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ABSTRACT

This report investigates the closure of algebraic complexity classes under factorization,

specifically focusing on the long-standing open problem: whether the factors of a

polynomial with circuit complexity s can be represented by circuits of size poly(s) in

positive characteristic. While this property is well-established for fields of characteristic

zero [Kal87], the case of characteristic p remains unsolved for the closure property of

the class VP.

We first present a rigorous proof for factor reconstruction in general fields using

the power series techniques developed by Dutta, Saxena, and Sinhababu [DSS22],

which utilize Newton iteration to handle factors of high multiplicity. Following this,

we explore a new approach to the characteristic p problem by shifting the analysis

from standard power series to the p-adic setting. This method attempts to bypass

the traditional roadblocks of vanishing derivatives and p-th powers by lifting the

computation to a domain where characteristic-zero techniques might be applied.

However, we demonstrate that our approach ultimately fails to resolve the problem.

This report provides a detailed analysis of the technical barriers that continue to make

the positive characteristic case an elusive challenge in Algebraic Complexity Theory.
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Chapter 1

Preliminaries

1.1 Introduction

How complex is a given polynomial? This is the fundamental question at the heart

of Algebraic Complexity Theory. Instinctively, one might measure the complexity

of a polynomial by its degree, its number of variables, or the number of monomials.

However, these classical measures often fail to capture the actual computational effort

required to evaluate the polynomial.

A polynomial with a vast number of monomials may be efficiently computable if it

possesses an underlying structural simplicity. For example, consider the polynomial:

f(x1, . . . , xn) = (x1 + x2 + · · ·+ xn)
100

When expanded, f consists of
(
n+99
100

)
monomials—a number that grows rapidly with

n. Yet, f is computationally “easy” to evaluate, requiring only n − 1 additions

and a few multiplications via repeated squaring. Conversely, a polynomial with

a sparse representation can be comparatively difficult to compute. The monomial

g(x1, . . . , xn) = x1x2 · · ·xn contains only one term, but any sequence of multiplications

computing it requires at least n− 1 operations.

This discrepancy necessitates a robust model of computation that accounts for

the sequence of arithmetic operations rather than the final expanded form. To this

end, we will introduce the Arithmetic Circuit, which provides the formal framework

for measuring the complexity of polynomials in terms of the minimum number of

1



1 Preliminaries

fundamental operations required for their construction.

While understanding how to compute a polynomial is the starting point, this

report looks at the problem of factorization through this lens. If a polynomial is

“easy” to compute, are its factors also “easy” to compute? This simple question is very

important in Algebraic Complexity Theory.

Before addressing the complexity of factorization, we must first establish a rigorous

mathematical framework to quantify “ease of computation”. The following sections

define the formal model and the complexity classes that form the landscape of this

study.

1.2 Algebraic Model of Computation and Complex-

ity Classes

We first formally introduce Arithmetic Circuit (or Algebraic Circuit).

Definition 1.1. (Algebraic Circuit) An algebraic circuit C over a field F is a directed

acyclic graph with the following nodes:

• The input gates, with in-degree 0, are labelled by variables like x1, x2, . . . , xn.

• The internal gates, with in-degree at least 1, are labelled by either + or ×.

• A unique gate with outdegree 0, called the output gate.

• A constant gate, with in-degree 0, is labelled by a field element from F.

An algebraic circuit computes a polynomial in the following way: the polynomial

computed at an input gate is the variable it is labelled with, the polynomial computed

at a constant gate is the field element it is labelled with, and the polynomial computed

at an internal gate is the result of applying the operation (addition or multiplication)

2



1 Preliminaries

to the polynomials computed by its children. The polynomial computed by the circuit

is the value at the output gate.

The size of an algebraic circuit is the number of gates in the circuit. The depth

of an algebraic circuit is the length of the longest path from an input gate to the output

gate.

Arithmetic circuits are arguably the most natural model to study the complexity

of a polynomial; they describe how a polynomial can be computed from the variables

and field elements via fundamental operations like addition and multiplication. The

complexity of a polynomial f can then be defined as the size of the smallest circuit

computing it.

Example 1.2 (An algebraic circuit for x2
1x2 + x1x

2
2). Consider the polynomial

f(x1, x2) = x2
1x2 + x1x

2
2 = x1x2(x1 + x2).

A naive evaluation would compute x2
1x2 and x1x

2
2 separately and add them, requiring

five multiplications and one addition. The factored form x1x2(x1 + x2) suggests a

more efficient circuit using only two multiplications and one addition, which we now

describe explicitly.

To allow for a fair comparison among polynomials, it is logical to describe their

complexity in terms of their fundamental parameters, such as the number of variables

n or the degree d. To this end, we utilize the notion of polynomial families, which are

sequences (fn)n∈N where fn is a multivariate polynomial over some field F. We study

the complexity of these families with respect to the growth in terms of the parameter

n.

For example, the determinant of an n × n matrix is a polynomial of degree n

in n2 variables (the entries of the matrix). We refer to this as the determinant

3



1 Preliminaries

x1 x2

+×

×

x1 + x2x1x2

x1x2(x1 + x2)

output: f = x1x2(x1 + x2)

Figure 1.1: An algebraic circuit for f = x21x2 + x1x
2
2 using 2 multiplication

gates and 1 addition gate. Labels in grey show the polynomial computed at
each gate. Edges carry the value computed by their source gate.

family, denoted by {Detn}n∈N. Algebraic Complexity Classes consist of such families

of polynomials and are used to categorize the asymptotic complexity of a polynomial

family.

We now define the class of efficiently computable polynomial families, denoted by

VP. This class is the centrepiece of this report and serves as the algebraic analogue of

the class P in Boolean complexity theory.

Definition 1.3. A family of polynomials (fn)n∈N is in VP if the degree of fn is poly(n),

and fn can be computed by an algebraic circuit of size poly(n) for all large enough n.

Example 1.4. (elementary symmetric polynomials) The k-th elementary symmetric

polynomial in n variables, denoted by ek(x1, x2, . . . , xn), is defined as the sum of all

products of k distinct variables. For example, e2(x1, x2, x3) = x1x2 + x1x3 + x2x3. To

see that the family of elementary symmetric polynomials is in VP, we can use the

following recursive relation:

ek(x1, x2, . . . , xn) = ek(x1, x2, . . . , xn−1) + xnek−1(x1, x2, . . . , xn−1).

This relation allows us to compute ek using a circuit of size O(n2), which is polynomial

4



1 Preliminaries

in n. Therefore, the family of elementary symmetric polynomials is in VP.

1.3 The Factoring Problem in VP

A natural question to ask is: how robust are these complexity classes under different

algebraic operations? Is the property of efficient computability inherited by the factors

of a polynomial? Specifically, if a polynomial f can be computed by a circuit of size s,

can its factors also be computed by circuits of size polynomial in s and the degree of

f?

Remark 1.5. The polynomial f = x1x2(x1 + x2) in Example 1.2 has two irreducible

factors over any field: x1x2 and x1 + x2 (or equivalently the three linear factors x1, x2,

x1 + x2 if we allow non-monic factorisation). Observe that each factor is computed as

an intermediate value at a gate of Φ — namely g2 computes x1x2 and g1 computes

x1+x2. This is of course specific to this example; in general the factors of a polynomial

need not appear as intermediate values of a circuit computing it, and constructing

circuits for the factors from a circuit for f is precisely the content of this report.

It is quite intuitive to expect that if a polynomial can be computed efficiently,

then its factors should also be computable efficiently. If this were not the case, it

would imply that there are polynomials that cannot be computed efficiently, but their

product can be computed efficiently, which would be a rather strange phenomenon.

However, proving this result is non-trivial.

The following definition formalizes this notion into the closure of a complexity

class under factoring.

Definition 1.6. A complexity class C is said to be closed under factoring if for

every family of polynomials (fn)n∈N in C, and for every factor gn of fn, the family

(gn)n∈N is also in C.

5
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1 Preliminaries

In a series of influential papers, Kaltofen [Kal86, Kal87, Kal89, KT90] established

that for characteristic zero fields (or fields of sufficiently large characteristic), the class

VP is indeed closed under factoring. However, the question of whether VP is closed

under factoring over fields of small positive characteristic remains open. This is a

significant open problem in algebraic complexity theory, and this report is dedicated

to this problem. We will explore the known results, the techniques used in the proofs,

and the challenges that arise when trying to extend these results to fields of small

characteristic.

We conclude this section by formally stating the closure theorem for VP for

characteristic zero fields. We will prove this in chapter 3. Unless stated otherwise, F

will denote an algebraically closed field of characteristic zero, and x will denote the

set of variables {x1, x2, . . . , xn}.

Theorem 1.7 (Kaltofen [Kal87]). Let f ∈ F[x] be an n-variate, degree d polynomial

that can be computed by a circuit of size s. Let g be a polynomial such that g divides

f . Then g can be computed by a circuit of size at most poly(s, n, d).

Open Question 1.8. Does Theorem 1.7 hold when F = Fq, a field of small positive

characteristic?

1.4 Organization of the Report

In chapter 2, we will introduce the main tools and techniques that we will use in the

proof of Theorem 1.7. This will include some structural results related to arithmetic

circuits, along with some necessary algebraic preliminaries. In chapter 3, we will

present the proof of Theorem 1.7 for characteristic zero fields via an approach from

[DSS22]. Finally, in chapter 4, we will discuss the challenges and open problems

related to extending this result to fields of small positive characteristic, and analyse a

6
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1 Preliminaries

proposed approach via p-adic methods.
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Chapter 2

Technical Tools for Circuit Factoring

Before we move on to the actual proof of the closure of VP under factoring, we need

to develop some machinery for getting our polynomial into a nice form from which

we can compute factors easily. This chapter mostly contains simple mathematical

lemmas that will be used in the proof of Theorem 1.7.

First, we fix some notation that we will use throughout this report.

2.1 Notation

• Lowercase bold letters like x, a,b,α will denote vectors like x1, x2, ..., xn.

• F will denote the base field over which we are working. Unless otherwise specified,

we will assume that F is algebraically closed and has characteristic 0.

• F[x] will denote the ring of polynomials in the variables x over F.

• F(x) will denote the field of rational functions in the variables x over F.

• F[[x]] will denote the ring of formal power series in the variables x over F.

• ⟨x⟩k will denote the ideal generated by all monomials of total degree at least k

in the variables x. So ⟨x⟩k is the set of all polynomials with no monomial of

degree less than k.

• [n] will denote the set {1, 2, ..., n}.

8



2 Technical Tools for Circuit Factoring

• Rad(f) will denote the radical of a polynomial f , which is the product of all

distinct irreducible factors of f .

• ∂yf will denote the partial derivative of f with respect to y.

2.2 Algebraic Primitives for Factoring

2.2.1 Schwartz-Zippel Lemma

The Schwartz-Zippel lemma is a fundamental tool in algebraic complexity theory,

particularly in the context of polynomial identity testing. It provides a probabilistic

method for determining whether a given polynomial is identically zero. It is a purely

mathematical result, and we will use it extensively in this chapter. We state it below:

Lemma 2.1 (Schwartz-Zippel Lemma [Zip79, Sch80]). Let f be a non-zero polynomial

in F[x1, x2, ..., xn] of total degree d. Let S be a finite subset of F and let β ∈r S
n be a

random point. Then

Pr[f(β) = 0] ≤ d

|S|
.

The proof of this lemma is by induction on the number of variables. The base case,

where f is a univariate polynomial, is clear from the fact that a non-zero univariate

polynomial of degree d can have at most d roots. For the inductive step, we can write

f as a univariate polynomial in x1 with coefficients that are polynomials in the other

variables. We can then apply the inductive hypothesis to these coefficient polynomials

to bound the probability that they vanish at a random point, and use this to bound

the probability that f vanishes at a random point.

2.2.2 Newton Iteration

The most important tool used throughout this thesis is classical Newton Iteration.

It can be used to find the power series roots of a polynomial up to any degree of

9



2 Technical Tools for Circuit Factoring

precision. We state and prove it below:

Theorem 2.2 (Implicit Function Theorem [BCS13]). Let P (x, y) ∈ F(x)[y], P ′(x, y) :=

∂yP (x, y) and µ ∈ F be such that P (0, µ) = 0 but P ′(0, µ) ̸= 0. Then there is a unique

power series S such that S(0) = µ and P (0, S) = 0.

Moreover, there exists a rational function yt,∀t ≥ 0 such that

yt+1 = yt −
P (x, yt)

P ′(x, yt)
and S ≡ yt mod ⟨x⟩2t with y0 = µ.

Proof. We give a proof by induction on t. The base case, t = 0 holds from the

hypothesis itself, as y0 = µ. Suppose a yt satisfying the induction hypothesis exists,

and define yt+1 = yt − P (x,yt)
P ′(x,yt)

.

We first need to show that yt+1 is well defined. We can see that yt ≡ yt−1 mod

⟨x⟩2t−1
, so yt(0) = µ. Then P ′(x, yt)|x=0 = P ′(0, µ) ̸= 0. So P ′(x, yt) is invertible in

the power series ring F[[x]]. So yt+1 is well defined.

Now we show that yt is indeed a higher degree approximation of the power series

root. We apply Taylor expansion on P :

P (x, yt+1) = P

(
x, yt −

P (x, yt)

P ′(x, yt)

)
= P (x, yt)− P ′(x, yt)

P (x, yt)

P ′(x, yt)
+

P ′′(x, yt)

2!

(
P (x, yt)

P ′(x, yt)

)2

− ...

≡ 0 mod ⟨x⟩2t+1

So P (x, yt) ≡ 0 mod ⟨x⟩2t+1
and yt+1 ≡ yt mod ⟨x⟩2t .

The power series defined as S ≡ yt mod ⟨x⟩2t ,∀t ≥ 0 will be the root of P , as if it

is not the case, P (x, yt) ̸= 0 mod ⟨x⟩2t for some t, yielding a contradiction. Uniqueness

of this power series follows from the fact that µ is a simple root of P (0, y).

10



2 Technical Tools for Circuit Factoring

2.2.3 Pre-processing

To factor a general polynomial, we need to do several pre-processing steps to get it

into a form where we can apply Theorem 2.2. We state and prove a few lemmas that

will be essential in this.

Square Free Factorisation: Note how in the hypothesis for Theorem 2.2, we

need to ensure that µ is a root with multiplicity one. A polynomial whose every root

is of multiplicity one is said to be square-free. How can we check if a given polynomial

is square free? The following lemma gives an easy criterion for this:

Lemma 2.3. (Square Free Criterion) Let f be a polynomial in F(x)[y] with degy f ≥ 1.

Then f is square-free if and only if f and ∂yf are co-prime.

Proof. If f and ∂yf are co-prime, then gcd(f, ∂yf) = 1, implying that they have no

common roots. If there is a root g(x) of f multiplicity e greater than one, we must

have that (y − g(x))2|f . But then g(x) is a common root of f and ∂yf , which is a

contradiction. So there is no root of multiplicity greater than one, i.e. f is square-free.

Conversely, assume that f is square-free. For the sake of contradiction, assume that

gcd(f, ∂yf) has degree at least one. Let g be an irreducible polynomial with degree at

least one such that g| gcd(f, ∂yf). (Such a g always exists due to our assumption). Let

h be such that f = gh. Then ∂yf = g∂yh+ h∂yg. So g|h∂yg. Since g is irreducible,

we get that g|h ((deg ∂yg) < deg g). Hence g2|f , which is a contradiction. Hence,

gcd(f, ∂yf) = 1.

Note that using this lemma, we can also find the square-free part of a polynomial

f by simply dividing f by gcd(f, ∂yf). This can be done using a polynomial number

of gates using the structural results in section 2.3; namely (gcd computation, partial

derivatives, and Strassen division gates).

11



2 Technical Tools for Circuit Factoring

Resultants, GCD, and Co-primality: To easily check whether two polynomials

are co-prime, we need not compute their gcd explicitly. We can simply check whether

the gcd is non-trivial or not by a tool called the resultant. We develop the theory of

resultants in this section.

Suppose we have univariate polynomials f =
∑l

i=1 fiy
i and g =

∑m
i=1 giy

i in F[y].

Then consider the map T such that T (u, v) = uf + vg for polynomials u, v of degrees

less than m and l respectively. Then the matrix corresponding to the map T is given

by:

Syly(f, g) :=



f0 0 · · · 0 g0 0 · · · 0
f1 f0 · · · 0 g1 g0 · · · 0

f2 f1
...

... g1
...

...
...

. . . f0 gm
...

. . . 0
fl fl−1 f1 0 gm g0
0 fl f2 0 0 g1
...

...
...

...
...

...
0 0 · · · fl 0 0 · · · gm


.

This is known as the Sylvester Matrix. We use this to define the resultant.

Definition 2.4. (Resultant) Let f(x)[y] and g(x)[y] be multivariate polynomials. Then

the resultant of f and g with respect to y is defined as the determinant of the Sylvester

matrix:

Resy(f, g) = det(Syly(f, g))

Remark 2.5. Here we view f and g as univariate polynomials in y over the field

F(x) (i.e. fi’s and gi’s are in F(x)). The resultant also lies in F(x), as it is just the

determinant of a matrix over F(x).

Note that the determinant is non-zero iff the map T is injective. That is,

Resy(f, g) = 0 iff T has a non-trivial kernel.

Lemma 2.6. (gcd and resultant) Let f(x)[y] and g(x)[y] be multivariate polynomials

with positive degree in y. Then f and g have a common root iff Resy(f, g) = 0.

12



2 Technical Tools for Circuit Factoring

Proof. We have already seen that the map T that takes (u, v) → uf + vg for deg u <

m, deg v < l has a non-trivial kernel iff Resy(f, g) = 0. This means that there exist

non-trivial solutions u, v to the equation uf = −vg iff Resy(f, g) = 0. Since the

polynomial ring is a UFD, this implies that g|uf , but since deg u < deg g, we get

that f and g share a common factor. Hence, f and g share a common factor iff

Resy(f, g) = 0.

We conclude this section with the following powerful lemma, which lets us project

down to univariate polynomials while preserving their co-primality.

Lemma 2.7. (co-primality) Let f, g ∈ F(x)[y] be co-prime polynomials with positive

degree in y, and let β ∈r Fn. Then f(β, y) and g(β, y) are co-prime with positive

degree in y.

Proof. If f =
∑l

i=1 fiy
i and g =

∑m
i=1 giy

i, we take fl.gm.Resy(f, g) and evaluate

it at x = β. By Lemma 2.1, we get that this is non-zero with a large probability.

This implies, Resy(f(β, y), g(β, y)) ̸= 0. Then by Lemma 2.6, f(β, y) and g(β, y) are

co-prime.

Remark 2.8. In general, it is not true that Resy(f, g)(β) = Resy(f(β, y), g(β, y)). It

is possible that fl(β) = 0 or gm(β) = 0, making the y-degree lower, and changing

the resultant. That is why we have multiplied fl and gm to the resultant before

applying Lemma 2.1. This ensures that fl and gm are non-zero at β, and hence

Resy(f, g)(β) = Resy(f(β, y), g(β, y)).

Transformation to Monic Polynomial In the case of multivariate polynomials,

the meaning of the term ’monic’ isn’t as straightforward as it is in the univariate case.

Let f ∈ F[x, y] be a polynomial. Then f is said to be monic with respect to y if the

coefficient of the highest degree term (wrt y) is in F i.e. it is a constant.

13



2 Technical Tools for Circuit Factoring

We can transform an arbitrary polynomial f ∈ F(x) to monic by applying a

random linear transformation:

Lemma 2.9. (monic transform) Let f ∈ F[x] be a polynomial with total degree d ≥ 0

and let αi, βi ∈r F be random elements, for i = 1, 2, ..., n. Then g(x, y) := f(x+αy+β)

is monic wrt y, and the degree wrt y is d.

Proof. Let |γ| denote
∑n

i=1 γi. Then the homogeneous part of degree d in f is

fd :=
∑

|γ|=d cγx
γ . On applying the transform xi → αiy + xi + βi, we get the

coefficient of yd in g as
∑

|γ|=d cγα
γ . We can use the Lemma 2.1 to argue that with a

high probability fd does not vanish on a random α. That this is the highest degree

term wrt y is clear from the fact that the total degree of f is d.

2.3 Structural Results about Arithmetic Circuits

In this section, we summarise some well-known structural results about arithmetic

circuits. As these are standard folklore results in algebraic complexity, we state them

without proof and provide references for the interested reader.

Homogeneous Part of a Polynomial: The homogeneous part of a polynomial

f of degree d is the sum of all monomials in f that have total degree d. We denote the

homogeneous part of f by Hd[f ]. The following lemma shows that we can compute

the homogeneous part of a polynomial efficiently given a circuit for the polynomial

itself. For a proof, see [SY10].

Lemma 2.10. (Homogenisation [Str73]) Let f be a polynomial that can be computed

by a circuit of size s. Then there exists a circuit of size at most O(r2s) computing

H0[f ], H1[f ], . . . , Hr[f ].

As obvious, this will be used to truncate a power series root to a polynomial

14



2 Technical Tools for Circuit Factoring

of a certain degree, which we can then use to compute the factors of the original

polynomial.

Division Gates: In the proof of Theorem 1.7, we will need to compute the

power series root of a polynomial using Newton Iteration. This involves division of

polynomials, which we can do efficiently using only addition and multiplication gates

through the following lemma, which is from [Str73]. This actually gives a power series

approximation of the inverse of a polynomial.

Lemma 2.11. (Division Gates [Str73]) Let f, g be two degree-d polynomials that can

be computed by circuits of size s and let µ ∈ F be such that g(0) = µ ̸= 0. Then

f/g mod ⟨x⟩d+1 can be computed by a circuit of size polynomial in s and d.

The proof of this lemma is based on the following simple identity in the power

series ring F[[x]], along with the previous homogenisation result:

1

g
=

1

µ
· 1

1− (1− g/µ)
=

1

µ

∞∑
i=0

(1− g/µ)i

.

Partial Derivatives: To use Newton Iteration, we need to compute partial

derivatives of polynomials. The following lemma shows that we can do this efficiently

given a circuit for the original polynomial. This result is from [Kal87].

Lemma 2.12. (Partial Derivatives [Kal87]) Let f be a multivariate polynomial that

can be computed by a circuit of size s. Then for any variable xi,
∂kf
∂xk

i
can also be

computed by a circuit of size at most O(k2s).
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Chapter 3

Proof for VP closure

In a series of influential works, Kaltofen [Kal86, Kal87, Kal89, KT90] showed that

the class VP is closed under factoring. This chapter is dedicated to the proof of this

theorem.

Theorem 1.7 (Kaltofen [Kal87]). Let f ∈ F[x] be an n-variate, degree d polynomial

that can be computed by a circuit of size s. Let g be a polynomial such that g divides

f . Then g can be computed by a circuit of size at most poly(s, n, d).

The main ingredients used in the proof by Kaltofen are Hensel lifting and an

effective version of Hilbert’s irreducibility theorem. These techniques are rather

mathematically involved, and we would like to present a simpler version in this

chapter. We present a version based on [DSS22], which proceeds by reducing the

problem of factoring polynomials to the problem of approximating power series roots of

the polynomial. We will then show how these power series roots can be approximated

using circuits.

3.1 Reduction of Factoring to Power Series Root

Approximation

It starts with this simple observation for univariate polynomials: the polynomial

f(x) ∈ F[x] has a linear factor (x − a), iff f(a) = 0, i.e. a is a root of f . We

can generalise this to the multivariate case, (y − g(x)) is a factor of f ∈ F[x, y] iff

16



3 Proof for VP closure

f(x, g(x)) = 0. This can be seen by viewing f as a univariate polynomial over the

field F(x), i.e. f ∈ F(x)[y].

So if we can guarantee the existence of linear factors, finding the roots of the

polynomials is enough to find the factors. Unfortunately, it is not the case for

multivariate polynomials, even over an algebraically closed field. For example, xy−1 ∈

C[x, y] is an irreducible polynomial over a closed field which is not linear. However,

there is a workaround: we can show that with a random shift on the variables, a

polynomial can be written as a product of linear factors of the form (y − g(x)) where

g is in the power series ring F[[x]]. This is the key result of the paper and we state in

the following theorem:

Theorem 3.1 (Power Series Complete Split, [DSS22]). Let f ∈ F[x] be a polynomial

with deg(rad(f)) = d0 > 0. Let αi, βi ∈r F and τ : xi → αiy + xi + βi, i ∈ [n], where y

is a new variable. Then over F[[x]], f(τx) = k.
∏

i∈d0(y − gi)
γi, where k ∈ F∗, γi > 0

and gi(0) = µi. Moreover, µi’s are distinct non-zero field elements.

Proof. Let the irreducible factorisation of f be f =
∏

i∈[m] f
ei
i . On applying τ , f and

all its irreducible factors fi become monic in y (Lemma 2.9). Since τ is invertible, all

these monic factors f̃i := fi(τx) remain irreducible.

Our goal is to start with a univariate factorisation and apply Newton Iteration.

To do so, consider f̃i(0, y) = fi(αy + β). We can show that f̃i(0, y) and ∂yf̃i(0, y) are

co-prime using Lemma 2.7. This implies that f̃i(0, y) is square-free (Lemma 2.3), and

hence its roots are simple. This will ensure that f̃i(x, y) satisfies the hypothesis for

applying Newton Iteration.

Since F is algebraically closed, f̃i(0, y) (a univariate polynomial) splits into linear

factors as f̃i =
∏deg(fi)

j=1 (y − µj,i) for distinct non-zero field elements µj,i. For each

of these, we can use Theorem 2.2 to build a power series root gj,i ∈ F[[x]] with

17



3 Proof for VP closure

gj,i(0) = µj,i. So we can write f̃i =
∏deg(fi)

j=1 (y − gj,i) with gj,i(0) = µj,i. So each fi

splits into linear factors over F[[x]][y].

Since fi’s are co-prime, we can get that f̃i(0, y) are mutually co-prime using

Lemma 2.7. That is, µj,i are all distinct and there are
∑

i∈[m] deg(fi) = d0 many of

them. Hence, f(τx) can be factored as

∏
i∈[m]

fi(τx)
ei =

∏
i∈[d0]

(y − gi)
γi

for γi > 0 and gi(0) distinct field constants for all i.

Remark 3.2. Theorem 3.1 says that a polynomial p ∈ F[x], after a random linear

transformation, completely splits over F[[x]]. This shift is, in fact, necessary. For

example, take f(x, y) = y2 − x ∈ F(x)[y]. Over the algebraic closure of F(x), it splits

as f(x, y) = (y−
√
x)(y+

√
x). However,

√
x cannot be written as a power series over

F. But if we apply a random shift on x, for example, f(x+ 1, y), it has roots
√
x+ 1

and −
√
x+ 1 which can be written as power series using the Binomial Theorem.

The following is well known result in commutative algebra, that states that F[[x]]

is a unique factorisation domain.

Proposition 3.3. ([ZS75], chapter 7) The power series ring F[[x]] is a Unique

Factorisation Domain (UFD), and so is F[[x]][y].

A simple consequence of Proposition 3.3 and Theorem 3.1 is the following corollary

which will help us recover the polynomial factors of f .

Corollary 3.4. Suppose g is a polynomial factor of f . Let f(τx) = k.
∏

i∈[do](y− gi)
γi

as in the previous theorem. As g(τx)|f(τx), g(τx) = k′.
∏

i∈[do](y− gi)
ci with 0 ≤ ci ≤

γi. Moreover, we can get g back by applying τ−1 on g(τx).

18



3 Proof for VP closure

So how can we go from these power series roots to the polynomial factors of the

polynomial? Corollary 3.4 hints at this: if g is a factor of f , some of the linear factors

of f(τx) must combine to produce g(τx).

Suppose g(τx) = k′.
∏

i∈[do](y − hi)
ci , and let the degree of f be d. If g is a

non-trivial factor, deg(g) ≤ (d − 1). If we know these power series roots hi’s, we

can obtain g by taking these hi’s up to precision of deg(g) (which is less than d), do

the corresponding multiplication, and truncate it again to deg(g). So the problem

of finding factors of f is reduced to the problem of finding power series roots of f .

And to upper bound the size of the circuits computing g, we only need to bound the

circuit size for approximating hi’s up to the precision equal to the degree of g.

Note that to obtain the VP closure result, we only need to upper bound the size of

the circuits computing g; we don’t need to find exactly which of the power series roots

of f combine to produce g. However, it will be needed if we wish to algorithmically

compute g. That is beyond the scope of this thesis, but we refer the reader to [DSS22].

3.2 Proof of the Main Theorem

Once the problem of finding factors is reduced to power series root approximation,

the proof for VP closure becomes fairly simple.

Theorem 1.7 (Kaltofen [Kal87]). Let f ∈ F[x] be an n-variate, degree d polynomial

that can be computed by a circuit of size s. Let g be a polynomial such that g divides

f . Then g can be computed by a circuit of size at most poly(s, n, d).

Proof. Let f(x) = ge(x)h(x), (without loss of generality) where g and h are co-prime,

and let dg be the degree of g. We take the linear shift τ as in Theorem 3.1 to

ensure that the transformed polynomial f̃(x, y) = f(τx) is monic, and it splits over

F[[x]]. Also note that g̃, h̃ remain co-prime (Lemma 2.7). So using Theorem 3.1,
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3 Proof for VP closure

f̃ = k.
∏

i∈d0(y − gi)
γi , with gi(0) = µi being distinct.

Since g̃ has multiplicity e, all the power series roots of g̃ must occur with multiplicity

e. We cannot approximate a root of multiplicity greater than 1 using Newton iteration

(NI), as the denominator becomes non-invertible. So we need to do some preprocessing.

But note that the square free part of f̃ contains all the power series roots of f̃ ,

and hence g with multiplicity 1. This can be done by dividing (for now we construct a

circuit that allows division gates; we will remove them later) f̃ by gcd(f, ∂yf̃) in poly

size (see square free factorisation in subsection 2.2.3). We work with this polynomial

(renamed to f̃ for convenience) to get the power series roots of g̃.

So let g̃i be a power series root of g̃, which has multiplicity 1 in the factorisation

of f̃ . We will show that it can be approximated up to degree d via a circuit of size

poly(s, d). We start with the base case g̃i,1 = g̃i(0) = µi ≡ g̃ mod ⟨x⟩. This is just a

field element, and hence has circuit size 1. On this, we iteratively apply the Newton

Iteration formula g̃i,k+1 = g̃i,k − g̃i,k(x,g̃i,k)

∂y g̃i,k(x,g̃i,k)
mod ⟨x⟩2k , where each g̃i,k ≡ g̃i mod ⟨x⟩2t

for 1 ≤ k ≤ log d.

From the Newton iteration formula, along with efficient partial derivative computa-

tion (Lemma 2.12), it can be seen that if g̃i,k has circuit size sk, then g̃i,k+1 has circuit

size sk+1 = sk + poly(s). After all the iterations, we get a circuit (containing division

gates) of size poly(s, log d) for g̃i,d. We can then use Strassen’s division (Lemma 2.11)

and homogenisation (Lemma 2.10) to get a circuit of size poly(s, d) without any

division gates. So up to a precision of degree d, all power series roots of g̃ can be

computed in size poly(s, d).

We can obtain the circuit for g̃ =
∏

i(y− g̃i) by multiplying the circuits for (y− g̃i,d)

for each i and truncating (truncate lemma) up to deg(g). And then we can apply τ−1

to obtain g. The final circuit size is still poly(s, d).
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3 Proof for VP closure

Remark 3.5. We again emphasize the fact that to show the bound on the size of the

circuit computing g̃, we do not need to show exactly which power series roots of f̃

combine to produce g, nor do we need to show by what power the (simple) roots of

the square free factorisation of f̃ were raised to produce g̃, since it is less than d.

From Theorem 1.7, it follows that the class VP is closed under factoring.

3.3 Fields that are not Algebraically Closed

Suppose we have a polynomial f ∈ F[x] where F is not algebraically closed. It is not

feasible to extend the base field to the algebraic closure of F, as the splitting field of f

can be very large. However, we can still apply the techniques of the previous section

to get a factorisation of f over F(α), for some root α of f(0, y) in the algebraic closure

of F. We can then use the resultant to get a factorisation of f over F in the following

way.

Suppose we have constructed a circuit C(x, α) that computes a good enough

approximation of the power series root γ(x, α) of f(x, y) in the extension field F(α),

where α is an algebraic element with minimal polynomial A(z) ∈ F[z] (usually A(y)

will just be f(0, y)). To recover a factor of f that resides in the base field F[x, y], we

define the reconstructed polynomial Q(x, y) as the resultant of A(z) and the shifted

circuit representation:

Q(x, y) = Resz (A(z), y − C(x, z)) (3.1)

By the properties of the Resultant (explained in the next subsection), this is equivalent

to:

Q(x, y) =
d∏

i=1

(y − C(x, αi)) (3.2)
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3 Proof for VP closure

where α1, . . . , αd are the roots of A(z) in its splitting field. This construction

ensures that:

1. Q(x, y) ∈ F[x, y], as the resultant of two polynomials in F[x, y, z] with respect

to z eliminates z and keeps the coefficients in F.

2. Complexity: Since the resultant is the determinant of a Sylvester matrix of

size O(d), and C is a circuit of size s, the complexity of the reconstructed factor

Q(x, y) is poly(s, d), preserving its membership in the class V P .

3. Factorization: If C(x, α) approximates a power series root of f(x, y), then

Q(x, y) will be a factor of f over F[x, y] as it is the product of linear factors

corresponding to the roots.

3.3.1 Resultants and Norm

To understand why the resultant computes the norm, we examine the Sylvester matrix

through the lens of linear transformations. Given two polynomials f, g ∈ F[z] of

degrees n and m respectively, the Sylvester matrix S represents the F-linear map:

ϕ : Pm−1 × Pn−1 → Pn+m−1

(u, v) 7→ uf + vg

where Pk denotes the space of polynomials of degree at most k.

The determinant of this matrix, Resz(f, g), vanishes if and only if f and g share a

common root. More deeply, this determinant is related to the map of multiplication

by g in the quotient ring A = F[z]/⟨f(z)⟩. Let α1, . . . , αn be the roots of f(z) in its

algebraic closure. In the extension field F(α), the eigenvalues of the linear operator

representing multiplication by g are exactly the values {g(α1), g(α2), . . . , g(αn)}.
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3 Proof for VP closure

Recall that the determinant of any linear operator is equal to the product of

its eigenvalues. Consequently, for a monic polynomial f , the resultant satisfies the

following identity:

Resz(f, g) =
n∏

i=1

g(αi) (3.3)

By definition, the algebraic norm of an element g(α) in the extension F[z]/⟨f(z)⟩ is

the product of g evaluated at all conjugates of α. Thus, the Sylvester matrix provides

a direct determinantal method to compute the norm:

Resz(f, g) = NF(α)/F(g(α)) (3.4)
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Chapter 4

Characteristic p

In the previous chapters we saw the VP closure result for fields with characteristic 0.

In fact, to make our lives easier, we were only dealing with algebraically closed fields.

As we saw in the last section, we can extend the result efficiently to non-algebraically

closed fields as well.

The problem, however, remains open for fields of small positive characteristic. In

fact, there is one specific case which has remained unsolved in this.

Open Question 4.1. Let Fq be a field of characteristic p, and let f = gp
e ∈ Fq[x] be

a polynomial in VP, for some polynomial g ∈ Fq[x]. Is g also in VP?

This is the central objective of this thesis. We will analyse a proposed approach

based on p-adic numbers, and see why it doesn’t work. Before this, we need to

understand why the older techniques fail for this particular case. For now, suppose

f ∈ Fq[x, y]. Then ∂yf = pege−1 = 0 (as we are in characteristic p). This means the

term f(0, µ)/∂yf(0, µ) used in the Newton iteration formula becomes undefined in Fq

(Here µ is a root of f(0, y), as in the proof of Theorem 3.1), making it impossible to

use Newton Iteration the way we did for other cases.

Our proposed approach to solve Open Question 4.1 is to lift the problem to a

p-adic field, and then use the techniques we have developed for characteristic 0 fields.

The idea is that if we can show that g is in VP over the p-adic field, and that all the

computations are well defined mod p, then we can reduce it back to Fq and conclude

that g is in VP over Fq as well. The p-adic field is the most natural characteristic-zero
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4 Characteristic p

extension of Fp, because Fp is the residue field of the p-adic integers.

To discuss our proposed approach, we need to understand the basics of p-adic

numbers. We will discuss that in the next section.

4.1 Some p-adic analysis

Here we introduce some of the basic definitions from p-adic analysis, to build up to

Lemma 4.6. We have borrowed these from [Neu99].

Definition 4.2. Let p be a prime number. A p-adic integer is a formal infinite series

a0 + a1p+ a2p
2 + ...

where 0 ≤ ai < p for all i = 0, 1, 2, .... The set of p-adic integers is denoted by Zp.

In analogy to the Laurent series, we can extend the domain to the formal series

a−mp
−m + ...+ a−1p

−1 + a0 + a1p+ a2p
2 + ...

where m ∈ Z and 0 ≤ av < p. We call such a series a p-adic number and we denote

the set of p-adic numbers by Qp.

Definition 4.3. The p-adic valuation of an integer x ∈ Z, vp(x) is defined as follows:

vp(x) = max{r : pr|x}

By convention, vp(0) = ∞. For a rational a/b ∈ Q,

vp(a/b) = vp(a)− vp(b)

Definition 4.4. The p-adic norm of x ∈ Q is given by

|x|p =

{
p−vp(x) x ̸= 0

p−∞ = 0 x = 0
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The completion of Q with respect to the p-adic norm is Qp. However, Qp is not

algebraically closed. The algebraic closure of Qp is denoted by Q̄p. It is known that Q̄p

is not complete with respect to the p-adic norm. The completion of Q̄p with respect

to the p-adic norm is denoted by Cp.

Ring extension: Suppose we have a polynomial f in the field Fp, and let Fpl be

an extension over Fp of degree l, containing a root of f . Note how taking mod p of

the elements of Zp gives us Fp. That is, Zp/pZp
∼= Fp. This is known as the residue

field of Zp. We want an extension Ẑp of degree l over Zp such that taking mod p gives

us Fpl . This is called an unramified extension of Zp.

Suppose the degree of f is d. It is known that we can come up with a monic

irreducible polynomial over Zp of any required degree. Let g be such a polynomial

of degree d. We can construct a lift g̃ ∈ Zp[x] of g, by viewing the coefficients

{0, 1, 2, ..., (p− 1)} of g as the same elements in Zp. By Hensel’s lemma, g̃ is also an

irreducible polynomial in Zp[x]. Then Ẑp := Zp/(g̃) is the required extension.

Valuation for Algebraic Extensions and Ramification: More generally,

let K be an algebraic extension of Qp. The p-adic norm, vp, extends naturally

as |α|p = |minQp,α(0)|
1/d
p for any α ∈ K, where minQp,α(x) denotes the minimal

polynomial of α over Qp and d denotes its degree. See [Bak07, Theorem 5.2].

The p-adic valuation vp is a homomorphism from K∗ (as a multiplicative group) to

the additive group Q. Its image is of the form 1
e
Z where e is a divisor of n = [K : Qp].

There exists an element π ∈ K, called uniformizer, that has vp(π) = 1/e. Every x ∈ K

has a unique representation
∑

i≥m αiπ
i where m ∈ Z and αi ∈ S, f := n/e. Here S

is a set of representatives of the residue field (which is isomorphic to Fpf ) in K. An

extension is called unramified, if π = p, e = 1 and f = n.

The integral extension of Zp, denoted as OK , is a subring of K with series repre-

sentation that do not have negative powers of π, i.e.
∑

i≥0 αiπ
i.

26



4 Characteristic p

Newton Polygon and Valuation of the Roots: Our goal was to use techniques

from p-adic analysis to ensure that all the computations we do (using characteristic 0

techniques) are well defined mod p. To do so, we develop a tool called the Newton

Polygon, which gives us information about the roots of a polynomial in terms of the

valuations of its coefficients. We will use this tool to show that the roots of F (0, y) are

in Ẑp, and we intended to show that we can then perform Newton Iteration to get a

power series solution for F (x, y) = 0 which is in Ẑp[[x̄]]. This would have ensured that

all the computations we do using this power series solution are well defined mod p.

Definition 4.5. For a univariate polynomial p(x) = 1 + a1X + a2X
2 + ...+ anX

n ∈

K[X], an ̸= 0, we associate a point (i, v(ai)) ∈ R2 for each i = 1, 2, .., n, ignoring

the point (i,∞) for ai = 0. We take the lower convex envelope of the set of points

{(0, 0), (1, v(a1)), ..., (n, v(an))}. This produces a polygonal chain which we call the

Newton Polygon of p(x).

The Newton polygon consists of line segments whose slopes are strictly increasing,

and they contain information about the roots of the polynomial.

The following lemma, stated and proved in [Gou20, Proposition 7.4.6], provides

the information about the valuations of the roots of a polynomial.

Lemma 4.6. [Gou20, Proposition 7.4.6] Let f(X) = 1 + a1X + a2X
2 + · · ·+ anX

n ∈

K[X], and assume that the first break of the Newton polygon of f(X) occurs at the

point (i,mi). Then f(X) has no roots with absolute value less than pm and has exactly

i roots (counting multiplicities, in Cp) with absolute value pm.

Remark 4.7. The theorem says the first segment of the Newton polygon isolates roots

with the smallest p-adic valuation. One can apply the theorem repeatedly to each

subsequent segment to recover the valuations of all roots, but for our purposes the

first break statement suffices.
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Example 4.8 (Newton polygon and root valuations). Consider the polynomial con-

structed explicitly as:

f(y) = (y − p)(y − p2)(y − p3).

Expanding:

f(y) = y3 − (p+ p2 + p3) y2 + (p3 + p4 + p5) y − p6

= y3 − p(1 + p+ p2) y2 + p3(1 + p+ p2) y − p6.

The coefficients are:

a3 = 1, a2 = −p(1 + p+ p2), a1 = p3(1 + p+ p2), a0 = −p6.

With valuations:

vp(a0) = 6, vp(a1) = 3, vp(a2) = 1, vp(a3) = 0.

We plot the points (i, vp(ai)) for i = 0, 1, 2, 3:

All four points lie on the lower convex hull, giving three segments. Applying Lemma 4.6

to the first segment: it runs from (0, 6) to (1, 3), has slope λ = −3, and horizontal

length k = 1. The theorem predicts exactly one root of f with vp(α) = 3. Indeed the

root is α = p3 and vp(p
3) = 3.

Applying the theorem to each subsequent segment recovers all roots:

Segment Slope λ Length k Root (vp = −λ)

(0, 6) → (1, 3) −3 1 p3 (vp = 3)
(1, 3) → (2, 1) −2 1 p2 (vp = 2)
(2, 1) → (3, 0) −1 1 p (vp = 1)
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Figure 4.1: Newton polygon of f(y) = (y−p)(y−p2)(y−p3). All four coefficient
points lie on the lower convex hull. Each segment has horizontal length 1 and
slope equal to the negative of the p-adic valuation of the corresponding root.

4.2 An Approach by Interpreting the circuit over

Q̂p

We now explain how we can interpret the circuit over Qp. Suppose we are given a

circuit over Fp computing the polynomial f(x) = upi(x) which is in VP. From here,

we start interpreting it as a circuit over Qp, which leads to an addition of pE(x) to f ,

for some polynomial E. We call this new polynomial f̃ = f + pE. The addition of

pE is the result of the fact that there are some terms computed by the circuit that

vanish in Fp due to characteristic p. Note that f̃ ≡ f mod p. We will be working

with f̃ instead of f because we want to use the techniques we have developed for

characteristic 0 fields, and f̃ is a polynomial over a characteristic 0 field.

Note that the depth reduction of Valiant et al. [VSBR83] implies that the f̃ can
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be computed by a circuit of depth O(log r), and since the degree of a polynomial

computed by a circuit of depth O(log r) is at most 2O(log r) = rO(1), we can assume

that the degree of E is at most rO(1). In other words, f̃ is in the class VP over Zp.

Preprocessing: Since we are now in a characteristic 0 field, we can apply

Theorem 3.1. Let F (x, y) = f̃(τx) , where τ is the map that sends xi → αiy+xi+βi, i ∈

[n] for αi, βi ∈r Qp random. Following the notation in Theorem 3.1, let µi’s be the

roots of the univariate polynomial F (0, y).

We will show that all the µi’s are in Ẑp using Lemma 4.6.

Remark 4.9. Note that Theorem 3.1 already gives a power series factorisation over

Qp. However, we need to ensure that the power series solution we get is in Ẑp[[x]], so

that all the computations we do using this power series solution are well defined mod

p. This is why we need to show that the roots of F (0, y) are in Ẑp.

Lemma 4.10. The roots of F (0, y) are in Ẑp.

Proof. Before we apply Lemma 4.6, we need to ensure F (0, y) is in the form as in

the statement of the lemma. The preprocessing ensures that the constant term has

valuation 0 and that F (0, y) is monic in y. Actually after the preprocessing we have

F (0, y) = yp
i
+ g(0)p

i
+ pE ′(0, y), for some polynomials g, E ′ with constant term of g

of valuation 0. We divide by the constant term to get F̃ which has the form required

in Lemma 4.6. Note that this has not changed the valuation of any of the coefficients.

The Newton polygon of F̃ (0, y) (univariate polynomial over y) has the vertices

(0, 0), (pi, 0) and (k, j) such that j ≥ 0, for k ̸= 0, pi, so that the first break is

at (pi, 0). By Lemma 4.6, F̃ (0, y) has no roots of absolute value less than p0, and

hence all the roots are in Ẑp.The roots of F and F̃ are the same and hence, the roots

of F have absolute value equal to p0.
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k

vp(ak)

0
0 pi

slope = 0, length pi

· · ·
ak = 0 (vp = +∞)

from pE′(0, y), vp ≥ 1 first break

from pE′, beyond pi

(polygon continues; not part of first-break analysis)

Figure 4.2: Newton polygon of F (0, y) = yp
i
+ g(0)p

i
+ pE′(0, y), where

degy F ≥ pi. The bold blue segment is the first segment of the Newton polygon,
running from (0, 0) to (pi, 0) with slope 0 and horizontal length pi. Points between
0 and pi from pE′(0, y) have vp ≥ 1 and lie strictly above the x-axis; points
with zero coefficient are omitted (vp = +∞). The dashed blue line indicates
the polygon may continue beyond pi up to degy F , with further points from
E′ floating above; this is irrelevant to the first-break analysis. By Lemma 4.6,
F (0, y) has exactly pi roots in Qp with p-adic valuation 0. Since the first segment
has length pi > 1, these roots cannot be separated by valuation, obstructing the
lifting step.

The idea was that we can use Lemma 4.10 as a base case, and use the Newton

Iteration formula to inductively show that each coefficient of the power series solution

is in Ẑp.

Unfortunately, this is not true, and there is a simple counterexample to show that

the coefficients of the power series solution are not in Ẑp.

4.2.1 Counterexample to Integral Power Series Solutions

One might assume that if the univariate polynomial F (0, y) has roots in Zp, then

by Newton Iteration, one can always lift these to a power series root in Zp[[x]]. We

provide a counterexample to show that this is not the case when the derivative at the

root has a positive valuation.
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Example 4.11. (Counterexample to the power series roots being integral) Consider

the polynomial F (x, y) = y2− (1+x) ∈ Z2[x, y]. At x = 0, the roots of F (0, y) = y2−1

are y = ±1, which are clearly 2-adic integers in Z2. Note that F has the form as in

Lemma 4.10.

However, the power series solution for F (x, y) = 0 is y =
√
1 + x. Applying the

generalized binomial expansion, we obtain:

y = 1 +
1

2
x− 1

8
x2 +

1

16
x3 − 5

128
x4 + . . . (4.1)

While this is a valid formal power series over the characteristic zero field Q2, the

coefficients cn for n ≥ 1 do not belong to the ring of integers Z2. For instance,

v2(c1) = −1 and v2(c2) = −3.

The derivative F ′
y(0, 1) = 2 has a positive valuation, which forces the division by

p during the construction of the series. Consequently, the coefficients have strictly

negative valuations, meaning the power series y(x) is not in Z2[[x]].

In the context of our VP closure problem, this implies that even if the constant terms

of our circuit computations are well-defined modulo p, the higher-order terms in the

power series are not well defined modulo p. Consequently, the resulting polynomial g

cannot be recovered by simply taking the reduction modulo p of the characteristic-zero

power series.

4.3 Conclusion

To our current understanding, the p-adic approach to factoring remains incomplete

unless a mechanism is found to bridge the gap between Qp and Fp roots without

relying on the standard reduction map. Specifically, because the p-adic valuation of

the coefficients can be strictly negative, the “mod p” operation is not well-defined for

the resulting root.
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Unless one can extract the Fp-factorization from the Qp-data through a process

that bypasses direct modular reduction, the p-adic lifting technique appears to fail for

the inseparable case.
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