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@ Input: Graph G = (V, E) and degree-bound function
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@ Objective: Compute a maximum cardinality set E’ C E which
satisfies the degree condition:
(d, <c,)V(d, <c,) foreach e = (u,v) € E'.

o Introduced by Peng Zhang in FAW-AAIM 2012.

@ Zhang showed PDBEP is NP-Hard even for uniform ¢, = 1.
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OUR CONTRIBUTION

ZHANG, 2012
For uniform ¢, = k:
@ 2-approx for k = 1.
° %-approx for k = 2.
o O(n?)-time exact algorithm
on trees for any k.

Our RESULTS
For arbitrary ¢ : V — Z*:
@ 2-approx.
e 1.5/(1 — €)-approx for large
values of ¢, /d,.
e O(nlog n)-time exact
algorithm on trees.
@ 2+ log, n-approx with
weights on edges.




UPPER BOUND

UrPER BounDp oN OPT

OPT <3 ewCw <D ey Cv, Where W = {v € V|d] < ¢, }.
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o lteratively delete violating edges.
o Output the set Y of surviving edges.
@ Observe that dy(v) > ¢, Vv e V.
e Hence |Y|>>" ¢, /2> OPT)2.
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2 + log, n- APPROXIMATION

Let H(v) be the heaviest ¢, edges incident on vertex v.
Clearly OPT < 3" cv X ectv) W(e)-

Idea is to construct upto 1 + log, |V/| solutions, which cover
Uve\/H(V).

Then the heaviest solution gives a 2 + log, | V| approximation
of the problem.
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INPUT GRAPH IS AN UNWEIGHTED TREE

ExXACT ALGORITHM

(*]

At each vertex v we maintain values of three solutions of
T(v).

The algorithm initializes these values to zero for the leaf
vertices and computes these values for the internal vertices
bottom up.

Finally it outputs the maximum of the three values of the root
R.

In order to compute the values for internal nodes we need to
sort the child nodes with respect to some key values.

Thus at each vertex we incur O(|Ch|log |Ch|) cost.

That gives an overall time complexity of O(nlog n).
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IP1 HAS LARGE INTEGRALITY GAP
o Consider K, with uniform degree constraint ¢, = 1.

e Set x, = 0.5V v. Consider disjoint cliques on [n/2] + 1 and
n—|n/2] — 1 vertices. Set y. = 1 for edges in these cliques.

o ¢ > (n—1)2%/4.
o However, OPT < n.
e — integrality gap = Q(n).
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LAGRANGIAN LIKE RELAXATION

IP2: max ¢ =2 g Ve — (14 €) > ,cy 2v, subject to
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LEMMA

Any a approximate solution of IP2, which is also maximal, is a
2a/(1 — €) approximation of PDBEP problem.

LEMMA

If ¢, > (1 — B)d, Vv, then any o approximate solution of IP2,
which is also maximal, is a 2a./(2 — (1 + €)3) approximation of
PDBEP.
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LP RELAXATION OF IP2
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LP RELAXATION OF IP2
LP2: max ¢ =2% g ye — (1 +¢€) >, cy 2v, subject to
Qo Zeea(\,) ye <c,+z,VveV.
Q@ 2z >0VveV.
© ye>0VeeE.
Q@ —yv.>-1Ve€eE.

LEMMA

In a corner solution of LP2 on a non-empty graph there is at least
one edge e with ye =0 or y. > 1/2.
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ALGORITHM USING LP2

ITERATIVE ROUNDING ALGORITHM
o Solve LP2.

o Discard edge(s) with y. = 0.
@ Include edge(s) with y. > 1/2 in the solution.

LEMMA

The lIterative Rounding Algorithm returns a feasible solution of
PDBEP.
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ALGORITHM USING LP2

LEMMA

The Iterative Rounding Algorithm gives a 1.5/(1 — ¢€)
approximation of IP2.

THEOREM

The lIterative Rounding Algorithm approximates PDBEP with
approximation factor 3/(1 — €)?.

THEOREM

If ¢, > (1 — B)d, for all v, then The lterative Rounding Algorithm
approximates PDBEP with approximation factor W




@ A very simple factor 2 algorithm that takes linear time.
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CONCLUSION

SUMMARY
o A very simple factor 2 algorithm that takes linear time.

@ A very expensive iterative rounding algorithm that beats
factor 2 only for rare inputs.

FUTURE DIRECTIONS

o Establishing lower bounds for both the weighted and
unweighted PDBEP.

@ LP based solution for the weighted case.

o Generalization to hypergraphs.
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