in n

» These are included in LP-GI without affecting its poly-time
complexity

Consequently

> Let Y € Pgy \ BB violates an inequality in Q; for i € {1,2,3}
» There must exist an inequality Z € Q; such that Y violates Z
but does not violate any other inequality / € Q; s.t. | < Z

» We call Z a minimal violated inequality for point Y
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Partial Ordering on the Exponential-Sized Family @

> Let i1,...,im, k be m+ 1 distinct indices

v

Similarly let ji,...,jm,! be distinct indices

Let A= {(i17.j1)7 DRI (ima.jm)}
Then the inequality Qi(k,/,A) is given by

S Vi <Y+ >, Vi

(iJ)eA (i)#(i"J")eA

v

v

v

Q1(k, 1, A) defines a family of facets for n > 6, m > 3
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> Let i1,...,im, k be m+ 1 distinct indices

v

Similarly let ji,...,jm,! be distinct indices

Let A= {(i17.j1)7 DRI (ima.jm)}
Then the inequality Qi(k,/,A) is given by

S Vi <Y+ >, Vi

(iJ)eA (i)#(i"J")eA

v

v

v

Q1(k, 1, A) defines a family of facets for n > 6, m > 3

v

Let A” C A. Then we define Qi(k,/,A") < Qi(k, 1, A)

Second-order Birkhoff Polytope and the Problem of
Pawan Aurora Graph | somorpglsm Detection December 21, 2015 23 / 44



Partial Ordering on the Exponential-Sized Family @

> Let i1,...,im, k be m+ 1 distinct indices

v

Similarly let ji,...,jm,! be distinct indices

Let A= {(i17.j1)7 DRI (ima.jm)}
Then the inequality Qi(k,/,A) is given by

S Vi <Y+ >, Vi

(iJ)eA (i)#(i"J")eA

v

v

v

Q1(k, 1, A) defines a family of facets for n > 6, m > 3

v

Let A” C A. Then we define Qi(k,/,A") < Qi(k, 1, A)

The facets corresponding to m = 3 are polynomial in size

v
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Zero-One Reducibility

» Let R be a region in [0,1]V and let xq, ..., xy denote the co-
ordinate variables
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Zero-One Reducibility

» Let R be a region in [0,1]V and let xq, ..., xy denote the co-
ordinate variables
» R is zero-one reducible if there exists a sequence of variables

Xj1s Xjp, - - -, Xj, and corresponding values «, € {0,1} s.t.
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Zero-One Reducibility

» Let R be a region in [0,1]V and let xq, ..., xy denote the co-

ordinate variables
» R is zero-one reducible if there exists a sequence of variables

., xj, and corresponding values o, € {0,1} s.t.

x/l ? )92 )
> - = — ]
R|X11 Ty e X T X = v i, and
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Zero-One Reducibility

» Let R be a region in [0,1]V and let xi,...
ordinate variables

» R is zero-one reducible if there exists a sequence of variables
Xj1s Xjp, - - -, Xj, and corresponding values «, € {0,1} s.t.
=0QVi and

Xjp = Qe sXjp g T Q15X =

,xy denote the co-

|XJ'1 ZQy e X =0, T

tope and the Problem of
December 21, 2015
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Zero-One Reducibility

» Let R be a region in [0,1]V and let xq, ..., xy denote the co-
ordinate variables
> R is zero-one reducible if there exists a sequence of variables

Xj1s Xjp, - - -, Xj, and corresponding values «, € {0,1} s.t.
> R|Xj1:aj1""7in—1:aji—1’xji:aiji = @v I, and
R|le Qe X =y =
R‘lel = 0} R‘X1:1,>Q:6 =0; Rl)(l:l,)(z:o =0
vy =1 // ro =1
Ty =0 / 22=0
(=) — (=] —
I Zero-One Reducible I I Not Zero-One Reducible |
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Solving GI When Pgy, \ B2l is Zero-One Reducible

Reduction sequence for Pgy \B[Q]:

71=0 21 =0,29=1,23=0,24 = 1,25 = 1,26 = 0,27 = |

P(;H:@O[‘G:HIQZO

r3=1
Peg=0or G~H

Pey =0 = G#H
Pou#0 = G~ H
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Solving GI When Pgy, \ B2l is Zero-One Reducible

Reduction sequence for Pgy \ B2 is not known

T =1 z1=0 Subroutine SearchVar either returns (z;, ;) or a Py

P(;H:@O[‘G:HIQZO

r3=1
Peg=0or G~H

Pey =0 = G#H
Pou#0 = G~ H
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Case of Common Minimal Violated Inequality

Lemma
If Peu \ B2 js zero-one reducible then there exists a polynomial
time procedure for Gl
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Case of Common Minimal Violated Inequality

Lemma
If Peu \ B s zero-one reducible then there exists a polynomial
time procedure for Gl

Theorem
If all points in P \6[2] have a common minimal violated inequality
from Q1, Q2 or Q3, then Py \ Bl s zero-one reducible
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Case of Common Minimal Violated Inequality

Lemma
If Peu \ B s zero-one reducible then there exists a polynomial
time procedure for Gl

Theorem
If all points in P \6[2] have a common minimal violated inequality
from Q1, Q2 or Q3, then Py \ Bl s zero-one reducible

Remark
If Per \ B is zero-one reducible then only one round of any of the

lift-and-project methods would suffice. For e.g., LS (Pgn) = B[é,]_,
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Pawan Aurora Graph | somorpglsm Detection December 21, 2015 27 / 44



The General Case

In general, it may not be true that all points in PGH\B[2] have
a common minimal violated inequality
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The General Case

> In general, it may not be true that all points in PGH\B[2] have
a common minimal violated inequality

> Let Pgy \ B = U;R; for j = 1,...,k st. each R; has a
common minimal violated inequality from @1, Q> or Q3
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The General Case

> In general, it may not be true that all points in PGH\B[Z] have
a common minimal violated inequality

> Let Pgy \ B = U;R; for j = 1,...,k st. each R; has a
common minimal violated inequality from @1, Q> or Q3

» We will use the fact that each R; is zero-one reducible to design
an efficient procedure for Gl
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Pawan Aurora Graph | somorpglsm Detection December 21, 2015 28 / 44



Solving Gl When Pgy \ B = U;R;, Each R; is ZOR

Reduction sequence for R;:

T = an Til = Qily - - -5 Tim; = Qi

Ty = O

One iteration
L~

T12 = Q12

Ly = Qkmy,
The feasible region
if non-empty
is contained inside B,
Second- ordgr BlrkhofF PoIF\]Itope and the Problem of

Pawan Aurora raph Isomorphism Detection December 21, 2015 29 / 44

Thmy, = Ok,

Each node depicts the non-empty

subregions inside Py \ B2



Solving Gl When Pgy \ B = U;R;, Each R; is ZOR

Reduction sequences for R; are not known

Zn=on Subroutine k-SearchVar either returns (x, «) or a Plz]

Ty = O

One iteration
L~

T12 = Q12

Ly = Qkmy,
The feasible region
if non-empty
is contained inside B,
Second- ordgr BlrkhofF PoIF\]Itope and the Problem of

Pawan Aurora raph Isomorphism Detection December 21, 2015 30 / 44

Thmy, = Ok,

Each node depicts the non-empty

subregions inside Py \ B2



Solving Gl When Pgy \ B = U;R;, Each R; is ZOR

Since even k is not known

T = oy Subroutine k-SearchVar is invoked with k=1,2,...

Ty = O

One iteration
L~

T12 = Q12

Ly = Qkmy,
The feasible region
if non-empty
is contained inside Bl
Second- ordgr BlrkhofF PoIF\]/tope and the Problem of

Pawan Aurora raph Isomorphism Detection December 21, 2015 31/ 44

Thmy, = Ok,

Each node depicts the non-empty

subregions inside Py \ B2



Analysis

The following recurrence sums up the performance of the Algorithm:

T(k)< N-T(k—1)+ (’Z)z@ (N;k)2k+...+ <’;)2k

T(1) < O(N?)
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Analysis

The following recurrence sums up the performance of the Algorithm:
N N — k k
T(k)<N-T(k—1)+ 2k 4 k() )2k
k k k
T(1) < O(N?)

On solving the above recurrence, we get T(k) = O(k - (2N)**+1)
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Analysis

The following recurrence sums up the performance of the Algorithm:

T(k)< N-T(k—1)+ (’Z)z@ (N;k)2k+...+ <D2k

T(1) < O(N?)

On solving the above recurrence, we get T(k) = O(k - (2N)**+1)

Theorem

The Algorithm solves the graph isomorphism problem in O(k - 2k
N *¢) time where N = O(n*) is the number of variables in LP-GI
and k is the number of subregions into which Pgy \ B is divided
such that each subregion has a common minimal violated inequality
of type Q1, Q2 or Q3. Here O(N€) denotes the cost of solving LP-Gl
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Bounding the value of k

Pocket

Region of P\ B on the non-B side of a facet plane of B2

Pawan Aurora

Facet Plane 1

Facet Plane 2
Pockets
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Bounding the value of k

Theorem
IfPeu \ B is confined to a pocket of P due to a facet in Qq, then
k is bounded by +/n, leading to a 20(Vnlogn) time algorithm for Gl
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Bounding the value of k

Theorem
IfPeu \ B is confined to a pocket of P due to a facet in Qq, then
k is bounded by +/n, leading to a 20(Vnlogn) time algorithm for Gl

Theorem

If Peu \ B2l is confined to a pocket of P due to a facet in @, or @3,
then k is bounded by \/3n, leading to a 20(VBnlogn) time algorithm
for Gl

Second-order Birkhoff Polytope and the Problem of
Pawan Aurora Graph | somorpglsm Detection December 21, 2015 34 / 44



Experiments

Objective
To determine the value of k for pairs of non-isomorphic graphs taken
from families considered hard for Gl
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Experiments

Objective
To determine the value of k for pairs of non-isomorphic graphs taken
from families considered hard for Gl

Strongly Regular Graphs

A d-regular n vertex graph is said to be (n, d, \, u)-strongly regular
if all adjacent pairs of vertices have A common neighbors and all
non-adjacent pairs of vertices have x common neighbors. Believed
to be hard for Gl, though not known to be Gl-complete
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Experiments

Objective
To determine the value of k for pairs of non-isomorphic graphs taken
from families considered hard for Gl

Strongly Regular Graphs

A d-regular n vertex graph is said to be (n, d, \, u)-strongly regular
if all adjacent pairs of vertices have A common neighbors and all
non-adjacent pairs of vertices have x common neighbors. Believed
to be hard for Gl, though not known to be Gl-complete

Cai-Fiirer-lmmerman (CFl) Graphs

These are the graphs on which the Sherali-Adams hierarchy takes
Q(n) rounds to converge
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Experiments

Objective
To determine the value of k for pairs of non-isomorphic graphs taken
from families considered hard for Gl

Strongly Regular Graphs

A d-regular n vertex graph is said to be (n, d, \, u)-strongly regular
if all adjacent pairs of vertices have A common neighbors and all
non-adjacent pairs of vertices have x common neighbors. Believed
to be hard for Gl, though not known to be Gl-complete

Cai-Firer-Immerman (CFl) Graphs

These are the graphs on which the Sherali-Adams hierarchy takes
Q(n) rounds to converge

Results
We found the feasible region to be zero-one reducible (k = 1), in
all the cases
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Proof of Facets

> Let's say we need to show that f(x) > 0 is a facet defining
inequality
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Proof of Facets

> Let's say we need to show that f(x) > 0 is a facet defining
inequality
> Let V be the set of vertices of the polytope
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Proof of Facets

> Let's say we need to show that f(x) > 0 is a facet defining
inequality

> Let V be the set of vertices of the polytope

» Let S be the set of vertices that satisfy f(x) =0
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Proof of Facets

v

Let's say we need to show that f(x) > 0 is a facet defining
inequality

v

Let V be the set of vertices of the polytope
Let S be the set of vertices that satisfy f(x) =0
Let vo € V'\ S be such that V € AS{w}UYS)

v

v
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Proof of Facets

> Let's say we need to show that f(x) > 0 is a facet defining
inequality

> Let V be the set of vertices of the polytope

» Let S be the set of vertices that satisfy f(x) =0

» Let vp € V' \ S be such that V C AS({w}US)

» Note that V ¢ AS(S)
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Proof of Facets

> Let's say we need to show that f(x) > 0 is a facet defining
inequality

> Let V be the set of vertices of the polytope

» Let S be the set of vertices that satisfy f(x) =0

» Let vp € V' \ S be such that V C AS({w}US)

» Note that V ¢ AS(S)

» Then the affine plane of S defines a facet
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Proof of Facets

» Let's say we need to show that f(x) > 0 is a facet defining
inequality

> Let V be the set of vertices of the polytope

» Let S be the set of vertices that satisfy f(x) =0

» Let vp € V' \ S be such that V C AS({w}US)

» Note that V ¢ AS(S)

» Then the affine plane of S defines a facet

» In case of B2, since the affine plane does not contain the origin
we can replace Affine Span (AS) with Linear Span (LS)
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Proof of Facets

» Let's say we need to show that f(x) > 0 is a facet defining
inequality

> Let V be the set of vertices of the polytope

» Let S be the set of vertices that satisfy f(x) =0

» Let vp € V' \ S be such that V C AS({w}US)

» Note that V ¢ AS(S)

» Then the affine plane of S defines a facet

» In case of B2, since the affine plane does not contain the origin
we can replace Affine Span (AS) with Linear Span (LS)

Lemma
Let G = (V' \ S, E) be a graph with the property that {u,v} € E
iffu—v € LS(S). If G is connected, then S is a facet
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Pawan Aurora Graph | somorpglsm Detection December 21, 2015 36 / 44



Proof of Facets

> Let k1, ko, k3 be any three integers belonging to {1,...,n}
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Proof of Facets

> Let k1, ko, k3 be any three integers belonging to {1,...,n}

> Let 01,...,06 be a set of permutations of S, having the same
image for each element of {1,...,n} \ {ki, ko, k3}
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Proof of Facets

> Let k1, ko, k3 be any three integers belonging to {1,...,n}

> Let 01,...,06 be a set of permutations of S, having the same
image for each element of {1,...,n} \ {ki, ko, k3}

» Let x, y be any two elements of {1,...,n}\ {ki, ko, k3}
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Proof of Facets

> Let k1, ko, k3 be any three integers belonging to {1,...,n}

> Let 01,...,06 be a set of permutations of S, having the same
image for each element of {1,...,n} \ {ki, ko, k3}

» Let x, y be any two elements of {1,...,n}\ {ki, ko, k3}

» Let 0! be transposition of o; on indices x and y, for each i =
1,...,6
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Proof of Facets

> Let k1, ko, k3 be any three integers belonging to {1,...,n}

> Let 01,...,06 be a set of permutations of S, having the same
image for each element of {1,...,n} \ {ki, ko, k3}

» Let x, y be any two elements of {1,...,n}\ {ki, ko, k3}

» Let 0! be transposition of o; on indices x and y, for each i =
1,...,6

Lemma
Let ¥ = {o1,...,06,0%,...,06}. Then} s sign(a)P([,zl =0
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Polytopes P, B are Full-Dimensional in Plane P

» Let A be the # x n! matrix given below:

A= symvec(P(,zl]) symvec(P([fz]) symvec(P([—znll)
a b c d
| be f g
P=1¢c¢ fn i
d g i |J

symvec(p):[a b e c f h d g ij]T
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Polytopes P, B are Full-Dimensional in Plane P

> Let A be the # x n! matrix given below:

A= symvec(Pozl]) symvec( ([,22]) symvec(P([Tzn]!)

n*

> Define the 747 x 141° pod matrix B = AAT
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Polytopes P, B are Full-Dimensional in Plane P

Table :

Pawan Aurora

Second-order Birkhoff Pol

Eigenvalue | Multiplicity

(3/2)n! 1

n(n—3)! (";1 ?
n—1)! n—

S| (2 -1

2n(n —2)! (n—1)2

tope and the Problem of

Graph | somorpglsm Detection

Eigenvalues of matrix B with the corresponding multiplicities
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Polytopes P, B are Full-Dimensional in Plane P

Table : Eigenvalues of matrix B with the corresponding multiplicities

Eigenvalue | Multiplicity
(3/2)n! 1
nn=3) | (5
G () -1y
2n(n —2)! (n—1)2

rank(A) = rank(B) =1+(";)% + (("3}) = 1)2 + (n — 1)?
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Polytopes P, B are Full-Dimensional in Plane P

Theorem
Dimension of Bl = Dimension of the affine space of plAs

:rank(A)—lzz(nni_!‘l)!+(n—1)2+l

Second-order Birkhoff Polytope and the Problem of
Pawan Aurora Graph | somorpf\;lsm Detection December 21, 2015 41 / 44



Polytopes P, B are Full-Dimensional in Plane P

Theorem
Dimension of Bl = Dimension of the affine space of plAs
= rank(A) — 1 zz(nni_!él)!+(n—1)2+l

Lemma
The dimension of the solution plane, P, of equations 2a-2d is at
mostz(nnilzl)!+(n—l)2+1
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Polytopes P, B are Full-Dimensional in Plane P

Theorem
Dimension of B2l = Dimension of the affine space of plAs
= rank(A) = 1 = 55 4y 4), +(n—1)2+1

Lemma
The dimension of the solution plane, P, of equations 2a-2d is at

mostz(nnilzl)!+(n—l)2+1

Corollary
B2 s a full-dimensional polytope in P or P is the affine plane
spanned by PP je, P = 3, aGPC[,Z]\ Yooe =1}
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Polytopes P, B are Full-Dimensional in Plane P

Theorem
Dimension of B2l = Dimension of the affine space of plAs
= rank(A) = 1 = 55 4y 4), +(n—1)2+1

Lemma
The dimension of the solution plane, P, of equations 2a-2d is at

mostz(nniizl)!+(n—l)2+1

Corollary
B2 s a full-dimensional polytope in P or P is the affine plane
spanned by PP je, P = 3, aGPC[,Z]\ Yooe =1}

Corollary
Since B C P and P is contained in plane P, P is also a full-
dimensional polytope in P
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Zero-One Reducibility of a Subregion R; Due to @,

Lemma
Let Qi(k,I,A) be a minimal violated inequality for region R; C
Pen \ B2, Then R; is zero-one reducible
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Zero-One Reducibility of a Subregion R; Due to @,

Lemma
Let Qi(k,I,A) be a minimal violated inequality for region R; C
Pen \ B2, Then R; is zero-one reducible

Proof Sketch
> Quk, LAY 3 retm) Yidekt < Yt + 2 r<sefm] Yieiriede
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Zero-One Reducibility of a Subregion R; Due to @,

Lemma
Let Qi(k,I,A) be a minimal violated inequality for region R; C
Pen \ B2, Then R; is zero-one reducible

Proof Sketch

> Quk, LAY 3 retm) Yidekt < Yt + 2 r<sefm] Yieiriede
> R; will satisfy (1)277:1 Yijokt > Yk + Zr<s Yiir e e
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Zero-One Reducibility of a Subregion R; Due to @,

Lemma
Let Qi(k,I,A) be a minimal violated inequality for region R; C
Per \ BB Then R; is zero-one reducible

Proof Sketch
> Quk, LAY 3 retm) Yidekt < Yt + 2 r<sefm] Yieiriede

> R; will satisfy (1)1 Yijok > Yiu + 2 res Yiirisds
» Let a be an arbitrary element of [m] and define S = [m] \ {a}
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Zero-One Reducibility of a Subregion R; Due to @,

Lemma
Let Qi(k,I,A) be a minimal violated inequality for region R; C
Per \ BB Then R; is zero-one reducible

Proof Sketch
> Quk, LAY 3 retm) Yidekt < Yt + 2 r<sefm] Yieiriede

> R; will satisfy (1)1 Yijok > Yiu + 2 res Yiirisds
» Let a be an arbitrary element of [m] and define S = [m] \ {a}

> R; will also satisfy (2)Zr€5 Yl'rjr,k/ < Ykl,kl +Er<s€$ \/irjryisd.s
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Zero-One Reducibility of a Subregion R; Due to @,

Lemma
Let Qi(k,I,A) be a minimal violated inequality for region R; C
Per \ BB Then R; is zero-one reducible

Proof Sketch

> Qulk, LAY D etm) Yiokt < Ykt + 2 r<sepm) Yieisds

Ri will satisfy (1)1 ikt > Yiikt + 2 res Yiirisds

Let a be an arbitrary element of [m] and define S = [m] \ {a}
R; will also satisfy (2),cs Yijkt < Yikt + D rcses Yirisds
(1)-(2) = Yot > 2ores Yijeiais = 0

v

v

v

v
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Zero-One Reducibility of a Subregion R; Due to @,

Lemma
Let Qi(k,I,A) be a minimal violated inequality for region R; C
Per \ BB Then R; is zero-one reducible

Proof Sketch

> Qulk, LAY D etm) Yiokt < Ykt + 2 r<sepm) Yieisds

R; will satisfy (l)ZTzl Yijokt > Yk + Zr<s Yiir e e

Let a be an arbitrary element of [m] and define S = [m] \ {a}
R; will also satisfy (2),cs Yijkt < Yikt + D rcses Yirisds
(1)-(2) = Yot > 2ores Yijeiais = 0

Waja7k/=0 — R,-:(Z)Vae [m]

v

v

v

v

v
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Zero-One Reducibility of a Subregion R; Due to @,

Lemma
Let Qi(k,I,A) be a minimal violated inequality for region R; C
Per \ BB Then R; is zero-one reducible

Proof Sketch

> Qulk, LAY D etm) Yiokt < Ykt + 2 r<sepm) Yieisds

> R; will satisfy (l)ZTzl Yijokt > Yk + Zr<s Yiir e e

» Let a be an arbitrary element of [m] and define S = [m] \ {a}

> R; will also satisfy (2)>,cs Vil < Ykt + 2 rcses Yiisis

> (1)-(2) = Yijokt > Xres Yirias = 0

> Waja7k/=0 — R,-:(Z)Vae [m]

» Yijk =1V ae[m = Ilhsof (1)is mand rhs of (1) is
14+ (5) = Ri=0sincem>4

Second-order Birkhoff Polytope and the Problem of
Pawan Aurora Graph | somorpglsm Detection December 21, 2015 42 / 44



Zero-One Reducibility of a Subregion R; Due to @,

Lemma
Let Qi(k,I,A) be a minimal violated inequality for region R; C
Per \ BB Then R; is zero-one reducible

Proof Sketch

> Qulk, LAY D etm) Yiokt < Ykt + 2 r<sepm) Yieisds

> R; will satisfy (l)ZTzl Yijokt > Yk + Zr<s Yiir e e

» Let a be an arbitrary element of [m] and define S = [m] \ {a}

> R; will also satisfy (2)>,cs Vil < Ykt + 2 rcses Yiisis

> (1)-(2) = Yijokt > Xres Yirias = 0

> Waja7k/=0 — R,-:(Z)Vae [m]

» Yijk =1V ae[m = Ilhsof (1)is mand rhs of (1) is
1+ (7) = Ri=0sincem>4

» Reduction sequence: Y, =1, Yij,

=1Y;

i3j3,k

=1
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Conclusion

Main Contributions

> We gave a geometric characterization of easy vs hard instances
of the Gl problem
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> We gave a geometric characterization of easy vs hard instances
of the Gl problem

» We introduced two new families of facets of the QAP-polytope

Open Problems

» Find more facets of B2 and analyse the algorithm with respect
to them

» Gl € co-NP?: can a minimal set of facet planes act as a cer-
tificate that can be verified in poly-time using say, the ellipsoid
method?

» Can we use the geometry to differentiate faces of P that touch
B2 at only a single vertex (the identity permutation) from
those that touch at several vertices?
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