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Polynomial Systems
z (f, . . - ,ful : = GGE"(fi(x) = - - = fm(x) = 03

Is Elf-- , ful empty ? Polynomial system
satisfiability.

NP-hed Carithmetisation of 3-SAT.

PSPACE

AM (assuming GRAD [Koiron 97]
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Irreducibility of zuo sets.

Every Variety Z is a finite union of

irreducible varieties z = Uzi
- i = 1

-
not a union of two proper

varieties.

Algebraic Geometry starts with this decomposition,
and is the study of irreducible varieties

.

Computationally , decomposing varieties seems to

be hard
,
but how hard exactly?
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Background. Ideals , radids
and primality

Ideal : ideal genuated by f... , fun is

Ilf . . . ,ful : = Eh/h : Efigi3

E(f...., ful = z(I(f, .. , full

Two ideals can have the same zuoset :

for ef z (F(xy +)) = z (F(x(y-)))



Background. Ideals , radids
and primality

Radical of an ideal :

rad (1) = [h/h*I ,
acN3.

z(I) = z(rad(i)

Nullstellusaty (Hilbert 1893) (Strong)
:

E(fic --, fm) = z(h , -- , hs)
#

rad (f..., ful =
rad(h, ... . , hs)
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Background. Ideals , radical
and primality

Prime ideal : I
is prime if

h.. haeI hel
or he F

for radial ideals, I prime iff
z(f..., fu) irreducible.



Main Theorems.

Therem (60s) :

Testing primality of radial

ideals is in Ent assuming GRH

Testing primality of equidimensional

CM ideals is in E31TzP assuming GRH

(captures complete intersection, dim of
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Y - z2 y - z
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Lower Band :

3 CNEG critmetization Ef
-
fu

⑦ satisfiable => z(fi .... tr)

-9

I unsatisfiel - Zlf .., ful
= E3



Lower Band : CONP hardness

arithmetization &G 1s --- ,Gm
3CNF-->

t point
-

↑ satisfiable Z (9.--
, gml)

-9

I unsatisficle-Z(g.... Im
= C .3

Ilg , . .,qn) is radical , CM , dim O



Previous Work :

Genera case hard
: Best algorithm

require Grobner basis,
EXPSPACE

[Lasos][He2s][GTz88]CEHV92]
Radical ideals : EXP [Griss][Chist]

Pspect [BSOT]

Complete intersection : EXP [DFGS91]

Constant codimension : RNC [BSI) if
I is also radical
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for modpinitp" are related .



Main tool : mod t reductions

suppose f..., fo eX(X ... ,
Xn].

Let Z := Elfic ...,fm) &T

Let Ep := common years of DFP
f, modp- - , fimody

-

Let Ep := Common zros of GHpV

fimod p , - , fimody
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If Elfi-- ,ful = ↑ then Ep = 4

for all except finitely many primes .

Wullstellensalz)
If Elfi ..., ful #o the Zo + &

for infinitely many primes.
(Nullstellensalz+

madeare
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Koirans Proof of HNEAM

If Elfi-- ,ful = ↑ then Ep = 4

for all except expotentially manyprime
(Koiran (

If Elfi ..., ful #o the Zo + &

for primes with
innuse exponential density.

(Koiran
, assuming)
GRH

This gap is enough to invoke Goldware Sipse

set lower boud protocol to show HEAM.



Radical Ideal that are not prime

R I
Y E



Radial ideal primality problem.

EI



teespare
/



asa b/
Requires radial ideal.

Finding a point with
small tangent space

reduces to system satisfiability,
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One) Many curve case .

IfI is one curve is Ep one

curve for many primes ?

If Z is many
curve ,

isEx many

cames for many primes ? Bertini - Norther

theorem .

How can we defect the number of

cures just via IFp roots ? Lang-Weil
bands.
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Lang Weil bounds

The (Lay , Wheil) : If C is a FFp-defindle

irreducible curve in TFP"
,
then I has

PI3DT points in IFp".

If Ip is irreducible ,then IZp) < P+3DP

If Ep is reducible and has at
last two Go-

definable components then 17p/2p-6DVP·



EffectiveBertini Norther+ definability

Thm (90s) :

If Z is irreducible , the
Ep is irreducible

for all but exponentially many primes.

IfI is reducible, than
Ep is reducible,

and has at least two
#P definable components

for prims with inverse exponential density,
assuming GRH.

&





Proof Sketch :

Z irreducible - Ep irredumble

By Norther Nounization
,
we can reduce to

curre in
C ?

Requires new
height bands for elimination

Ideal generators .

Effective
Norther equations (185]

to show that

irreducibility armus
in E is preserved mod

If



Proof Sketch :
-

Z reducible -> Ep reducible+ two

#p definable components

Factorily alguitem of (K85]
to find components of

-> that are definable over
small extensions of

Q .

Algebraic number
Theoretic tools to

show that those

components are prsened
mod p.

Requires heist bonds
etc for algebraic number .

I



Summary :
We give

interactive proofs for

primality testing of
natural classes of ideals,

and reduce the gep
between upper

and lower

bounds.

The main technical
result is an effective

bound on the sets of bad primes
for irreducibility

and reducibility , assuming GRH.



Open problems :

What makes problems in computational

algebraic geometry and computational commutative

aleben hard ?

Most problems involve Grobner basis,
which

Worst case EXPSPACE hard .

Is this always
are

required


