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An arithmetic circuit is a natural model for computing polynomials over a field
F. It is a directed acyclic graph whose leaves are input variables zq,--- ,x, and
constants from the field F. The internal nodes are addition or multiplication gates.
The size of a circuit is the number of edges in it and the depth is the length of the
longest directed path in it. Given a partition of the variable set {zy,--- ,x,} into
sets X1,---, X4, a polynomial is called set-multilinear with respect to this partition
if every monomial of the polynomial contains exactly one variable from each set Xj.
If every node of a circuit computes a set-multilinear polynomial, then it is called a

set-multilinear circuit.

The main goal of Algebraic Complexity Theory is to exhibit an explicit polynomial
to compute which circuits of superpolynomial size are required. By an explicit
polynomial, we mean a polynomial where given the exponent vector of a monomial,
we can compute the coefficient of this monomial in the polynomial efficiently. But
some interesting depth reduction results show that strong enough lower bounds for

constant depth circuits yield superpolynomial lower bounds for general algebraic
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circuits. Hence, our motivation is to find strong lower bounds for constant depth

algebraic circuits.

In a recent breakthrough result [LST], the first-ever superpolynomial lower bounds
on the size of constant depth algebraic circuits were shown. The main idea of
the paper was to first convert general algebraic circuits to set-multilinear circuits
without much blowup in depth and size. Thus, strong enough lower bounds on
set-multilinear constant depth circuits would imply constant depth general circuit
lower bounds. The strong set-multilinear lower bound was achieved by considering
a partition of the variables into sets of different sizes and using this discrepancy of

set sizes crucially.

In this thesis, we improve the lower bounds in [LST]. The strategy we employed is
to pick the set sizes more carefully. We design a number-theoretic algorithm to give
this better choice of the set sizes depending on the depth we are working with and

this lets us prove a stronger lower bound.
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Chapter 1

Introduction

1.1 Our Models of Computation

Fix an underlying field F.

Definition 1.1: Arithmetic Circuits and Formulas

An arithmetic circuit is a directed acyclic graph with one sink (vertex with
zero outdegree) called the output gate. The leaves are labelled by variables
Ty, ,&, or elements from F. The internal nodes are either addition (+)
or multiplication (x) gates. Each node of the circuit naturally computes a
polynomial in F(zy,--- ,x,). The circuit is said to compute a polynomial f if

the output gate computes the polynomial f.

An arithmetic formula is a circuit whose every internal node has outdegree

at most 1.

Without loss of generality, we can assume that the circuit or formula has alternating
layers of addition and multiplication gates, with edges going only from one layer to

the next layer.
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There are some interesting complexity measures associated with circuits or formulas:

e Size: the total number of nodes and edges in the circuit.
e Depth: the number of layers in the circuit.

e Product-depth: the number of layers of multiplication gates in the circuit.
Definition 1.2: Set-multilinear polynomials and circuits

Let the underlying variable set {z1, - - - , x, } be partitioned into d sets X, - - - , X.
Then, a polynomial f € F(xq,---,x,) is said to be set-multilinear with re-
spect to this partition if every monomial of it contains one variable from each

variable set X;.

If every node of a circuit computes a set-multilinear polynomial, then it is called

a set-multilinear circuit.

An example of a set-multilinear polynomial is the Iterated Matrix Multiplication
Polynomial IMM,, ; which is defined on nd? variables. The variables are partitioned
into d sets X1, - -+, X; containing n? variables each and these sets are viewed as n xn
matrices. The polynomial IMM,, ; is defined as the (1,1)-th entry of the matrix
product X --- X,.

Definition 1.3: ABP

An ABP is a directed layered graph with edges from one layer to the next layer.
Every edge is labelled with a weight which is a linear polynomial (co+> ;| ¢;x;)
for ¢; € F. The first layer has a single vertex s called the source and the last
layer has a single vertex t called the sink. The polynomial computed by the
ABP is

> weight(P)

P is a path from s to t

where weight(P) denotes the product of the edge-weights lying on the path P.
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1.2 VP and VNP: Algebraic Complexity Classes

We need algebraic complexity classes to classify polynomials based on their com-
putational complexity in terms of these algebraic models of computation. Valiant
[Val79], in a very influential work defined the classes VP and VNP which can be

considered the arithmetic analogues of P and NP.

Definition 1.4: VP

A family of polynomials (f,,) is said to be in the class VP if each f, is a p(n)-
variate polynomial of degree ¢(n) for some polynomially bounded functions p

and ¢ and it is computable by a circuit of size polynomially bounded in n.

Definition 1.5: VNP

A family of polynomials (f,) is said to be in the class VNP if there exist
polynomially bounded functions p and ¢ and a family of polynomials (g,) €VP

of polynomials g, € Flz1, -, Zpm), Y1, -+ s Yq(m)) sSuch that

fn(xla'” 7xp(n)) = Z gn(xla"' y Lp(n)s €15 ° 7eq(n)>-
ecq{0,1}a(n)

Clearly, VP C VNP. Much like the P vs NP problem in the Boolean world, the
central open problem of algebraic complexity theory is to separate VP from VNP i.e.
to exhibit a polynomial family in VNP which requires superpolynomial sized general

algebraic circuits to be computed.

But there are some interesting depth reduction results which show that depth 3 and

depth 4 circuits are almost as powerful as general ones.
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Lemma 1.1: Depth reduction [VSBR83, AV08, Koil2, Tavl3, GKKS16]

Let f be an n-variate degree d polynomial computed by a size s arithmetic
circuit. Then f can be computed by a depth four circuit of size sOV 1f this

polynomial f is over Q, then it can also be computed by a depth three circuit

of size sOVD),

V)

Hence proving an n*(V® lower bound on these special circuits is enough to separate

VP from VNP. This is our motivation to study constant depth circuit lower bounds.

1.3 Before 2021: Lower Bounds for Constant Depth

Circuits

In the Boolean world, strong lower bound for constant depth circuits were known
since the 1980’s [F'SS81, Ajt83, Has86, Raz87, Smo87], but for constant depth alge-
braic circuits, superpolynomial lower bounds remained elusive for a long time. Till
2021, the best known lower bound for even depth 3 circuits was near cubic. [IKKST16]
proved a lower bound of (n3/(logn)?) against depth 3 circuits. In [GST20], a lower
bound of Q(n*5/(logn)%) was obtained for depth 4 circuits. For a general constant

A, a lower bound of the form n!'*t%1/4)

was known for algebraic circuits of depth
A [SS97, Raz10]. Clearly, these lower bounds fall far short of the superpolynomial

lower bounds we hope to prove.

1.4 2021: The LST Breakthrough

In 2021, Limaye, Srinivasan and Tavenas [LST] proved the first-ever superpolynomial
lower bound for general constant-depth circuits. More precisely, they showed that

the Iterated Matrix Multiplication polynomial IMM,, 4 (where d = o(logn)) has no
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dexp(—0(4A))

product-depth A circuits of size n . Note that for any A < logd, IMM,, 4

O(d/4)

has a set-multilinear circuit of product-depth A and size n , obtained by simple

divide-and-conquer approach.

The lower bound proof of [LST] proceeds in two steps:

e Set-multilinearization: In the first step, we show that if a set-multilinear
polynomial has a circuit of depth A and size s, then it can also be computed
by a set-multilinear circuit of depth at most 2A and size d°@poly(s). As
the blowup in size only depends on d, we can work in the low-degree regime
(take d = O(logn/loglogn)) and here a superpolynomial lower bound for
constant-depth set-multilinear circuits implies a superpolynomial lower bound

for general constant-depth circuit.

e Set-multilinear lower bound: In this step, we prove a lower bound of the
form n® " for set-multilinear circuits of constant depth A, using the so-
called partial derivative method, used first in [NW95] to obtain set-multilinear
circuit lower bounds. This method was applied in [LST] with the important
change that the sets X1, -, Xy were now allowed to be of different sizes and
this discrepancy in set sizes crucially helps in getting strong set-multilinear

lower bounds.

1.5 Some More Recent Works

In a further recent work [TLS], Tavenas, Limaye and Srinivasan proved a product-
depth A set-multilinear formula lower bound of (log n)XA4"/%) for IMM,, 4. There is
no restriction of degree, but in the small degree regime, the bound is much weaker

than [LST] and cannot be used for escalation. Improving on it, Kush and Saraf [KS]

nl/A/A)

showed a lower bound of nfX for the size of product-depth A set-multilinear

2

formulas computing an n°-variate, degree n polynomial in VNP from the family of
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Nisan-Wigderson design-based polynomials. Kush and Saraf further improved the
result in [KS23] by proving the same lower bound for a ©(n?)-variate, degree ©(n)

polynomial which is computable by a set-multilinear ABP of polynomial size.

1.6 Contribution of this Thesis

In this thesis, we see an improved lower bound for IMM against general constant

depth circuits.

For the rest of this paper, let F'(n) = ©(¢™) be the n-th Fibonacci number (starting
with F(0) = 1, F(1) = 2) where ¢ = (1++/5)/2 = 1.618... is the golden ratio. We
define the functions G and p as G(n) = F(n)—1and u(n) = 1/G(n) = 1/(F(n)—1)

for non-negative integers n.

Theorem 1.1: General circuit lower bound

Fix a field F of characteristic 0 or characteristic > d. Let N,d, A be such that
d = o(log N/loglog N). Then, any product-depth A circuit computing IMM,, 4

on N = dn? variables must have size at least N Q(an2)/ A).

Q(dl/(QZAfl)/A)

Theorem 1.1 improves on the lower bound of N of [LST] since F(2A) =

To prove Theorem 1.1, we use the hardness escalation given by Lemma 2.2 which
allows for conversion of general circuits to set-multilinear ones without significant
blow up in size (provided the degree is small). The actual lower bound is for set-

multilinear circuits.
Theorem 1.2: Set-multilinear circuit lower bound

Let d < (logn)/4. Any product-depth A set-multilinear circuit computing

IMM,, 4 must have size at least nQ(dH(A)/A).
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a_
a(a/e5/a) bound of [LST, Lemma 15]. More-

This is an improvement over the n
over, the result holds over any field F. The restriction on the characteristic in
Theorem 1.1 comes from the conversion to set-multilinear circuits. The difference
between £1(2A) in Theorem 1.1 and p(A) in Theorem 1.2 is also due to the doubling

of product-depth during this conversion.



Chapter 2

Preliminaries

For any positive integer n, we denote by F(n) the n-th Fibonacci number with
F(0)=1, F(1) =2and F(n) = F(n —1) 4+ F(n — 2). The function G : N — N is
given by G(n) = F(n) — 1. The nearest integer to any real number 7 is denoted by
|7]. We follow the notation of [LLST] as much as possible for better readability.

2.1 Words

Words are basically tuples (wy, ..., wgy) of length d where 2"l are integers. These
words define the actual set sizes of the set-multilinear polynomials we will be working
with. Given a word w, let X (w) denote the tuple of sets of variables (X1 (w), . .., X4(w))
where the size of each X;(w) is 2"/, We denote the space of set-multilinear polyno-

mials over X (w) by Fy,,[X (w)].

For a word w and any subset S C [d], the sum of elements of w indexed by S is

denoted by wg = Y. gw;. For all t < d, if it holds that |wp| < b, then we call w

‘b-unbiased’. Denote by ws the sub-word indexed by S. The positive and negative

indices of w are denoted P, = {i | w; > 0} and N,, = {i | w; < 0} respectively with

the corresponding collections { X;(w)}iep, and {X;(w)}icnr, being the positive and
8
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negative variable sets. We denote by MP (resp. M%) the set of all set-multilinear

monomials over the positive (resp. negative) variable sets.

2.2 Relative Rank: The Complexity Measure

The partial derivative matriz M.y, (f) of f € Fen[X(w)] has rows indexed by M7
and columns by Mgf . The entry corresponding to row m, € M% and m_ € ./\/lﬁ[ is
the coefficient of the monomial m,m_ in f. The complexity measure we use is the

relative rank, same as [LST]:

el (/) . SEM()  rank(Mu(h) _

VIME[TMYT 22 B vl

The following properties of relrk,, will be useful.

1. (Imbalance) For any f € Fy,,[X (w)], relrk,(f) < 2~ wal/2,

2. (Sub-additivity) For any f,g € Fg,[X(w)], relrk,(f + g) < relrk,(f) +
relrk,, (g).

3. (Multiplicativity) Suppose f = fifa--- ft where f; € Fy,,[X (wg,)] and (Sy,. .., S)
is a partition of [d]. Then, relrk,(f) = relrky, (fif2- - fi) = [Ty relrku s, (fs)-

For sake of completion, we provide the proof from [LST].

Proof. 1. We have |MP| = 22ieru ¥ and |[M| = 27 2ienvu i Hence,

min (|M5|’ |M4\U/|) \/min (\Mﬂ, |Mﬁ/|) — 9~ lwigl/2

Ik, (f) < T -
relr (f)_ 2§Zie[d]|wi| maX(|M5‘7|MQ/’)

2. Mu(f +9) = Mu(f) + Mu(g) = rank(M,(f + g)) < rank(My(f)) +
rank(M,(g)), which implies the subadditivity property of relative rank.
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3. The matrix M, (f) equals to the Kronecker product M, (f1) ® -+ @ My (f).

Therefore,

le_[[ﬂ rank (M., (f:))

relrk,, (f) = SR [ relrka,, (£:) -

]2 7= ict]

i€[t]

2.3 Word Polynomials

We now define the hard polynomials we prove lower bounds for. For any monomial
m € Fon[X(w)], let my € ME and m_ € MY be its “positive” and “negative”
parts. As |X;| = 2/"il, the variables of X; can be indexed using boolean strings of
length |w;|. This gives a way to associate a boolean string with any monomial. Let
o(my) and o(m_) be the strings associated with m and m_ respectively. We write

o(my) ~ o(m_) if one is a prefix of the other.

Definition 2.1: Word Polynomials [LST]

Let w be any word. The polynomial P, is defined as the sum of all monomials

m € Fg,[X(w)] such that o(my) ~ o(m_).

The matrices M, (P,,) have full rank (equal to either the number of rows or columns,
whichever is smaller) and hence relrk,, (P,,) = 2~ ¥!/2. We note (without proof) that

these polynomials can be obtained as set-multilinear restrictions of IMM,, 4.



Chapter 2. Preliminaries 11

Lemma 2.1: [LST, Lemma 8|

Let w be any b-unbiased word. If there is a set-multilinear circuit computing
IMMys 4 of size s and product-depth A, then there is also a set-multilinear circuit

of size s and product-depth A computing the polynomial P, € Fg,[X(w)].

Moreover, relrk,, (P, ) > 2792,

The following lemma from [LST] tells us that any circuit over a large characteristic
field can be set-multilinearized with a blowup in depth by a factor of 2 and a blowup

in size by a factor which is exponential only in poly(d).
Lemma 2.2: [LST, Proposition 9]

Let s, N,d, A be growing parameters with s > Nd. Assume that char(F) =0
or char(F) > d. If C' is a circuit of size at most s and product-depth at most A
computing a set-multilinear polynomial P over the sets of variables (X1, ..., X )
(with |X;| < N), then there is a set-multilinear circuit C of size d°@poly(s)

and product-depth at most 2A computing the same polynomial P.

Hence, we can restrict ourselves to work in the low-degree regime so that the blowup

in size is at most polynomial in s.



Chapter 3

Lower bound proof overview

In this chapter, we provide a proof overview of Theorem 1.2 for depth three circuits.
Then we discuss the obstacles in extending this proof strategy to higher-depth cir-

cuits and the ideas used in overcoming these obstacles.

By Lemma 2.2, our goal is to prove set-multilinear circuit lower bounds for the IMM
polynomial. Lemma 2.1 says that it suffices to prove the set-multilinear circuit lower
bound for a word polynomial P,. This lemma also tells us that if a word w is k-
unbiased for some small k&, then the polynomial P, has high relative rank. Therefore,
if we can choose such a word w and show that for this choice of word (and hence set
sizes), the relative rank is small for set-multilinear circuits of a certain size, we will

be done.
Let k be an integer close to log, n.

Word chosen in [LST]: The positive entries of the word w were equal to an
integer close to k/v/2 and the negative entries were —k. Evidently, these entries are

independent of the product-depth A.

Word chosen in this thesis: The positive entries of the word w are (1 — p/q)k

and the negative entries are —k where p and ¢ are suitable integers dependent on

12
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A. This depth-dependent construction of the word enables us to improve the lower

bound.

We demonstrate the high level proof strategy of the lower bound for the case of
product-depth 3.

3.1 Proof overview of Theorem 1.2 for A =3

Define A = |d"/¢®)|. Consider a set-multilinear formula C' of product-depth 3 and
let v be a gate in it. Suppose that the subformula C*) rooted at v has product-depth
§ < 3, size s and degree > A /2. We will prove that relrk,, (C™)) < s27FV48 Ly
induction on §. This will give us the desired upper bound of the form s2-%4/48 —
sn~ @) o1 the relative rank of the whole formula when v is taken to be the output

gate.

Write C") = C; + --- + C, where each C; is a subformula of size s; rooted at
a product gate. Because of the subadditivity of relrk,, it suffices to show that

relrk,, (C;) < 5;27F48  for all 4.

Base case: If § = 1, then Cj is a product of linear forms. Thus, it has rank 1 and

hence low relative rank.

Induction step: § € {2,3}. Write C; = C;; ... C;y, where each C; ; is a subformula
of product-depth § — 1. If any C;; has degree > A¢@~Y /2 then by induction
hypothesis, the relative rank of C; ; and hence C; will have the desired upper bound

and we are done.

Otherwise each C;; has degree D;; < A9~ /2. As the formula is set-multilinear,
there is a collection of variable-sets (X l)lesj with respect to which C; ; is set-multilinear.
For j € [t;], let a;; be the number of positive indices in S; i.e. the number of positive

sets in the collection (X;);cs;. Then the number of negative indices is (D;; — ay;).
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We consider two cases: if a;; < Dy;/3, then wg, < (D;;/3)-(1—p/q)k+(2D;;/3)-(—k)
< —Dy;k/3. Otherwise a;; > D;;/3 and if we can prove that |wg,| > a;;k/(4A“0~1),
then in both of the above cases, we would have |wg,| > D;;k/(12X9)71). By the
multiplicativity and imbalance property of relrk,,, it would follow that relrk,,(C;) <
92 —3lus| < 27FM48 and we would be done. Thus, we now only have to show that

ws.| > a;:k/(ANEO-1) . We have
| j| J

lws,| = |aij(1 —p/q) — (Dij — ai;)| k .

Notice that |wg,|/k is the distance of a;;p/q from some integer, so it must be at
least the minimum of {a;;p/q} and 1 — {a;jp/q} where {.} denotes the fractional
part. The number a;;p/q being rational, has a fractional part ( = (a;;p mod ¢q)/q
and hence it comes down to finding a nice tuple (p, q) which satisfies the following

system of inequalities:

min (¢, 1—¢) > ay;/(4X\“@71) for § € {2,3} when a;; < Dy; < X601V /2.
This notion is captured by the definition of (d, A)-niceness of a tuple (p, ¢) in Chapter
4.
Here, assign p =\, ¢ = A\ + 1.

The inequality for the § = 2 case is clearly satisfied as (a;;A mod (A\? + 1)) = a;;\

when 0 < a;; < \/2.

Consider the case of § = 3 and a;; < A\?/2. Write a;; = y1\ + yo for integers
y1 = lai/A| < A/2and yo < A—1. Thus, a;;A = —y1 +yoA mod (A\*+1). Through
some case analysis, one can show that min (]yo)\—yll, A2+1—|yoA—1 ]> > 41 which

immediately implies the inequality for the 6 = 3 case as y1 = |a;;/A| > a;;/(2)).
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3.2 Obstacles in extending the above proof strat-
egy to product-depth 4 and how to overcome

them

Obstacle: We can attempt to extend the above proof technique to product-depth

4 as follows:

We would similarly want to express a;; as a;; = yoA* + y1 A + yo for integers yo =

laij/ |, yo < A —1 and y; < A — 1. Ideally, we would want that for some g ~ \*,
pA? =1mod ¢, pA = —A? mod ¢ and p = \* mod ¢

so that a;;p = vy — 1A% + 1oA* mod ¢ and then we can carry out a similar analysis
as in the A = 3 case. But this is not possible since multiplying the second congru-
ence equation by A\ gives pA?> = —\3 mod ¢, which contradicts the first congruence

equation.

Workaround: We decide to express a;; as a;; = y2ba + y1b1 + yobg where by, by, by

are close to A2, \, 1 respectively, instead of being precisely equal to these powers of
A. Then we choose ¢, =~ 1,¢; = —A?, ¢y =~ A3 and we assign values to p and ¢ such
that

pby = o mod ¢q, pb;y = ¢; mod ¢ and pby = ¢y mod gq.

It is easy to verify that all these conditions are satisfied if we define

bo=1,b; = X\, by = by (A — 1) + by; co=1,00= =N co=cy —c1(A—1);
p=co and q¢ = pb; — c;.

This inspired our construction of the sequences {b,,} and {¢,,} for general product-

depth A.



Chapter 4

Improved lower bound for

constant depth circuits

In this chapter, we prove Theorem 1.1 and Theorem 1.2.

Theorem 1.1: General circuit lower bound

Fix a field F of characteristic 0 or characteristic > d. Let N, d, A be such that
d = o(log N/loglog N). Then, any product-depth A circuit computing IMM,, 4

on N = dn? variables must have size at least N a2/ A).

Theorem 1.2: Set-multilinear circuit lower bound

Let d < (logn)/4. Any product-depth A set-multilinear circuit computing

IMM,, 4 must have size at least nQ(dum)/A)'

4.1 Proof of the Lower Bounds

We first prove Theorem 1.1 in the same style as the proof of [LST, Corollary 4]:
16
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Proof of Theorem 1.1. From Lemma 2.2 and Theorem 1.2, for a circuit of product-

depth A and size s computing IMM,, 4, we get that
dO(d)poly<S) > (a2 28)
Since d = O(log N/ loglog N), it follows that d°@ = N9 Therefore,

poly(s) > NQ(dM@A)/?A)/dO(d) > (@) /an)
implying the required lower bound on s and thus, Theorem 1.1. ]

Now we prove Theorem 1.2. To do this, we need the notion of (d, A)—nice tuples of

integers, defined as follows.

Definition 4.1: (d, A)—niceness

Let d, A be positive integers and let A := [d"/%(®)|. Then, a tuple of positive

integers (p, q) is called (d, A)—nice if it satisfies the following two conditions:

1

e Condition 1: ¢ < d and 7 <

<

Q3
N | —

e Condition 2: for all § € {2,---,A}, for all positive integers z <
AGG6-1) /8,

Basically, if we have such a tuple (p, q), then we can define the variable set sizes in
terms of this tuple and the above-mentioned properties of this tuple will ensure that
the discrepancy in the set sizes is nice enough to obtain strong set-multilinear lower

bounds. The following lemma guarantees the existence of such tuples in most cases:
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Lemma 4.1: Existence of (d, A)-nice tuples

For every pair of positive integers d, A satisfying [d"/¢(®)] > 3, there exists a

tuple of positive integers (p, ¢) which is (d, A)-nice.

We devote Section 4.2 to the proof of this lemma.

Proof of Theorem 1.2. Fix the product-depth A for which we want to prove the set-
multilinear formula lower bound. Define A := [dY/¢®) | If A > 3, then d*®) < 3
and in that case, the lower bound is trivial. Hence, we can assume that A > 3. By
Lemma 4.1, there exists a tuple of positive integers (p, ¢) which is (d, A)-nice. Using
these numbers p, ¢, we first construct a word w’ such that the word polynomial P,

is hard to compute.

Construction of the word: Define « =1 — p/q.

By the first condition of (d, A)-niceness for the tuple (p, q), we know that o« > 1/2
and

q<d<|logynl/2.

Therefore, there exists a multiple of ¢ in the interval [UO%—Q”J, |log, nJ] Let k
be this multiple of q.

Then ak is an integer. We can construct a word w’ over the alphabet {ak, —k}
such that w’ is k-unbiased. This can be done using induction: set v’y := —k.

At the i-th step, if |w'y| <0, set w';41 := ok, otherwise set w’;;1 := —k.

Assume the following lemma:
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Lemma 4.2

Let § < A be an integer and «, k be as defined above. Let w be any word of
length d over the alphabet {ak, —k}. Then any set-multilinear formula C of
product-depth §, degree D > A4 /8 and size at most s satisfies

relrk,, (C') < s277/2%6,

By Lemma 2.1, there exists a set-multilinear projection P, of IMMax 4 such that
relrk, (P,) > 27%. If there is a set-multilinear circuit of size s and product-depth
A computing IMM,, 4, then we can expand it to a set-multilinear formula of size
at most s> which computes the same polynomial. Hence we will also have a set-
multilinear formula of size at most s computing P,,. As d > A%(?) /8, taking the
particular case of 6 = A in Lemma 4.2, we obtain relrk,, (P,) < s?427%/256 This

gives the desired lower bound

dt/G(A)

G20 > 9kok)/256 (%) 512 /n = Q@A)

Proof of Lemma /.2. We proceed by induction on 6. We can write C' = C1+-- -+
where each C; is a subformula of size s; rooted at a product gate. Because of the

subadditivity of relrk,,, it suffices to show that
relrk,, (C;) < §;27FA256 for all .

Base case: C' has product-depth § = 1 and degree D > \/8.

Then C; is a product of linear forms. If L is linear form on some variable set X (w,),

then relrk,, (L) < 2~ Iwjl/2 < 9=k/4  Therefore by the multiplicativity of relrk,,,

relrk,, (C;) < 9—kD/A < 9=kA/32



Chapter 4. Improved lower bound for constant depth circuits 20

Induction hypothesis: Assume that the lemma is true for all product-depths
<9o—1.

Induction step: Let C be a formula of product-depth ¢ and degree D > A% /8,

We can write C; = C;;...C;y, where each C;; is a subformula of product-depth

0—1.

If C; has a factor, say Cy 1, of degree > MA@~V /8 then by induction hypothesis,
relrk,, (C;) < relrk,,(C;;) < 5,27 FA/256

Otherwise every factor of C; has degree < A¢(0—1 /8. Let C; = C;iy...C4y, where
each C;; has degree D;; < A9~V /8 If C; is set-multilinear with respect to (X;)es,
then let (Si,...,S;,) be the partition of S such that each C; ; is set-multilinear with

respect to (X;)es; -

For j € [t;], let a;; be the number of positive indices in S;. We have two cases:

Case 1: Qg5 S DU/2

We have
ws,; = aij - ak + (Dij — ai;) - (=k)
< ij k L —k :_Lk<—i
< ak + 5 ( ) 2 — 4\

where the last inequality follows from the first condition of (d, A)-niceness for the
D,k
2= > Dyjk/(16XCO-1),

ZD\

tuple (p,q). This implies that |wg,| > ‘
Case 2: Qi > D”/Q
We have

lws;| = |aij - ak + (Dij — ai;) - (k)|

= aijg — (2a;; — Dij)| k asa=1-—p/q
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>

Q5 ;5 .
%P {_]p—‘ ‘ k where |.] denotes the nearest integer.
q q

a/. .
can be equal to either the fractional part of 24P 1 one minus

Now

ap {MW
q q

a. .
the fractional part. As diP is a rational number, its fractional part is

a;;p mod ¢

q
Hence,

ii od ii od
]ng\zmin(a]pm q,l—a]pm q)/{,‘
q q

As a;; < Dy < A\907D/8 it follows from the second condition of (d, A)-niceness for

the tuple (p, ¢) that
|w |> aijk > Dl]k'
Sil = g G(o)-1 160G -1

Hence in both of the above cases, we have |wg,| > Dy;k/(16A%®~1). By the mul-
tiplicativity and imbalance property of relrk, and the assumption D > \¢©) /8 it
follows that

relrk, () < Ht 12—%\wsj| <2 S0y Dijk/(320G@0) 1) 9—Dk/ (3229 ~1) < 9 RA/256
J:

4.2 Existence of (d, A)-nice tuples

In this section, we prove Lemma 4.1.

For the rest of the section, let A = [dY/¢(®)| > 3. We will construct two sequences
{bn,} and {c,,} of integers which satisfy some nice properties. Then we will use
these sequences to define our (d, A)-nice tuple (p,q). The nice properties of these

sequences will help us in proving the (d, A)-niceness of (p, q).
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4.2.1 Defining the sequences {b,,}, {¢,,} and the tuple (p,q):

Let r,, := AGntD)=Gm) _ 1 for 0 <m < A — 2.

Define
bp:=1, by:=Xand b, . =b, o+ 7rp_1bp_1for2<m<A—-2.

Define
caca = (—=1)272  casg = (—1)ABNCATDEA) apd

m = (=1)"(|cms2| + Tmi1lemia]) for A=4=>m >0.

Note that the sign parity of ¢, is (—=1)" i.e. |¢n| = (—1)™¢,, for all m.

Thus, )
Cm-2 = (=1)""(lcm| + Tm-1lcm-1])

= (_1)m_2((_1>mcm + Tm—1" (_1>m_lcm—1)

=Cm — "Tm-1Cm—1
which implies
Cm = Cm—2 + Tm—1Cm—1 for 2<m <A -2 .

Define

p:=co and q:=pb —c1 =co(ro+1)—cy .

By defining the integers p and ¢ this way, we have ensured that pby = ¢y mod ¢
and pby = ¢; mod ¢q. Hence from the relations b,, = b,,_o + rp—1b—1 and ¢, =

Cm—2 + Tm_1Cm—1, it inductively follows that

Py =cpmodqg  for0<m<A—-2. (4.1)
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4.2.2 Bounds on the values of b,, and |c,,|

To prove the bounds, we need a generalized version of the well-known Bernoulli’s

inequality [Mit70, Section 2.4]:

Claim 4.1 (Bernoulli’s inequality). Let x1,...,x, be real numbers all greater than

—1 and all with the same sign. Then,
(I+z)(I+z)...0+x)>1+214+ ...+ 2.

Proof. We prove it by induction on r. The base case r = 1 is trivial.

Assume that (14+21)(1+22)...(1+x,—1) > 1+ 2, + ...+ 2,-1. Then,

(I+az)(I+mz)...04+z) >0 +x1+ ... +21) (1 + )
=(14+zx1+...4+2)+ (v + 222, + ... + 2 12,)

>l4+z1+...+x,

where the last inequality follows from the fact that all the z;’s are of the same

sign. 0

Each b, is close to A%0™ and each |c,,| is close to A\G(A—D=Gm+1).

Lemma 4.3

)\G(m) )\G(A—l)—G(m—f—l)

For 0 <m < A — 2,we have < b, < \¢(M and 5

A\G(A=1)=G(m+1)

<em| <

Proof. Clearly, b, satisfies the bounds when m =0 or 1. For m > 2,
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b = (ACUMEOD Dby + bys
< )\G(m)fG(mfl)bmf1
< )\G(m)—G(m—l)‘)\G’(m—l)—G(m—Q) o )\G(Q)—G(l)b1

— \G(m)

bm — (/\G(m)—G(m—l) . 1)bm—1 + bm—Z

IV

(/\G(m)—G(m—l) i 1)b

m—1

Z ()\G(m)fG(mfl) o 1).(>\G(m71)7G(m72) . 1) o ()\G(2)7G(1) . 1)[)1

1 1 1
— \G(m)—-G(1) - - — —
A by. (1 )\G(m)—G(m—l)) (1 )\G(m—l)—G(m—2)) (1 )\G(2)—G(1))

1— PEC eyl ve s yereremey Rk m) [By Claim 4.1]

Clearly, |c,,| satisfies the bounds when m = A —2 or A — 3. For m < A — 4,

(/\G(m+2)—G(m+1) . 1)

|Cm| = |Cm+1| + |Cm+2|

< NG Gmi e,y
< NGm+D=Gm+1) | \Gm+3)=G(m+2)  \G(A-D-G(A=3)|o, |

— )\G(A—Q)—G(m—&-l) . )\G’(A—l)—G(A—Q) — )\G(A—l)—G(m—&-l)‘
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[em| = (ACFDZEMED — D)y a] + [emeal

v

()\G(m+2)fG(m+1) . 1)‘Cm+1|

v

(AGInF2)=Gmtl) _ ) (\Cm+3)=CGm+2) _ 1y (\GA-D=CA=3) _1)|c\_4]

1 1
_ \G(A-2)-G(m+1) . — -
-\ lea—s] (1 )\G<m+2)c;(m+1)) (1 )\G(m+3)G(m+2))

1
: (1 o )\G(AQ)G(AB))

1 1
G(A—2)—G(m+1) _ L

> A ‘CA 3’ ( NG (m+2)—G(m+1) )\G’(A—2)—G(A—3))

[By Claim 4.1]

1 1 1

EAG(A 2)—G(m+1) ‘CA 3’ ( _W_W ..... /\A—3>
G(A-1)-G(m+1
AETem) (1 )\m()\l 1) (1 )\A13m)) N : )2 ( |

Proof of Lemma /.1.

The first condition of (d, A)-niceness is satisfied by (p,q): Indeed we have
o <P 1 . e

— = = — < =< = as (—cp) is a positive integer less than ¢,

q Co\—cy )\ q 2

q < col A+ |er| < 20¢AD < g where the second inequality follows from the

upper bound on each |¢,,| in Lemma 4.3.

The second condition of (d,A)-niceness is satisfied by (p,q): Fix ¢ €
{2,--- A} and a positive integer z < A=Y /8 We have to show that

’ — {)N\G(0)-1

. [ zpmod q zp mod q z
min 1-— >
q q

We will first find what we call the base (bg,...,ba_2) representation of the

number z. For 0 < m < A — 2, inductively define y,, to be the integer quotient
A-2 A—2
when (z - > bm/ym/) is divided by b,,. Then we can express z as z = »_ bpYm.

m’=m+1 m=0
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Since by, > A& /2 for all m and z < A9~ /8 we have the following bounds on

the values of y,,:

Ym =0 form > — 1, (4.2)
AGO-1) G(6-1)-G(5-2) _
z A 1 rs_s
2
|
ymg{erl—J:rmform<§—2. (4.4)
A—2
By (4.1), zp = Y. ¢mym mod q. Therefore,
m=0
zp mod zp mod 2 =
mm(p q;l— P q>:mln<zcmym /Q7 Zmym /Q> 45)
q q m=0 m=

if ‘Zm Ocmym‘ /q < 1, which is true by the following claim (See Section 4.2.3 for

the proof):
A—2

Claim 4.2. If 0 < y,, < 1y, for all m, then | > ¢nym| < ¢ — co-
m=0

Now let f be the highest index such that y; > 1 [by (4.2), f < — 2] and e be the
smallest index such that y. > 1. Then ‘Zﬁj) cmym‘ ‘Zm . cmym‘ We need two

more claims whose proofs can be found in Section 4.2.3.
Claim 4.3. Let y,, be non-negative integers such that y. > 1. Then ‘Zm . cmym‘ >
win (Jespyl g1l = legurl ).

Claim 4.4. Let {y,}27 2% be a sequence of non-negative integers. Let f < & — 2 be
the highest index such that yr > 1. If ys_o = Lﬁj <rso/2 and 0 < y,, < 1y, for

all m < 6 — 2, then min (|cfyf|, lep_1] — |cfyf|> > |es—0z/(2bs_2)].

If 6 = 2, then f = 0 by (4.2). Thus, Q—‘Zm ecmym‘ > coro—|coYol > coro/2 > |cryy|

where the last two inequalities follow from (4.3).
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Otherwise 6 > 2. By Claim 4.2, ¢ — ’ZQ:«; cmym’ > ¢o. From the definition of the
sequence {c, }, we have ¢y > |cgre| > |cpys| when f > 0. But when f = 0, it follows

that ys_o = 0 implying z < bs_o. This further implies ¢y > |cs5_o| > |cs5-22/bs—2].

From the analysis of the two cases above and by Claims 4.3 and 4.4, we get that

. Cs—_9o%
min ( ‘an:e Cmym’ I q - ‘Z'rfn:e Cmym‘ )/q Z

20529

By Lemma 4.3, we have
|05_2| > /\G(A—l)—G’(ci—l)/Q, bs_o < /\G(5—2)7 g < |CO|/\ + |Cl| < 9)\G(A-1)

f f z . z
( Zm:e CmYm /Q7 1 - ‘Zm:e Cmym‘ /Q) > {AG(—1)+G(5-2) o {A\G(9)—-1

which together with (4.5) implies

Hence, min

. [ zpmod q zp mod q z
min , 1 — > .
q q {N\G(6)—1

4.2.3 Missing proofs of technical lemmas

We present the missing proofs of the technical lemmas used in the proof of Lemma
4.1. In the following lemmas, let the sequences {b,,},{cn}, {rm} be as defined in
Section 4.2.1.

A2
Claim 4.2. If 0 < y,, <1y, for all m, then | > cnym| < ¢ — co-
m=0
Proof.
A2 1252 2721
Zcmym = Z ComYom + Z Com—1Y2m—1
m=0 m=0 m=1

where the first summand is > 0 and the second summand is < 0 as ¢; takes positive
A—2

> CmYm

m=0

values at even indices and negative values at odd indices. Hence is upper
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bounded by the maximum of the absolute values of these two summands.

1252 1252 1252
Z ComYom| < Z ComTam| = |CoTo — €1 + (01 + Z 02m7‘2m>
221 2321 2321
and Z Com—1Y2m—1| < Z Com—1T2m—1| = |—Co + (Co+ Z C2m17’2m1)
m=1 m=1 m=1
By repeated substitution of the form ¢, + ¢py17me1 = Cmao, the first equation

becomes equal to (corg — ¢1) + Colaz2 4 and the second equation becomes equal to

—Co + Cypa2| = Cg — Cyracz; [We might need to define ca_1 := ca_a7a_2+ca_3 for
2 2

this as we have not defined it earlier. It is easy to see that the sign parity of ca_1

will be (—1)271].

Finally,
(corog — 1) + Copa=2y41 < ¢ —Co as q — cg = corg — ¢1 and Coa=2 4y is negative;
2 2
Co — Cyra=2) < ¢ —Co as ¢ — ¢y = Corg — €1 > Corg > ¢ and Cora=2y is positive.
2 2

[]

We will need the following lemma for proving Claim 4.3.

Lemma 4.4
Let z., ..., zy be integers with 0 < z,, <1, Vm and f > e+2. Also let Y be an
integer of the same sign as ¢, such that |Y| > |c.|. Then there exists an integer

Y’ of the same sign as c.yo such that |Y’| > |c.4o| and

f /

z : / § :
|Y + CeZe + szm| = |Y + Cet2Zet2 T CmZm
m=e+1 m=e+3
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Proof.
f
Y + ceze + Z CmZm|
m=e—+1
f
:|<Y - ce) + CeZe + (Ce + Ce+1Te+1> - Ce+1<re+1 - Ze-l—l) + Z CmZm
m=e+2
f
:KY - Ce) + CeZe + Cepo — Ce+1<7ae+1 - Ze+1) + Z szm‘
m=e+2
f
=Y+ Ceyo2eso + Z ConZm| where Y/ = (Y — ¢.) + Ce2e + Cern — Cor1(Tey1 — Zes1)
m=e+3

Each of the terms (Y — ¢.), Ceze, Ceyo and —cey1(Tesr1 — Zer1) is either zero or has

the same sign as c.2 because
1. Y and ¢, are of the same sign and |Y| > |c.|
2. Zep1 S Teqt

3. Cey —Cetr1 and ceyo have the same sign

Hence Y/ = (Y — ¢e) + Ceze + Cera — Cer1(Ter1 — Zet1) has the same sign as .49 and
’Y/‘ = ’Y - Ce| + |Ceze‘ + ‘Ce+2’ + | - Ce+1<re+l - Ze—i—l)‘ 2 |Ce+2|‘

]

Claim 4.3. Let y,, be non-negative integers such that y. > 1. Then ‘Zf;:e cmym‘ >
min (’nyf|v leral = |nyf|)-

Proof. o If e = f, then

= lesysl -

!
> Cnm
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o Ife=f—1, then

= lesyy +cpa1ypal > lep—1yr—a| — lesyyl

f
Z CmYm
m=e

> |ep-a] = lesyyl - [because y; 1 = y. > 1]

o If f—e>2and f— eis even, then

f f
Z Cm¥m| = |Y + Ce(ye — 1) + Z CmYm| Where Y = ¢,
m=e m=e+1

=|Y"+ ¢ys| where Y has the same sign as ¢y

[By repeated application of Lemma 4.4]

> leryyl -

o If f—e>2and f—eisodd, then

f f
Z ConYm| = |Y + ce(ye — 1) + Z CmYm| where Y = ¢,
m=e m=e+1

=|Y'"+ ¢p_1ys—1 + ¢sys| where Y’ has the same sign as ¢y
and [Y'] > Jes |
[By repeated application of Lemma 4.4]
> Y + craypal = lesyyl
> Y| = [epysl

> |er—a| = lepyyl -

Hence in all four cases, Zf;:e cmym‘ > min (|epyyl, [cr—1] — crygl)- O

Claim 4.4. Let {ym}fn_jo be a sequence of non-negative integers. Let f < 6 — 2 be
the highest index such that yp > 1. If ys_o = Lﬁj <r5s9/2 and 0 < y,, < 1y, for
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all m < 6 — 2, then min (|cfyf|, lep_1] — |cfyf|> > |es—0z/(2bs_2)].
Proof. If f =0 —21ie. ys_o > 1, then

lcryy| = |es—2ys—o| and

T5—2 Ts—2
05—27‘ > ‘65—27‘ > |cs—aYs—2|

les—1] = lerys| = |es—s| — |cs—ays—2| > |cs—3| —

where the the second inequality follows from |cs_3| = |cs_ors_o|+|cs_1]- Asys_o > 1,
btain | | L z J C5_a%
we obtalll (Cs_2Ys—2| = [Cs—2 | 77— = .
bs—o 2bs_o

Otherwise if f < —21ie. ys_o =01i.e. z < bs_g, then

lerysl = leg| = |es—o| and
lcp—1l = lepypl = lep—al = leprsl = lepan| = [es-2]
where the last inequality on each of the above two lines follows from f < d — 2 and

Cs—2%

bs—2

the fact that |¢,,| decreases as m increases. As z < bs_o, we get |cs_o| >

Hence in both the cases, min (|cfyf|, lep_1| — |cfyf|) > |cs_22/(2bs_2)|- O
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