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Mulmuley and Sohoni (2001) proposed an ambitious program, called the Geometric Complexity Theory (GCT), to prove
P # NP and related conjectures using algebraic geometry and representation theory. Gradually, GCT has introduced new
structures and questions in complexity theory. GCT tries to capture an algebraic/geometric notion of ‘approximation’ by
defining the border classes. Surprisingly, (Kumar ToCT"20) proved the universal power of the border of top-fanin-2 depth-3

circuits (Z[z] I1%); which is in complete contrast to its classical model. Recently, (Dutta,Dwivedi,Saxena, FOCS"21) put an

upper bound, by showing that bounded top-fanin border depth-3 circuits (Z¥TTE for constant k) can be computed by
polynomial-size algebraic branching programs (ABPs). It was left open to show an exponential separation between the class

of ABPs and ZIHITE.
In this article, we show a strong exponential separation between any two consecutive border classes, I/ TIZ and Zk+1TTE,

thus establishing an optimal hierarchy of constant top-fanin border depth-3 circuits. In the language of GCT, we prove an
exponential hierarchy for padded-k-th-secant-varieties of the Chow variety of IF**1. This positively answers [Open question 2
of Dutta,Dwivedi,Saxena FOCS'21] and [Problem 8.10 with constant #, of Landsberg, Annal.Ferraral5].
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1 INTRODUCTION

The main aim of computational complexity theory is to understand, as precisely as possible, the amount of
computational resources required to perform computational tasks. These resources could be of various kinds
depending on the computational model under consideration— e.g., time/ space for Turing machines; size,
depth, and fanin for boolean and algebraic circuits; and so on. A fundamental question in this context is “Does
more of the same resource lead to more computational power?". Classical theorems in Computational Complexity
such as the Time Hierarchy Theorem [HS65] and Space Hierarchy Theorem [SHL65] answer this question
(affirmatively) for the resources of time respectively space on multitape Turing machines. In this paper, we
consider an analogous question for algebraic circuits.

A polynomial f € F[xq,...,x,] over a field FF is said to be computable by an algebraic circuit of size s, if there
exists a directed acyclic graph of size at most s, whose leaf nodes are labeled by variables or field constants,
internal nodes are labeled by field operations (+ and x ), and the polynomial computed at the root node is f.
For a polynomial f, size(f) denotes the size of the smallest circuit computing it. Another important complexity
parameter is the depth — the length of the longest path in the circuit from a leaf to the root. In this paper, we
Manuscript submitted to ACM
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Separated borders: Exponential-gap fanin-hierarchy theorem for approximative depth-3 circuits 3

are interested in depth-3 circuits ZKTTZ; they compute polynomials of the form Zick1j4ij, where {;; are affine
linear polynomials.
We consider the question of proving a top-fanin-hierarchy theorem for algebraic circuits (in the border

setting). Informally, we ask the following.

Question 1 (The fanin-hierarchy question). For fixed k > 1, are there explicit families of polynomials P, &
IFlx1,. .., %], such that Py can be ‘approximated’ by a small £K+VTTZ-circuit but cannot be approximated by a small
sMTIS-circuit?

For the definitions of explicit and approximation, see Section 2. Question 1 is also related to fundamental variety
constructions in geometric complexity theory (GCT); we will discuss more on GCT and its importance in
the depth-3 setting in Section 1.2. If one considers the above question in the classical setting, i.e. without
approximation, there is an easy impossibility result known, which shows that the inner product polynomial,
IPeiq = Ziegi1)¥i - Vi, for k = 1, cannot be computed by K ITZ-circuit, regardless of the size ([Kum?20,
CGJ118]). We sketched a proof for completeness, see Theorem 33.

However, the unexpected universality of border depth-3 fanin-2 circuits by Kumar [Kum20] shows that the
classical impossibility result breaks down in the border for k > 2; for a detailed statement, see Section 1.2.
Therefore, an exponential separation between the class of border depth-3 fanin-2 circuits and any other
reasonable algebraic class becomes a nontrivial and intriguing question to study. In this work, we affirmatively

answer Question 1 as stated below; for a formal statement, see Theorem 2 and its remarks.

Tueorem 1 (INForMAL). There are explicit polynomials that can be computed by a small K+ UTTS-circuit but can
not be approximated by a small X TTZ-circuit.

In the above, our candidate hard polynomial will be a degree d version of the inner product polynomial IPy_ q;
see subsection 1.3. But, Question 1 is far from obvious, and we will employ quite powerful models like
ABP, ARO, Gen(k, s) in the proofs; for respective definitions, see Appendix A and Section 6. This work builds
upon the DiDIL technique introduced by Dutta, Dwivedi, and Saxena [DDS21], however, there are several

technical differences, which we will elaborate in great detail in Section 4.5.

Basic models and classses. We quickly go through a few important models of computations that appear in
our proofs. For example, if in a circuit, the out-degree of each internal node is 1, then it is a formula. Any
formula can be converted into a layered graph called algebraic branching program (ABP) with a polynomial
blowup in size. With different models come different complexity classes, which accordingly classify poly-
nomials. For example, VP contains polynomial families (f,;)n, where f;, is a poly(n)-variate poly(n)-degree
polynomial, computable by circuits of size poly(n). Similarly, one can define VBP and VF, wrt the models
ABPs and formulas, respectively. Finally, the class VNP contains polynomial families ( f;;),, where each f,, can
be expressed as X, . g 11500 gn(x,y), with the polynomial family g, in VP, and p(-) being some polynomial
function. Valiant [Val79] conjectured that VBP # VNP (respectively VP # VNP), as an algebraic analog of the P
vs. NP problem. For details, see [SY10, Mah13].
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4 Pranjal Dutta and Nitin Saxena

1.1 GCT and border complexity

Mulmuley and Sohoni introduced the Geometric Complexity Theory (GCT) program to prove algebraic
variants of the P # NP conjecture using algebraic geometry and representation theory [MS01, MS08]. Let
dety := Z,cs,sgn(0)II x;,(;) be the determinant polynomial, and let per,, := Z,cs, I x;,(;) be the
permanent polynomial. Valiant’s determinant vs. permanent conjecture, or the VNP ¢ VBP question states that
the smallest size of a matrix A whose entries are affine linear polynomials such that det(A) = per,,, is not
polynomially bounded in m. Mulmuley and Sohoni strengthened the conjecture by allowing the permanent to
be approximated arbitrarily closely coefficientwise instead of being computed exactly.

More formally, the Mulmuley—Sohoni conjecture states that when n = poly(m), it must be that "~ "per,, ¢
GL, det,,. Here GL,2 := GL(C"*") acts on the space of homogeneous degree n polynomials in #n?> many
variables by invertible linear transformations on the variables', and ¢ is some homogeneous linear polynomial;
without loss of generality one can assume £ := x; 1. Moreover, the orbit closure can be taken as the Zariski
closure; see below for the definition. The polynomial ¢"~"per,, is called the ‘padded permanent’, and the
phenomenon of multiplying with a power of a linear form is called padding. Note here that the action of GL,,2
replaces variables by homogeneous linear polynomials.

GCT has intimate connections to many areas in mathematics and computer science including designing
matrix multiplication algorithms [Str74, Bin80, BCRL79, CW90, LO15], computational invariant theory [FS13,
Mul12b, GGOW16, BGO™18, IQS18], algebraic natural proofs [ GKSS17, BIL*T21, CKR"20, KRST20], lower
bounds [BI13, Gro15, LO15], optimization [ AZGL 18, BFG"19], derandomization [Mul12a, Muk16, DDS21],

and many more. We refer to [BLMW11, Mul12b, Mul12a] for expository references.

Approximative closure. Borrowing the definition from [Biir04, Biir20], we say that a polynomial f(x) €
Flx1,...,xy] is approximated by a polynomial g(x, €) € F(e)[x], over the field F(e), if there exists a polynomial
S(x,€) € Fle][x] such that g = f + € S. We can think analytically that lim¢_,q g = f. The class C, the approxima-
tive closure of a complexity class C, can be defined in the usual way. Note that, arbitrary e-power is allowed in the
circuit approximating g, since computing constants is cost-free. Often, we will use the underlying computation
over Fle*1] 2, instead of F(¢), since they are known to be equivalent while talking about border complexity; see
[BCS13, Lem. 15.22] and [Biir00] for details. Throughout the article, we will often use f being approximated

by a circuit from C, and f being computed by a C circuit interchangeably.

Euclidean closure. A polynomial family (f,,), is in the Euclidean closure of C over F if, for every n, there exists
an infinite sequence of polynomials g, ; in C over IF such that the limit point of the sequence of coefficient

vectors corresponding to g, ; is the coefficient vector of f;.

Zariski closure. For a circuit class C, consider the system of all polynomial equations which are satisfied by
the coefficient vector corresponding to each polynomial in C. Then, the Zariski closure of C consists of all the
polynomials such that the corresponding coefficient vectors satisfy assignments of the system of polynomial

equations.

!For a homogeneous polynomial p and g € GL,» define the homogeneous polynomial gp via (gp)(x) := p(g' x). The orbit is defined as

GLop:={grlgeGL}. )
2F[e*!] = F[e, €], i.e. the elements are of the form £ ,,a;€’, for some M, N > 0

Manuscript submitted to ACM
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Separated borders: Exponential-gap fanin-hierarchy theorem for approximative depth-3 circuits 5

Interestingly, these notions are known to be equivalent over the algebraically closed field C [Mum95, $2.C]
and [Kra84, AL7.2 Folgerung]. Since these definitions are equivalent, without loss of generality, we will work

with the approximation closure throughout our paper.

Border complexity measure. Border complexity measures are defined via limits, so that any function that
can be approximated arbitrarily closely by low complexity functions itself has low border complexity. The
approximative (or border) complexity of f, denoted size(f), is the minimum size of the circuit computing g, over
F(e). It is easy to see that size(f) < size(f). Due to the arbitrary (1/¢€)-power terms in the circuit computing
g, evaluation at € = 0 is not necessarily valid, although the limit still exists. Hence, any lower bound on the
border complexity of f in terms of the exact complexity of f is unclear.

If g = f 4+ €S, where S € F[e][x], and we have a circuit of size s computing g, where the constants come
from FF(e), then Biirgisser [Biir04, Theorem 5.7] showed that there exists a nonnegative integer M < exp(s),
suchthatg =¢€"-f + el -f, for some r > 0, where g,f € Fle, x], and deg.(8) < M; furthermore ¢ has an
s-size circuit over F(e). Therefore, one could use the trick of interpolating, by setting (M + 1)-many random
e-values from F to get f; we need random values of € so that we do not make the circuit of § undefined.

Therefore, the following relation is the best-one known: size(f) < size(f) < exp(size(f)).

De-bordering. De-bordering is the task of proving an upper bound on some non-border complexity measure
in terms of a border complexity measure, thus getting rid of limits. De-bordering is at the heart of under-
standing the difference between Valiant’s determinant vs permanent conjecture, and Mulmuley and Sohoni’s
strengthened version of the same conjecture. The de-bordering of matrix multiplication tensors by Bini [Bin80]
played a pivotal role in the development of efficient matrix multiplication algorithms. In particular, the re-
sults of [CHI' 18] shows that the matrix multiplication exponent w = lim,_,c log, WR(trace(X3)), where
Xn = (ij); je|n) i3 @ matrix of variables, and WR(-) denotes the border Waring rank. Border Waring rank of
f, denoted WR(f) < s, means that f = lim, Zleﬁfl (€) for some linear forms ¢;; thus, it captures a restricted
version of border depth-3 circuits. This makes the problem of de-bordering depth-3 circuits already a com-
pelling subject of study. We refer to the recent survey on debordering by Dutta and Lysikov [DL25] for further

importance and detailed exposition.

1.2 The Chow variety and lower bounds in GCT

Border depth-3 circuits: An algebraic view. Since, depth-2 circuits are closed under taking limit, i.e. [IZ = IIZ
and I = XIJ, it is natural to study one step further and understand the border of depth-3 circuits. It is not
hard to show that ITXIT = ITXIT, which leaves us to understand XITX. As mentioned before, Kumar [Kum?20]
13;

showed that border depth-3 fanin-2 circuits are ‘universal’; i.e. any d-degree, n-variate polynomial can be

approximated by »2IT1PIE circuits over C(e). For a generic polynomial, D ~ (n:lrd). In the case when D is
small, [DDS21] proved that S[HIIZ C VBP; that is for any f € SHIIY, of approximative circuit size s, can
be exactly computed by an ABP of size s®*P(k). This raised a basic open question of whether the containment
is strict, i.e. SKIIZ ¢ vBP (even, »KTIIX ¢ VNP was unclear!). We settle these questions and in fact, show

exponential separations between these classes in this work.

3[Kum20] states the result for homogeneous polynomials. But trivially, the proof also works for any non-homogeneous polynomial, by
homogenizing it using a new variable xo, and finally de-homogenizing it by setting xo = 1.

Manuscript submitted to ACM
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6 Pranjal Dutta and Nitin Saxena

Border depth-3 circuits: A geometric view. Most of the times, theoretical computer scientists are interested in
proving robust lower bounds, i.e. lower bound techniques which would also work under the limit. This could
be roughly translated into asymptotic geometry terms as follows:

Given a sequence of some ‘nice’ vector spaces Vy, and sequences of points and groups, does the inclusion * fail for every
n > ng, for some ng?

The Chow variety is one of the simplest varieties studied in the field of algebraic geometry; it is believed to be
a good testing ground for GCT [Lan15, Section 2]. Interestingly, this goes back to 19th-century mathematics,
studied independently by Hermite (1854) and Hadamard (1897).

Informally, specializing to the group of diagonal matrices and taking the orbit closure, one obtains the
famous Chow variety, Chy (W) C PSIW; usually W = C" (or, for det,;/ perm,,, c” ). We denote by S9W, the
space of polynomials of degree d on W*, PV denotes the projective space, and we denote [v] as a corresponding
point. Then, formally,

Chy(W) := {[z] € PSW | z = 1w ... wy, forw; € W} .
Therefore, one can define the Chow rank of a homogeneous polynomial f of degree d, denoted rankcp(f), to be
the minimum k such that f = Zf-‘:lnleﬁij,
is equivalently expressed as: the smallest k such that f (as a point) is in ¢2(Ch;(W)) (= set of points with
Chy(W)-rank at most k).

Moving to the approximative setting, one defines Chow border rank, rankch, (f), as the border analogue of
the Chow rank. In other words, rankcp,(f) = k <= f € 03(Chy(W)) = the Zariski closure in PSW of
0p (Chy(W)); it is called the k-th secant variety® of the Chow variety of W. For details, refer to [Lan15, Lan17].
These two ranks happen to exactly coincide with the depth-3 respectively border depth-3 homogeneous circuits
of f, with the smallest fanin k.

In general, from an algebraic complexity perspective, we are interested in the non-homogeneous setting. For

where 6,-]- are linear forms. Often in the literature, rankcy, (f) = k

instance, Kumar’s expression [ Kum?20, Section 3.1] is non-homogeneous. However, with suitable padding (&
W = C"*1), Kumar’s result translates into geometric terms: For any degree-d homogeneous polynomial f, there exists
alinear form £ such that ("™~ f € o5 (Chy(W)), for m = exp(n, d), or equivalently, rank ¢, (£~ f) = 2. On the other
hand, if one restricts m = poly(n,d), Dutta, Dwivedi and Saxena [DDS21] showed that 03 (Ch,,(W)) C VBP;
the same result holds if one replaces o, by oy, as long as k is a constant.

Quest for lower bounds. Most polynomials require exponential-size circuits to compute or approximate.
However, proving an explicit lower bound remains a major challenge in algebraic complexity. The celebrated
result of Baur and Strassen [Str73, BS83] shows the existence of an explicit n-variate degree-d polynomial
which requires circuits of size at least Q(n - logd). Though d = poly(n) gives superlinear lower bound, ideally
one would hope for at least a superpolynomial lower bound, optimistically even an exponential one!
Similarly, if one restricts the model of computation, we have better lower bounds; e.g. Kalorkoti [Kal85]
showed Q) (12 / log n) formula lower bound for an explicit n-variate polynomial, which could be easily extended
to the approximative setting. We refer the reader to [Sap19] for a comprehensive survey of the lower bounds

in algebraic complexity.

“by inclusion, we mean the points under the group action in V,
SFor a given variety X, s-th secant variety of X is Zariski closure of the union of all secant (s — 1)-planes to X.

Manuscript submitted to ACM
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Separated borders: Exponential-gap fanin-hierarchy theorem for approximative depth-3 circuits 7

The situation in GCT is no way better and near to what was expected at its inception. The linchpin of the
GCT program was that the permanent and determinant are both uniquely characterized (up to a constant
factor) by their symmetries; and moreover, lower bounds are equivalent to orbit closure containment [Gro12,
Section 3.3.2]. Therefore, the simplest way of proving a lower bound would be to find occurrence obstructions,
i.e. finding an irreducible representation with multiplicity for the permanent larger than that of the determinant.
The no-go theorem of [IP17, BIP19] proved that this is impossible since [MS01] uses the padded formulation of
the Mulmuley-Sohoni conjecture. We note that no analogous result is known when the determinant is replaced,
for example, by the iterated matrix multiplication polynomial — correspondingly replacing determinantal
complexity with the algebraic branching program width, since the padded-free or the homogeneous setting is
a much nicer setup to deal with. The potential of multiplicity obstructions is explored in [ DIP20, IK20, DGI*22,
DGI* 24, Biir24].

On the other hand, a recent breakthrough result by Limaye, Srinivasan & Tavenas [LST21] showed the
first superpolynomial lower bound against general algebraic formulas of constant-depth, over all fields of
characteristic 0 or large. Since their method is linear-rank-based, the proofs can be lifted in the border classes
analogously [Grol5, AF22]. This gives us a stronger urge to continue the quest to show exponential separation,

in the constant-depth regime. This current work can be seen as a further step in that pursuit.

1.3 Our results: The fanin-hierarchy theorem

We state our result formally now. Our result holds for any field of characteristic 0/large characteristic.

THEOREM 2 (FANIN-HIERARCHY EXP-GAP). Fix any constant k > 1. There is an explicit n-variate, degree < n
polynomial f such that f can be computed by a SKTVUTTL circuit of size O(n), but f requires 22("-size TINTIS circuits.

Remarks. 1. Interestingly, Theorem 2 is optimal for k > 2. To see this, note that 2€(") is also an upper bound on

the size of ZI2ITTZ. circuits, for n-variate polynomials computed S HITTE circuits of size O(n); see [Kum20].
Thus, we have completely characterized the gap between two constant-top-fanin border depth-3 circuits.

2. Consider the following degree-d (> 2) polynomial on 3d-variables f(x) := x1 -+ x5+ X411 Xpq +
Xp441 - - - X34. Note that f(x) has a trivial ZPITIE circuit of size O(d). Our proof method shows that f requires
200 _size LI2TTT circuits.

A word on the polynomial family. Our candidate polynomial family, for a fixed k, is the sum-product polyno-
mial® Pri1 := (Prs1,4)4, where
P14 = Zickt] H?:l X(i-1)d+j -

This is a strict generalization of the inner product polynomial IP; 1, defined on page 2. Using [Kum?20,
Theorem 1.3], it follows that IP;; € ZITIOK]E, Therefore, we cannot expect to show an exponential lower
bound against [Py, 1. This can be mitigated by working with general d-degree monomials (instead of quadratic
ones). Clearly, P4 4 is a multilinear degree-d polynomial on (k + 1) - d-variables. Lower bounds for P, have
been studied by Shpilka [Shp02], in a different context. This polynomial is closely related to the Trace-Iterated-

Matrix-Multiplication, Tr-IMMy.1 4, which is the trace of the product of d-many (k 4 1) x (k + 1) symbolic
matrices Xy, tr(Hre[d] X;), where the (i, j)-th entry of the matrix X, is xl(;). In particular, take diagonal matrices
®This term has been borrowed from [Lan17, Section 8.12.2].

Manuscript submitted to ACM



365
366
367
368
369
370
371
372
373
374
375
376
377
378
379
380
381

383
384
385

387
388
389
390
391
392
393
394
395
396
397
398
399
400
401
402
403
404
405
406
407
408
409
410
411
412
413
414
415
416

8 Pranjal Dutta and Nitin Saxena

X, with (i, i)-th entry being the variable x(;_;,. Note that Py, 4 = tr(Xj - - - X;7). Since this is a restriction
on X, our proof also holds for Tr-IMM; 1 4 as well.

Non-triviality and implications.

(1) Homogeneous vs non-homogeneous: If we restrict ourselves to only the homogeneous setting, then it is

easy to argue that Py 4, cannot be computed by a homogeneous YHMTIZ circuit. Informally speaking,

the proof exploits the fact that if indeed Py 4 were computed by a YKTIZ circuit C, then picking k
many linear forms, one from each product gate of C, and simultaneously substituting them to 0, makes
C a zero polynomial, while Py 4 remains nonzero even after such a substitution; for a formal proof
see Corollary 16.

However, this impossibility result no longer holds when we allow non-homogeneity [Kum20]. The
naive proof method as described above fails miserably, as setting many affine linear functions to zero
may lead to inconsistency. For example, both x| — ex; and x; — ex3 — 1 can never be zero in the border
(as € — 0); while at the same time, x;, x3 contribute in the computation due to the use of the powers
of 1/e. This is precisely what grants the seemingly innocuous border computing model Z2/TTX its
universal expressive power!

(2) PIT to lower bound: Efficient PIT algorithms are known for YIS circuits [LST21, DDS21]. However,
they are not known to imply strong lower bounds in the same model. The derandomization to lower
bound techniques are insensitive to fanin-k [HS80, KI03, AGS19, KS19]; as they require the ability to
interpolate, which blows-up the top-fanin of the model.

(3) Separating XTI from VF, VBP, VNP: It was asked in [DDS21] whether X TIZ # VBP or not. Our
proof of Theorem 2 shows an exponential separation between ZKTTX. and pILER g o Consequently,

we have exponential separation between X TTZ. and VF (respectively VBP, and VNP).

(4) Non-rank based approach: Ours is probably the first strong depth-3 lower bound in the border setting,
where the basic argument is non-rank-based, and does not care about the upper bound on the e-power
that hides in the expression.

(5) Solving Landsberg’s open question [ Lan15, Problem 8.10]: The same proof can be adapted for det; and
perm; analogously. Interestingly, Theorem 2 answers a restricted version of a question asked in [Lan15,
Problem 8.10]; namely, pm=d . dety ¢ 07(Chy(W)), for any m < 20(4) and constant r. Geometrically,
Theorem 2 exponentially separates the padded k-th-secant varieties of the Chow variety of W = C"*1,
for all constants k.

Comparing our parameters with [LST21] breakthrough. Our proof method works with both the polynomi-
als IMMy 1 4 (where instead of trace, one is interested in (1, 1)-th entry), and the trace version Tr-IMM_ 1 4,
already defined before. The linear-rank-based lower bound method by Limaye, Srinivasan & Tavenas [LST21]
shows only a superpolynomial separation between depth-3 (unbounded fanin) circuits and IMM, with different
parameters. Since this method can be extended to the border setting, the same work yields a superpolynomial
separation between LT and VBP. Their dominating variable is  (with d = o(log#)) and they showed an
nV? lower bound (which further weakens above depth-4); which is not optimal, as the optimal lower bound

would be n“. Since we take k = O(1) and our dominating variable is d, we show an optimal lower bound of

~ ((kﬂd)‘”d) ~ 204, thus establishing an exponential separation between LK TTX and VBP. More significantly,
Manuscript submitted to ACM
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Separated borders: Exponential-gap fanin-hierarchy theorem for approximative depth-3 circuits 9

[LST21] shows a superpolynomial-gap depth-hierarchy; while our result is about an exponential-gap fanin-
hierarchy inside the depth-3 regime. In summary, the parameters and the results in [LST21] are incomparable

with ours, and their method is very different since our method is non-linear at a very fundamental level.

1.4 Known depth-3 lower bounds and their limitations

In this section, we briefly discuss the well-known lower bounds for depth-3 circuits (mostly in the classical
setting), their techniques, and why they fail to yield our result in the border setting.

In a very influential piece of work, Nisan and Wigderson [NW96] showed that over any field F, every
homogeneous LITE circuit computing the determinant det; must be of size 2(4). They employed a method
based on partial derivatives, which can be readily adapted to the border setting. We remark that the lower bound

is actually on the top-fanin and thus for constant top-fanin k, det; cannot even be computed by a homogeneous

YKTIZ circuit! For completeness, we sketched an alternative non-rank-based proof, see Lemma 15.

Unfortunately, the partial derivative measure performs poorly in the non-homogeneous setting, primarily
because the degree bound no longer holds, causing the argument to break down entirely. Furthermore, when
considering Py 1,4 instead of det; or IMM 1 4, the exponential separation between k and k + 1 cannot be
demonstrated using rank-based methods, as straightforward estimates of both upper and lower bounds fail to
produce meaningful results. For analogous reasons, techniques developed by Grigoriev and Karpinski [GK98],
and by Grigoriev and Razborov [GR00], over a fixed finite field, also do not apply in this context.

There has been substantial progress on lower bounds for restricted depth-3 circuits, where the restrictions
involve bounded independence, bounded read/occur, bounded bottom fan-in, and related properties. A central
theme in these proofs involves a sequence of reductions: one first reduces general (non-homogeneous) depth-3
circuits of top fan-in s to a subclass of depth-5 circuits with top fan-in increased to s - exp(v/d) [SW01, GKKS16];
then, via a random restriction, obtains a (homogeneous) depth-4 decomposition; and finally applies a variant
of the shifted partial derivative measure to prove lower bounds [KLSS17, KS17, KS16]. While these techniques
can be adapted to the border setting, they fall short of establishing any meaningful hierarchy theorem or

exponential separation for non-homogeneous L TIX circuits.

Even for showing lower bound for YRIIIY circuits, we probably cannot hope to use factorization or Chinese
remaindering (CRT) based ideas, since mod (M), we get non-unique, usually exponentially many, factors. For
example, x2 = (x —a-eM/2) . (x +a-eM/2) mod (eM); for all a € FF. In this case, there are, in fact, infinitely
many factorizations. Moreover, lim_,o 1/eM - <x2 —(x—a-eM?) . (x+a-eM/ 2)) = a2. Therefore, infinitely
many factorizations may give infinitely many limits, and thus the analysis becomes much more intricate.

In the classical affine setting, it is known that computing the immanant (which includes determinant
and permanent) requires exponential-size 2 MTIE circuits [ASSS16, Theorem 1.7]. These lower bounds were
obtained using the Jacobian. However, it is not clear how it behaves with respect to lim,_,(, or whether we
can come up with a meaningful working definition. For example, let f; = x1 + €M - x, and f, = x1, where M

M js nonzero, but it tends to zero in the limit.

is arbitrarily large. Then, the underlying Jacobian J(f, f2) = €
Seemingly, this causes the entire Jacobian-based framework to break down in the border setting, as it no longer
facilitates variable reduction for border models — for instance, one must retain faithfulness to both x; and x5 in
the example above.

Though not exactly comparable, but [BIZ18] showed a counter-intuitive ‘collapse’ in the border setting:

VBP, = VBP3 = - -- = VBPy, for any constant k, whereas it is also known that VBP, ¢ VF = VBP3 = - -- =
Manuscript submitted to ACM
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10 Pranjal Dutta and Nitin Saxena

VBP, [BOC92, AW16]. While these works succeed in demonstrating collapse results, the underlying techniques
differ significantly from ours and do not directly contribute to proving a strict hierarchy-type separation, as we
aim to establish in the current work.

Lastly, in subsection 1.3, we have already discussed the similarities and differences with [LST21]. This

concludes our discussion of prior work and its limitations.

2 PRELIMINARIES |

In this section, we describe some of the assumptions and notations used throughout the paper.

Notation. Denote [n] = {1,...,n}, and x = (x1,...,x,). We use F[[x]], to denote the ring of formal power
series over IF. Formally, f = X;5¢ ¢;x!, with ¢; € T, is an element in [F[[x]]. Further, IF(x) denotes the function
field, where the elements are of the form f/g, where f, g € F[x] (g # 0).

We call £ =: ajx; + ...+ ayxy,, a linear polynomial without the constant term, as a linear form.

Throughout the paper, by rank({1, ..., ¢,), we mean rankp (¢4, ..., £,), i.e. the dimension of the linear space

generated by the linear forms {{1, ..., ¢, }.

Explicit. A family {P, € F[xq,...,x,] | n > 1}, is said to be explicit if there is a deterministic algorithm that
given as input 1" and a monomial m over the variables x1, ..., x,;, computes the coefficient of the monomial m

in P, in time poly(n).

Logarithmic derivative. Over a ring R and a variable y, the logarithmic derivative dlog, : Rly] — R(y) is
defined as dlog, (f) := 9y f/ f; here 9y denotes the partial derivative with respect to variable y. One important

property of dlog is that it is additive over a productas dlog, (f - §) = 9y(fg)/(f8) = (f-9yg + g-9yf)/(fg) =
dlog, (f) + dlog, (g). [dlog linearizes product]

Circuit size. Some of the complexity parameters of a circuit are — 1) size, the total number of nodes and edges,
2) depth, the number of layers, 3) degree, the maximum degree polynomial computed by any node, and 4) fanin,

the maximum number of inputs to a node.

Depth-2 and Depth-3 circuits. Product depth-2 circuits, denoted as I'TY, compute polynomials of the form IT;¢;,
where /; are affine linear polynomials. Depth-3 circuits with top-fanin k are denoted as Z[k]HZ; they compute
polynomials of the form ;¢ I1;/;;, where £;; are affine linear functions. Also, depth-3 diagonal circuits are
denoted as = A T they compute polynomials of the form 215:12?", for linear polynomials ¢;. When we write
LAZL, it means the top-fanin is unbounded and one can roughly consider its size to be O(snd), where d is the

maximum power in the exponent of a linear polynomial.

Ideal generated by linear forms. For given n-variate linear forms Ly, ..., L,, we denote (Ly, ..., L;), the ideal
generated by L;, for i € [r], which contains elements of the form ¢ ,ja; - L;, for a; € Flx].

Operation on Complexity Classes. For class C and D defined over ring R, our bloated model is any combination
of sum, product, and division of polynomials from respective classes. For instance, C/D = {f/g: f € C,0 #
g € D}, similarly C - D for products, C + D for sum, and other possible combinations. Also we use Cr to denote
the basic ring R over which C is being computed.

Manuscript submitted to ACM
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Separated borders: Exponential-gap fanin-hierarchy theorem for approximative depth-3 circuits 11

Valuation. Valuation is a map val, : R[y] — Zx, over a ring R, such that val,(-) is defined to be the
maximum power of y dividing the element. It can be easily extended to localized/fraction ring R(y), by

defining valy,(p/q) := val,(p) — val,(g); where the integer value can be negative.

Field. We denote the underlying field as IF and assume that it is of characteristic 0 (eg. the field of rationals Q,
the field of reals RR, the field of p-adics Qp etc.). All our results hold for other fields (eg. IF ;e etc.) of large
characteristic p. We also denote IF*, as the multiplicative group of the field FF.

We will often explicitly use the following two facts. The first fact is quite standard and we just state it without
any proof.

Fact 1. Let R be any arbitrary ring. Let ¢, h € R[z] such that val;(g) > val;(h). Then, g/h € R|[[z]], and val,(g/h) =
val,(g) — val;(h).

Fact 2. Let g, h € R(z,€) such that vale (g) = vale(h) = 0. Then, limg_,092(g/h) = 92(30/ho), where gy := gle—o,
and ho = h|€=0,

ProOF skeTcH. Let ¢ = Zizogiei, and h = Eizohiei. Then, it is easy to see that
g/h = (80/hy) + €-S, forsome S € R(z)[[€]] -

The conclusion follows easily after taking the derivative and a limit. u]

Approximative closure. For an algebraic complexity class C, the “approximation” is formally modeled as follows
[BIZ18, Definition 2.1].

Definition 1 (Approximative closure of a class). Let Cp be a class of polynomials defined over a field IF. Then,
f(x) € Bxy, ..., x,] is said to be in approximative closure C if and only if there exists polynomial Q € Fle, x| such that
Cr(e) 2 8(x,€) = f(x) +€- Q(x,€). In short, we denote lim_,0 g(x, €) := f(x).

Cone-size of monomials. For a monomial x#, the cone of x# is the set of all sub-monomials of x*. The cardinality
of this set is called cone-size of x*. It equals IT;c,, (a; + 1), where a = (ay, ..., a,). We will denote cs(m), as the

cone-size of the monomial m.

3 PRELIMINARIES II.

Power series and dlog. In the proof, we will use the ring of formal power series R[[x1, ..., x,]] (in short R[[x]]),
for some suitable ring R, see [Niv69, DSS18, Sin19]. One of the key benefits of this ring comes from the inverse
identity: (1 —x)~1 = Z;50 x'.

The logarithmic derivative operator dlog,(f) = (9.f)/f is another key tool which linearizes the product

gate, since

dlog, (f-g) = 9y(fg)/(fg) = (f-9yg + g-9yf)/(fg) = dlog,(f) + dlog,(g) - 1
This operator enables us to use power series expansion, and converts the IT-gate to A.
Let ¢ € FF[x] be a linear polynomial such that the constant term is nonzero. For simplicity, suppose £ := 1+,

where 7 is a homogeneous linear polynomial. Further, let ® : x + zx. Note that ®(¢) = 1 + z - £. Therefore, by
Manuscript submitted to ACM



573
574
575
576
577
578
579
580

582
583
584
585
586
587
588
589
590
591
592
593
594
595
596
597
598
599
600
601
602
603
604
605
606
607
608
609
610
611
612
613
614
615
616
617
618
619
620
621
622
623
624

12 Pranjal Dutta and Nitin Saxena

simple power series expansion as mentioned above, dlog, (®({)) becomes:

7 S
= = = Ty (—1)72 - 0L 2
1+z-7 120( )Z ()

Looking at the above expression, one can also say that dlog(®(¢)) can be computed by a ZAX. circuit of size
poly(nd) over the ring R := F[z]/ (z%).
One crucial fact that we will use throughout the paper is the following. Let i € F(x,¢€)|[z], and suppose

dlog, (®(£))

val; (h) = 0, that is, the maximal power of z dividing / is 0 (for a formal definition, see Section 2). Then 1/h is
a power series in z, i.e. 1/h € F(e, x)[[z]]. To give an explicit example, let h := z + ¢; trivially val; (h) = 0 and
1/(z+¢€) = Zf;()l(—l)izi/eiJrl mod z%.

Laurent Series. Let d > 1 be an integer. Let F((z)) denote the field of formal Laurent series in z, i.e., series of
the form Xy~ axz* with kg € Z and a; € FF. We view [F(z) as a subfield of IF((z)) via the Laurent expansion at
z=0.

For f(z) = Zkzkoakzk € F((z)), we define its truncation at order d by

d . yd-1 k
ftrun 2% = T 4zt

Equivalently, f trun z¢ denotes the class of f in the additive quotient IF((z))/z%FF[[z]], which identifies two
Laurent series if they agree in all terms of degree strictly less than d.

A Laurent series is allowed to have finitely many negative powers of z. For example,

1 2 1
————= =2z “+2z27 " +4+82+---
z2 — 273 !
and, more generally,
3.3
1 1 . xx3 x3x3 xx
2:7zl+ 24 233z+ 24322_’_”..
X1Z — XpX3Z X1 X7 xy X3

Looking modulo an ideal generated by linear forms over FF. Given an n-variate polynomial f(x) and a linear
form L(x), let us try to understand what f(x) mod (L) means; since a generalization of this will play a key
role in the technical part of our proof.

To begin with, let us first understand when L is just a variable. Without loss of generality, suppose L := x;.
Then f mod (L), is nothing more than = f(0, xy, ..., x,;). For an arbitrary linear form L that depends on x1,
we apply a suitable isomorphism ¢ in the space of linear forms, sending L to x;, and other variables to itself.
Since, ¢(f) = f(Ax), for some invertible matrix A, f mod (L) essentially means looking at f(Ax) mod x;.
This is same as f({y,...,¢y), for some linear forms ¢;, where rankg (¢y,...,¢,) =n — 1.

There is another way of looking at the same expression. Using the same notation as above, ®(f) can be
uniquely written as ¢(f) = £7_, fix}, where f; € Flx, -, x,]. Note that, ¢! sends x; to L and x; to x;, for
i € [2,n]. Therefore, f = Zf’zo(p*l(ﬁ)Li, and hence f mod (L) = ¢~ !(fy), which depends on xp, - - - , x.

As a concrete example, f mod (x1 + x2) equals f(—xp, x3,X3,- -+, X,). So, in particular, in the case where L
has x1, we can assume {, - - - , £, tobe xp, - - - , x,,. For a general purpose, L may not contain x1, but some other
variable x;, and in that case ¢; will be x}, for j # i and ¢; will be free of the variable x;, again making the rank to
be exactly n — 1. For simplicity, we avoid this and assume that the rank is 7 — 1, which is all we will need in the
main proof.
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Separated borders: Exponential-gap fanin-hierarchy theorem for approximative depth-3 circuits 13

Similarly, the above can be extended to understanding f(x) mod (Ly,..., L), for + > 1, where each L;
is a linear form. (Ly,..., L) is an ideal generated by the linear forms L;, i.e., for any ¢ € (Lq,...,Ls), we
have ¢ =: Xjc(ya; - L;, for some a; € F[x]. Generalizing t = 1 in the same way, f(x) mod (Ly,..., L)
can be thought of as f(¢1,...,¢;), where rankg(¢1,...,¢,) > n — t. The rank becomes exactly = n — ¢,
when L; are linearly independent. As a concrete example, f mod (x7 + xp, X2 + x3, x1 + 2x2 + x3) becomes
f(x3,—x3,x3,%4, -+, Xy). In this case, the rank is n — 2, and t = 3.

Understanding modulo a linear form over F(¢). The above formalism works fine when there are no € terms
involved. What happens if we look at a polynomial g(x, €) modulo linear polynomial with e-terms involved?
Here is the claim.

Claim 3. Suppose, g(x,€) = f(x)+€-S(x,€), where S € Fle|[x]. Let L € F[e|[x] be a linear polynomial (in x) such
that L|e—q is a nonzero linear form. Then, there exist linear forms £y, - - - , €y, with rank(¢y,--- ,€y) =n—1,and a

polynomial S' € F[[€]][x] such that the following equality holds over F|[€]]:
gmod (L) = f(fy, -+ ,lu)+e-S'(x¢€).

Proor. LetL:=%]_, L;e! where L; € F[x] are linear polynomials. Further, by assumption Ly is a nonzero
linear form. Fix a variable ordering. Then, one can write each L; as L; := ¢;Lo + L;, for some ¢; € F, and
L; :=L; mod (Ly) is a unique linear polynomial. Therefore, clubbing all Ly terms together, one can rewrite L
as(1+e€-p(e))Lo+e- R, wherep(e) = X_ c;el L, and R := Z_  Lle' ! € Fle][x]. Note that, L} as well as R are
independent of Ly. Therefore, doing the operation mod (L) is same as substituting Ly = —e - R/ (1 + € - p(€)).
Letg:= —e-R/(1+¢€- p(e)). By definition, g € F[[e]][«] is a linear polynomial in x, and further 4 = 0 mod (e).

Finally, suppose the variable x; appears in Ly. Then, from the above discussion, both f and S can be uniquely
written as follows: f = Z?:()fi . Lf), where f; € Flxp, -+ ,x,],and S = Z?:()Si . LB, where S; € Fle][xa, - -+, xn].
We assumed the degree upper bound in f and S to be d.

By the discussion above, mod (L), over the ring IF[[¢]] is nothing but substituting Ly by g. What we get over
the ring F([e]] is:

fmod (L) = Tffi-q', Smod (L) = =L Siq'.
Since g = 0 mod (e), we get that over F[[¢]], the following equation holds:
gmod (L) = fmod (L) +e-Smod (L)
= fo+e-S'(xe€).

By definition, fo = f mod (Lo). Finally, by the previous discussion, there are linear forms {1, - - - , £, with
rank(¢y,- -+ ,¢y) = n—1such that fy = f({1,- -, £,). This finishes the proof.
O

Remark. Instead of working over IF[[¢]], one can also truncate and work over Fle]/ (eM*1)

, for some large
positive integer M. To see this formally, one can simply replace g’ = g mod (eM*1), in the above proof, and

work over the desired ring.

By induction, one can easily extend this to working with an ideal generated by multiple linear polynomials
over [F(e) to get the following:
Manuscript submitted to ACM
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Claim 4. Suppose, ¢(x,€) = f(x) +€-S(x,€), where S € Fle][x]. Let Ly,---,L; € Fle][x] are t-many linear
polynomials (in x) such that each Li|e—¢ is a nonzero linear form. Then, there exist linear forms £y, - - , £y, with
n—1>rank({y,--- ,€y) > n—t,apolynomial S’ € F[[e]][x], such that the following equality holds over FF[[€]):

g mod (Ly,---,Li) = f(by, -, bn) +e-S'(x,€).

Observe that in the above, we say the rank to be at least n — t, and not exactly = n — t. This is because, the
linear forms L;(e = 0) might not be linearly independent. This above claim will play a key role in the proof
of Lemma 15.

Finally, we also add an easy observation that would be useful later.

Observation 1. Fix a variable ordering. Let L € F[e|[x] is a linear polynomial such that L|c—q is a nonzero linear
polynomial. Let ¢ € FFe][x] be another linear polynomial such that £|c—q is a nonzero homogeneous linear polynomial.
Then L mod () is again a linear polynomial over IF[[e]], whose e-free term is a nonzero linear polynomial. Further, if

L|e—o is non-homogeneous, then the e-free term of L mod (¢) is non-homogeneous.

The above observation can be extended to a product of linear polynomials, and also we can work with
truncated e-powers. In particular, if T = €7 - L; - - - Ls, where L; € F[e][x] are linear polynomials (i.e. T €
IF[e*1][x] is a product of linear polynomials), then T mod ¢, for some / as above, becomes a product of linear
polynomials, of the form e~ - L; - - - Ls, where L; € FF[[e]][«] are linear polynomials. For border complexity

purposes, we can still continue working over the ring Fle*!].

4 DETAILED PROOF OF THEOREM 2 FOR k < 3

In this section, we present a self-contained proof of Theorem 2 for the case k < 2, as this forms the basis for the

proof in the general case of any arbitrary constant k.

Notations for this section. Let x := {x1,...,x,}, fixk < 2,and n := (k+1)d. Recall, f := P14 =
Ziefkrn) Ty X(1)d4)-

Goal: Suppose that f € KT of size s, i.e. ¢ = f + €S, where sizep(¢)(8) < s (asa M II-circuit),
S € FFle, x]. We want to prove that s = 20(4).,

41 k=1 case

THEOREM 5 (IMPOSSIBILITY FOR k = 1). P, 4 cannot be expressed as a YUTIS circuit.

Proor. [BIZ18, Prop. A.12] showed that ITZ. = ITZ,, i.e., product of linear polynomials after taking the limit
remains in the same form. Eventually, the proof relies on the fact that the product distributes the e-powers.
Thus, it suffices to show that P, ; does not have any I'1Z circuit. We prove it below via contradiction.

Suppose P, 5 = /1 - - - £3, where {; are linear polynomials (not necessarily distinct). Since P, 4 is homogeneous,
we can assume that each ¢; is a homogeneous linear form. Assume, without loss of generality, that ¢; has
variable x1, i.e. /1 = axy + {11, where a € F and {11 is a nonzero x1-free linear form; ¢1; must be nonzero,

otherwise xq divides P, 4, a contradiction. By substituting x; = —#£;1/a, on both side, we get that

biixp -+ xg = axXgpq--Xog -

This can never hold because x, appears on the LHS, but not on the RHS. This finishes the proof. u]
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4.2 k = 2 case: The basic induction idea

The proof for k = 2 is far from obvious and different from that of k = 1. Note that Y215 is not closed under
taking limit 7. The idea is to reduce k = 2 case to k = 1 case carefully. The reduction may make the term
complicated, however, the wish would be to show that it is still a model where exponential lower bounds can be

shown. Formally, we prove the following.
THEOREM 6. P3 4 requires 200)_size S.RITIS circuits.

Proor. Letx = {x1,---,x,}, wheren :=3d.Recall, P 4 := x1 -+ - X3+ X441 - - - Xo4 + X441 - - - X34. SUppose,
g=T + T, = P35+€-S, (3)

where the polynomials Ty, T € F[e*!][x], and each of them is a product of linear polynomials TTX and they
have size at most s over F[e*!], and S € Fle|[x]. Suppose, T; = € % - {;1 - {; s, where a; € Z>(, and each
¢; i € FF[e][x] are linear polynomials (in x) such that ¢; j[c—o # 0. Now, one of the three things can happen.

1 (Easy case). Both T; have at least one linear factor, say ¢1 1 and ¢; ; whose e-free term is a homogeneous
linear form over [F;

2 (Intermediate case). Exactly one of T;, say wlog, T, has at least one factor, say £1; whose e-free term is
a homogeneous linear form;

3 (Hard case). None of the factors of T;, has e-free term as a homogeneous linear form.

The first two cases can be treated straightforwardly, as we show that they are impossible, whereas the third
requires a more technical analysis and in this case we show an exponential lower bound. We now proceed to

examine each case in detail.

Lower bound for Case I: Consider ¢ mod ({11, {21). By Claim 4 (in section 3), there exists S’ € F[[¢e]][x]
such that

0=g mod ((11,001) =P34(l1, -, ly) +e-S",
where n —1 > rank(4y, - - - , ;) > n — 2. In particular, this means that P; 4(¢1, - - - ,¢;) = 0. Our main claim is

that this is not possible.
Claim 7 (Main Claim for CaseI). If3d — 1 > rank({y, - - ,{s3) > 3d — 2, then P3 4({1,- - ,£y) # 0.

Proor or CLamv 7. We prove the above by contradiction. Suppose, indeed, Ps4(¢1,- - ,£y) = 0. Then,
by lg+Lgq - log+ lrgyq - - - €33 = 0. Two possible cases can happen:

(i) The rank is 3d — 1. Without loss of generality, ¢4, - - - , {351 are full-rank and /3 is in the span of
the 3d — 1 linear forms. Using an invertible linear transformation, ¢; — x;, for i € [3d — 1], we
get the following polynomial: xq - - - x5 + X341 - - - Xpg + Xp441 - - - X34—1 - £, for some linear form ¢ €
Flx1,---,x34_1]. This can never be zero, since, for example, the monomial x7 - - - x; can never be
canceled.

(ii) The rank is 3d — 2. Then, by pigeonhole principle, at least one of the set of linear forms {¢1,- -+, £;},
{lis1, - loa}, {€oas1, -+ - 35} must be full rank. Without loss of generality, rank(¢q, - - -, £4) = d.
Now, further one of the three cases is true: (a) rank ({1, - -, €py) =d —1,and rank({py,1, -+ ,€34) =

X151 + X2y2 + X3y3 has a small Z2ITIX expression, but cannot be computed by any 2 TIX circuit
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d—1,o0r (b) rank(y 1, ,¥yy) =d,and rank(log,1, -+ ,l34) =d —2,0r (c) rank(lyy 1, -, log) =
d —2,and rank({pg1, -, l34) = d. After applying a suitable invertible linear transformation, case (a)
looks like xq « - xg + Xg 1 Xog_1 L+ Xpq -+ - x34_p - £, for some linear forms ¢, ¢’ € F[xy,- -+ ,x34_],
while (b) and (c) look like x1 -+ x; + X441 Xog + Xog41 - - X34_0 - £ - £, for some linear forms

L e F[x1,- -+ ,x34_5]. This can never be zero, since the monomial x1 - - - x; can never be canceled.

O

Therefore, we have shown an impossibility in case L.

Lower bound for Case II: In the second case, consider g mod (¢; 1). Then, by Claim 4, we know that
Ty mod (¢1,1) = gmod (¢1,1) = P34(ty, -+, €y) +€- 5",

where rank({y,--- ,£;) = n — 1. Let us compare the coefficient of €’ in both side. By Observation 1, the
coefficient of € in the LHS is a product of non-homogeneous linear polynomials. However, the coefficient of €”
in the RHS is P3 4(f1,- - -, £y,), which is a homogeneous polynomial, a contradiction!

mi

Lower bound for Case III: Before going into the technical details, let us quickly convince the readers why
this is the hardest case to prove. In this case, the idea of looking modulo an ideal becomes unreliable due to
inhomogeneous ideals. The primary counter example being: Let k = 2, and ¢; ; appears in T} such that /17 =1
and /, 1 appears in T, where /1 = 1+€- ?, for some nonzero linear form 7 € F[x]. Note that liqle=o = 1for
i € [2]; therefore, the idea that we used above for case I-Il becomes nonsensical! Strikingly, this is exactly the
format of expressing an arbitrary f as the eV-coefficient of T; + T, [Kum?20, Section 3.1], where T; is simply an
e-power. This implies that the third case (we call it all-non-homogeneous) should somehow capture the core and
complicated part of the proof.

From now on, we focus on the third case. Before going into the proof, let us revisit the basic notation:
g=T +Ty =Py+e-S, 4)

where the polynomials Ty, T, € Fle*!][x], and each of them is a product of linear polynomials ITE and they
have size at most s over Fle*!],and S € F[e][x]. By assumption, T; = € % - {; 1 - - - {; i, where a; € Z>(, and each

b€ F[e][x] are linear polynomials (in x) such that £; j|e=0 is a nonzero non-homogeneous linear polynomial.

Note: We say that each T; satisfies the “all-non-homogeneous" property, if each ¢; j|c—o is a nonzero non-

homogeneous linear polynomial. In this case, we will say that Ps ; is computed by an all-non-homogeneous

YRITIX circuit. In general, we will use this terminology many times.

Here are the main two claims that leads to the lower bound for case III.

Claim 8. If P 4 is computed by an all-non-homogeneous YITIX circuit of size s, then P ; can also be computed by a
Y AX circuit of size poly(s).

Claim 9. If a Y AX circuit computes the polynomial Ps 4, then the size must be at least 20(d),

It is clear that Claim 8 and Claim 9 together imply that s > 2@, which will finish the proof for k = 2.
The proof of Claim 9 is not hard. So, first, we give the proof below, before going into the proof of Claim 8.
Manuscript submitted to ACM
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Proor oF CLamm 9. Let C is a ZAX circuit of size s', that computes the polynomial P; ;. Then, by analyzing
the partial derivative space of C, one can show that the dimension of its partial derivative space is bounded by
poly(s’), see [CKW11, Lemma 10.2]. On the other hand, the partial derivative space of the polynomial P3 ; can
easily be shown to be 29 This shows that s > 22(4) as desired. O

We now go into the most technical part of the proof for k = 2.

Proor oF CLam 8. Recall Equation 3:
g =T +Th = P,;+¢€-S. (5)

Here, each T; satisfies the all-non-homogeneous property. Now, apply a simple variable-scaling map & : x; —
z - x;. This makes z the “degree counter" as it helps track the degree of the polynomial; but more importantly, it
allows us univariate derivation.

Note that ®(P3 4) =z - Py 4,and ®(T;) = e % - ®({;1) - - - P(L; 5). Now, fori € [2],let T; := ®(£i1) - - - P(¥; ).

Dividing both sides by T, we get

~,  differentiate with respect to z
—

@(P:;,d +e€- S)/Tz = e ™4 CD(Tl)/TZ 0 (@(P:;,d +e€- S)/Tz) =0, (@(Tl)/Tz) ,

(6)
where 0, (-) := d(-)/dz. This has reduced the number of summands on the right hand side to 1, although
the surviving summand has become more complicated now. Further, (seemingly) we have no control on the
structure on the coefficient of €0-term.

Here are two lemmas that gist up the main technical takeaways.

Lemma 10 (Main Lemma 1). 9, (®(P34+e€-S)/T2) € F[le, z]][x], and further
coefo,010; (P(P3g+€-S)/Th) = '~ Pyy(x),

for some nonzero constant ¢’ € IF.

Lemma 11 (Main Lemma 2). 9, (®(Ty)/T>) € F[[e, z]][x], and further coef 0,419, (P(Ty)/T2) can be computed
by a ZAE circuit of size O(snd).

Looking at Equation 6 and combining Lemma 10-11 gives us Claim 8. So, we focus on proving these two

lemmas now.

Proor or Lemma 10. Since we are in the third case (all-non-homogeneous), we know that ¢;; = ¢; ; + Zi,]-,
where each Zi/]- € TF[e][x] is ahomogeneous linear polynomial, further ¢; ;|c—o # 0. Trivially, ®(¢; ;) = ¢;j +z- Zi,]-.
Hence, 1/®(¢;;) € F[[e,z]][x], and therefore, 1/T, € F[[¢,z]][x]. In fact, 1/T, = ¢ + € - R(x,¢,z), where
0+#c e, and R € F[[¢, z]][x]. Since, P(P3 4 + € - S) € Fe, z][x], clearly 9, (®(P34+€-5)/T>) € F[[e, z]] [x].
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Now,
coefeoi1 (92 (P(P3q+€-5)/Tn)) = coefua (0z (P(Psq)/To) +€-0; (P(S)/T2))
(9= (@(P34)/T2))

d . P.
= Coefeoqu (82 <f+ c 3';) )

(£2) o)

= coefeo,i-1

= coef 0,41

= P3,d/C .

This proves the claim.
The above calculation also shows that the minimum power of z in the e-free term that appears in the

expression (9, (®(P34+€-S)/Ty)) is exactly d — 1. We will use this fact crucially in the next proof. u]

ProoF oF LEmma 11. In Lemma 10, we have already shown that (9; (®(P;;+€-S)/T)) € F[[e, z]][x], and
therefore, from Equation 6, we can conclude that 9, (®(Ty)/T») F[[e, z]] [x]. To understand the expression
better, we use logarithmic derivative (aka dlog), which has a bunch of helpful properties; see section 3. Recall the
notations: ®(T;) = e~ % - T;, where T; := ®({;1) - - - ({; 5), where D) =cij+z- Zl-,j, for some linear form
l;; € Fle][x]. Then, the expression d; (®(T;)/T2) can be re-written as

0 (O(T1)/Ty) = e 3:(Ty/Ty) 7
=e " (Ty/T,)-dlog (T1/T2) (®)
= ¢ (Tu/Ty) - (diog(Ty) — diog(Ty)) - )

Since each Cijj le—o # 0, a nonzero constant, observe that vale (T, /T>) = 0, and further it is easy to see that
T/ T, € F[[e, z]][x]. Moreover, from the proof of Lemma 10, we know that vale (9-(®(P3 4 +€-S)/T2)) = 0.
Therefore, from Equation 6, one can conclude that vale (e~ - (dlog(T) — dlog(T>)) = 0.

Since the dlog operator distributes the product terms (see Section 3), by the discussion in Section 3 and
Section 2, we get that

. ;s .
dlog(Ty) = T3y dlog(®(£;j) = Zi; | ——2=— | = Zj=oPj(x€)-7 . (10)
Cij +z- Ei,j
In the above expression, each P;; is an ZAL expression of size O(snj), over [F[[e]]. Therefore, looking at Equa-

tion 7, and we get that
coefyo,i1 (92 (P(Th)/Tr)) = coefa (Coefeo ((T1 /Tr) - <Z]-20szj))> (11)
= coef i1 (coefo (T1/T2)) - (coefeo (ijijZj>> . (12)

In the above, Q; := ™™ - (P ; — P»;), and each Q; has a AL expression of size O(snj), over F[[e]].
Let Zi/j|€:0 =: Zi,j,o € Flx],and F 5 ¢; o := c;j(e = 0). Then, observe that

(&) B H;:l <C1/]',0 +z- f11j10>
H;:l (Czrj/() +z- 22/]'/0)
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In the proof of Lemma 10, we have shown that the minimum z power in the term eVin 9, (@(Tl) / Tz) isd—1.
Since, val; (coefo(T;/T2)) = 0, looking at Equation 11, it must happen that vale(Qj) > 1, forall0 < j <d—2.
Therefore, there exists some constant ¢’ such that

I_jc10

coefo a1 (92 (P(Th)/T2)) = (1—[]51C20
=12

Since we already argued that Q; 1 has a ZAX expression of size O(snd) over F|[[¢]], we conclude that
coefeo i1 (92 (©(Ty)/T2)) can be computed by a ZAX circuit of size O(snd).
This finishes the proof of Lemma 11. u]

)'Coefeo (Qu-1) = ¢”-coefeo(Qy-1) -

We have already argued that proving Lemma 10-11 proves Claim 8, which is the most technical part of k = 2
proof. And, as we already mentioned before, Claim 8 and Claim 9 finish the proof of the lower bound for case

III. Since we have covered case I-III, we have formally proved that P; ; requires exponential-size 2z o

4.3 k = 3 case: The bloated induction idea

For the k = 3 case, one can similarly show that the hardest case is the setting of all-non-homogeneous like in the

last section, e.g. Equation 4. So, let us focus on that particular setting and set the following notation:
g0 =folx) +e- S50 = TLiTpp. (13)

Here, n := 4d, and fy := Py. Each T} is computable by a ITE-circuit of size at most s over F[e*!] with the
property: after dividing by the e-power of e-valuation, it is a nonzero constant mod(x, ..., x,). Further, let
do:=d+1.

This example leads us to the ‘main reduction” lemma that reduces the fanin to 1, yielding a ratio of two
depth-3 diagonal circuits of small size. The proof of the lemma is an algebraic manipulation that applies the
‘linearizing’ dlog operator, much like the induction step invented in Claim 8. Note: Now we get a slightly more

complicated model that is the ratio of two border-depth-3-diagonal circuits.

Lemma 12 (Main Lemma 18’s k = 3 case). If f can be approximated by a structured LI TTZ-circuit of size s (i.e. as
written in Equation 13), over IF(€), then there exist two polynomials Fy, F, € F[x] such that each F; can be computed by
a LAX circuit of size poly(s), and f = Fy/F,.

In the above, when we say structured, we mean the all-non-homogeneous setting, as mentioned before.

Proor. We will prove it by reducing the top-fanin to 1 in two steps (j =0 — 1 — 2).

From the previous subsection, recall the variable-scaling map ® : x; — z - x;. To save space, assume that in
Equation 13, ® has been applied. Thus, our initial model becomes: £;c3) Tjo =: go, over Ro(x, €), such that it
approximates fy correctly, where fy € Ro(x), where R := F[z]/ (z%), for any dy > deg(f).

For the purpose of induction, we now define a more general, or bloated, class as,

Gen(3,s) := =P (IIZ/TIZ) (EAZ/EAL) .

This model computes functions of the form Z?:l(lli/ Vi) - (P;/Q;), where U;, V; € II%, invertible in the
underlying ring, and P;, Q; € AL, and the circuit (with division allowed) has size s; see Definition 2. Informally
speaking, when we “divide and derive” twice, we will land in this model (unlike for k = 2, where single
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“division and derivative” was enough). From gy we will derive g1, followed by g, using algebraic manipulations
as described next (j =0 — 1 — 2).

So, we think of gy = X 3] T as the Gen(3, s)-type expression Z?Zl (Uin/Vip) - (Pio/Qip)-

Letv; = valz(T,-,]-) >0, fori € [3 — j]. Moreover, U
in IF(€) due to the hypothesis of all-non-homogeneous.

z=0 € F(e)\{0} (similarly for V; ;), i.e. they are units

Divide and Derive. Let T3_;; =: €™l - T3_; ;, where Ts_; ; =: (t3_;; + € - f3_; ;) is not divisible by €. Divide
gj = f] +e€- S]-, by T3,j,j, to get:
filTsjj + €5/ Tsjj = € + Liep i Tij/ Ts
= 02 (fi/Tsojj) + €02 (S)/Ts ;) = iepr-P: (Tig/ Ta)
= e (Tij/Ts ) - dlog (Tij/ T3 ) (14)
=841
The base ring. Let R := F(z) ¢ F((z)) =: R. It helps to keep a standard fact in mind while going through our

calculations: each rational function has a Laurent series®. Also, the above equation motivates, for i € [2 — j], the

definition of a new model that is needed to move to the next level of induction,

Ti,j+1 = (Ti,j/TC’)fj,j) . dlog (Ti,]'/Tg,,]',]') ’ and f]'+1 = az(f]'/tg,,]',]’) .

Claim 13 (Induction hypotheses over the new base ring). For each 0 < j < 1, the circuit gj 1 approximates
fj+1 correctly, ie. ime 0 gj11 = fjy1, where gj, 1 (respec. fiy1) is well-defined in the ring R(x,€) C R(x,¢€)
(respec. R(x)).

Proor. The key observation is: f; and T; ;’s are elements in [F(x, z, €) which also belong to F(x, €)((z)), and
fjise-free, Vi € [2—j].

Equation 14 holds over R (x; €); this is because of the division by z-valuation of v3_; ; and then differentiation.
It is easy to see that the least e-power in the sum f; + € - S; is contributed by f; and not by € - ;. Further, since
lime 0 Ta_ j,j = ta—jj, we must have that f;/t3_;; € R(x) and thus the ‘limit’ f; 1 exists over the base ring R.

In other words, lim, 0 92(g;/T5—; ;) = lime_;0 gj+1 = fj+1 € R(x). This finishes Claim 13. o

The primary structural claim is as follows.
Claim 14. For 0 <j <2, g; € Gen(3 — j,s;), where s; = poly(sd).

Proor. One can prove this inductively on j. It is trivially true for j = 0, with sy = s. Assume this holds for
gj, and we will show this for j + 1.

Note that dlog(XAX) € ZAZ/ZAL, where each ZAX circuits are of poly-size (an easy proof is in Lemma 28).

Since dlog distributes the product additively, so it suffices to work with dlog(IIX); and we showed that
dlog(ITIX) € AL, is of poly-size if truncated (see section 3, and explicitly in Equation 10); we will also reprove

it in the size analysis (see subsection 6.3). Let us assume that at j-th step, we will truncate till 4 i = 1, i.e. consider

8Since the target f is a polynomial, our proof requires only a finite truncation of this Laurent series; this then is in the ring F(x) [z*!].
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1041 the equation trun z%, where d; is polynomially bounded. One can simplify to get the following:
1042

1043 Tij/Taojy (trunz¥) = e @i ((ui,j Vajj)/ (Vij- U3—j,j)) (P Q3j)/ (Qij- Pa_jj) (trunz¥),
1044
1045
1046 (ZAL/EAX)-circuits, which will further multiply with P’s and Q’s, and we multiply e =% there; for details

and its dlog. Let U; 1 := U; ;- V3_jj; similarly V; ;11 := V; ; - U3_; ;. Essentially, dlog computation will produce

1047 see Claim 21. This is done to ensure the invariant: U; j1]:=0, Vj+1]z=0 € F(€) \ {0}, so, U’s and V’s remain

1048 i s . .
units in the z-power-series ring.
1049

L0%0 Therefore, T ;1 ( trun z4/) = (Ti,]- /TS_M) -dlog (Ti,]- /Tg_j,j) (trun z%) is of the form (ITZ/TIZ) - (SAZ/ZAL),
1051 with polynomial blow up in the size. Therefore, g; 1 € Gen(m —j—1,s;,1), wheres; = poly(sd) as desired. O
1052

1053 As we mentioned before, at each step, we will do truncation trun 2% i.e. each Ti,j is computed as an element
1054 in F(x,z,€). This viewpoint is important because it allows us to extract the coefficient of a power of z, (or €?),
1055
1056
1057

if required. Also, v; ; can become negative, but they still remain polynomially bounded, since we have the

following relation v; 1 := v; ; — v;3_j, adn they are all polynomially bounded.

1058 Extracting the right z-power to get f. As we move from j = 0 — 1 — 2 (with the given f free of z,¢),
1059

1060
1061
102 bounded in the magnitude).

1063 Since Tm,]-,j € (TIZ/I1X) - (EAZ/ZAL), the term t,,_; ;, which is the e-free part of is of T
1064
1065
1066
1067 Let val;(t3_j;) = d;-. Therefore, coef y (t3-jj) = lime ;0 LAX/EAL, where these ZAL circuits are z-free.

z

we show that f; evolves rather predictably and keeps computing a ‘multiple” of f, namely: coef »; (f)) =
lime 0 f - (ZAXZ/ZAL), for appropriate degree bounds b; (which may be positive or negative’, but polynomially

j,j» must be of
the form lim._,o(XAZ/XAX). Here, we used that lim¢_,o(IT%/I1X) is a nonzero constant in FF, since [T,

part in the equation is a unit, in F(e) \ {0}.

1068 Here, we use the fact that XAX is closed under interpolation and substitution. We will prove that everything
1069

1070
1071
w2 valz(t3_j;) = bj — d;.. Hence,

remains polynomially bounded in the size-analysis section (subsection 6.3).
Also, by definition, val;(fj1) = bjy1, implying valz(f;/t3_;;) = bjy1 + 1. Therefore, bj 1 +1 = val;(f;) —

1073
74 coefzhf,d//_ (fj/ts-j;) = coef », (fj)/coefzd; (t3—jj) = lg}%f ‘EAL/EAL .
1075

1076
077  Minimum-z power, and also XAZX is closed under multiplication (with polynomial blowup in size; see Lemma 25).

1078 Since the RHS is z-free, and b vl = bj — d} — 1, it directly follows that
1079

It is very important to note that the above goes through since we are only looking at the coefficient of the

1080 coef ., (fi+1) = coef ., (az (f]-/tg,]-,j)) = lim f - (ZAZ/ZAT) .

1081

1082 Since fj,1 = lime_0 gj+1, we get:

1083 . .

1084 Coefzbl+l (llir(l)gj#l) = Coele’jﬂ (fi+1) = ggr(‘)f (ZAZ/ZNY) (15)

1085
1086 _
10s7  Wrapping up. We have, as just shown above, coef s, (lime_,0 g2) = -f - (XAX/ZAX). On the other hand, doing

This completes the inductive proof of the connection between g, and f.

1088 ‘divide and derive’ twice (see Equation 14) has given us g» € Gen(1,s;) where s; = poly(sd) (see Claim 14):
O Nime 0 g2 = lime_o(TIZ/TIZ) - (EAZ/EAL) with the (IIZ)-part being all-non-homogeneous. Again, since

1090

1091 9 5 z+e _ 1
E.g. lim¢ o T z

1092 Manuscript submitted to ACM
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we are interested in the minimum z-power, and I1¥|,_( are nonzero elements of IF(¢), the contribution comes

only from the ZAX terms. In particular, we deduce:

lim g = iig(l)(Z/\Z/Z/\Z) = coef, (lig})gz) = coef 4, (EAL/ZAZ) = ZAL/ZAL

€—0
Again, we use the fact that ©AX is closed under interpolation (with polynomial blow up in size). Comparing
this with Equation 15, one can easily conclude that f = LAX/XAX. The size of this representation can be,
quite straightforwardly, checked to be poly(s). mi

Finally, we prove a simple analog of Claim 9 (for ratio of two LAX circuits) to finish the exponential

lower-bound proof for Py 4 (see Lemma 23).

4.4 Brief pathway to general k

The proof for the general k is similar to k = 3, and it invokes the general bloated class over any ring R:
Gen(k,s) := =K (IT/118) (TAZ/EAE) .

This model computes functions of the form Zi.‘zl(ll,-/ V) - (P;/Q;), where U;, V; € TI%, invertible in the
underlying ring, and P;, Q; € ZAY, and the circuit (with division allowed) has size s (over R); see Definition 2.
Informally speaking, when we divide an derive for more than one time, we will land up in these kind of models,
and for k = 2, only one division and derivative was enough. Also, we will work with R as the base ring.

For general k > 3, the proof consists of four claims.

(1) if Peyq4 was computed by a IMIIZ-circuit of size s, then there are linear forms /1, ..., {,, with
n := (k + 1)d, such that rank(¢y,...,¢y) > n —k, and Priq4(¢y,...,£s) can be computed by an
“all-non-homogeneous’ Z"/TTX-circuit of size O(sn), for some m < k. Formally,

Pk+1,d(€1,"',En)+€‘S:T1+"‘+Tm, (16)

where S € Fle][x], and each T; satisfies the all-non-homogeneous property, i.e. if T; :==€~% - ;1 -+ - 4; 5,
where /; ; € Fle][x], such that /; j[c—o is a nonzero non-homogeneous linear polynomial.
This step is collecting homogeneous linear forms from each product (if exists) and taking modulo all
those linear forms, as already done for the k = 2 case in the previous section. For a formal proof, see
Lemma 15. After this point onward, the proof is essentially the one described in subsection 4.3.

(2) We start with applying x; — zx;, and then do division and derivative multiple times. Initially we start
with Gen(m, s), as seen above in Equation 16, with the X AX circuits being just 1. After i-many divisions
and derivatives, we will still try to argue that the model becomes Gen(m — i,s;), where s; = seXP(i>,

and more interestingly, the main claim would be:
gi+e€-S; € Gen(m —1i,s;),

where coefio,1(8i) = Pey1,4(1,...,4n) - (Wi1/W;2), for some b (and in fact that b would be the
minimum z-power occurring in the RHS), and W; ; has Y. AX-size circuits of size at most s;.
In particular, this means that when i = m — 1, is the coefficient of the minimum z-power in the limit
of a small Gen(1,sP(")) circuit, see induction hypothesis 4 in Part II discussion of Section 6.1 and
Section 6.2.
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(3) the coefficient of the minimum z-power in coef.o (Gen(1,sP("))) is a ratio of two s*P(")_size TAT

circuits (Lemma 18). By combining this claim with the previous claim (for i = m — 1), and using the

fact that product of two LA circuits is again a small ZAX circuit (with polynomial blowup in size), it
means that Pyq 4(¢1, - -, £;) must be a ratio of two YAX circuits, each of size sP (™).

Both Points (2) and (3) require the modified DiDIL framework introduced in [DDS21]. However,
structurally, we prove something stronger here, by carefully analyzing the coefficient of the minimum
z-power in the €%-term.

(4) IfPiq4(4y,- - ,£4) canbe written as a ratio of two XAX circuits, i.e. Peyy4(0q,- - -, £q) = Fi/F, where

each F; can be computed by TAZ circuit of size at most s*P("), then the size of the circuits must be

29 (Lemma 23). This would prove that s must be exponential (since m < k is a constant). Here, we

use the cone-based argument (for definition, see section 2). Note that for k = 2, it was not a ratio, but

simply a XAX circuit; however, a similar lower bound technique can be lifted for a ratio as well. This
would finish the proof.

4.5 (im)Possibility of a ‘simpler’ proof, and comparison with Dutta, Dwivedi and Saxena [DDS21]

The crux of this lower bound approach is to — (1) ‘convert’ the general problem into all-non- homogeneous
setting (to reap the advantages of IT%|,_o_ being a nonzero constant), (2) use the non-homogeneity to express
the input polynomial as a ratio of two border depth-3 diagonal circuits, and finally (3) use partial derivative
techniques to show that such a robust polynomial like Py 4 cannot be written as a ratio of two polynomial-size
S AX circuits.

So, one would wonder whether we can just shift the x-variables randomly at first, achieving the desired
non-homogeneity, and proceed without doing the case-analysis! However, if we work with Py 4(x + a), for
some a € [F", and variable-scale to get Py 1 4(zx + a), this becomes hard to handle even after one division and
derivation (Section 6.2). Since 0, (P41 4(zx + a)) ‘spreads’ the coefficients of Py 1 4 across different z-powers;
we cannot anymore use the second step of the argument described in the previous section. Basically, the power
of z comes from the polynomial multiplication convolution, and this makes it hard to do any further analysis.

For slightly more detailed understanding of the complications, see below.

Shift complicates for k = 2. Suppose that for k = 2, there exists a size-s depth-3 fanin-2 circuit approximating
P 4. After shifting and scaling, dividing, deriving, using dlog and finally taking the limit, we will get the
following:

9 (P34(zx +a)/TIZ) = TAZ- (IIZ) mod z7,
where LAY and I1X circuits are of size poly(s). From this expression, showing an exponential lower bound on
s is not clear at all. In our proof sketch in the previous two sections, we claimed that the minimum z-degree
carries the full ‘hardness information” of P; ; (see proof sketch of Claim 8, and more details in Section 6.2,

induction-hypothesis-(IV)). Unfortunately, the shift by a kills this property.

Difference and similarities with [DDS21] when k > 3. The homogeneity of the polynomials is crucial for our
proof to work, it requires us to reduce the border circuit to all-non-homogeneous setting (namely, the "hard
case 3’ above). We do this carefully without any variable-shift (Lemma 15), so that the homogeneity of f is
maintained and yet ‘all’ the linear functions are invertible! For a ‘coarser’ upper bound of ABP, [DDS21] did
not require these innovations.
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We also remark that without the shift, it is not clear whether we can ‘lift" and de-border f. The lifting
in [DDS21] required interpolation, which is why they moved to the model ABP/ABP, instead of our weaker
model ZAZ/ZAL.

After reducing to the all-non-homogeneous case, we do use the DiDIL technique to analyze Z/TT%, intro-

duced in [DDS21]. DiDIL is an acronym for the steps: Divide, Derive, Induct, with Limit. In this paper, DiDIL
process is applied in a new, somewhat simplified, setting; namely, to the all-non-homogeneous case spelled
in Lemma 15. Since, we do not use any shifting unlike in [DDS21], this really gives us the advantage to closely
study the target polynomial P, 4, and yields certain ‘bloated” structures, which need an intricate analysis;
for details see Section 6.1-6.2. In other words, our method of first reducing to all-non-homogeneous and then
using the DiDIL analysis and finally looking at the minimum z-degree is tailor-made to work for the lower

bound, and not the upper bound.

5 HARDNESS LIES IN ALL-NON-HOMOGENEITY
We want to prove lower bounds on border depth-3 circuits ZKITT?%. By definition, f(x) +¢€- S(x,€) = X;c w Tir
such that each T; = Hje[d] i,

exponential lower bound is easy-to-show (see Corollary 16).

where (;; € F [e*1][x], are linear polynomials. In the homogeneous setting, an

Since Kumar’s expression [Kum20] also involves the polynomials T; with each linear factor being strictly
non-homogeneous, the all-non-homogeneous case should be the hardest. We also briefly mentioned this being
the hardest to analyze, in Section 4. Here is the formal reduction lemma, which shows that proving a lower
bound for ZIKTTE, reduces to proving for the ‘all-non-homogeneous’ case, i.e. every linear factor in T; has
the minimum e-degree term to be a non-homogeneous linear polynomial (or a constant). The following lemma

holds for any general n-variate homogeneous polynomial f(x).

Lemma 15 (Reduction to all-non-homogeneous setting). If an n-variate polynomial f(x) is computed by a ZKTTZ-

circuit of size s, then there exists 0 < m < k, and homogeneous linear forms {1, . .., ¢, such that

1 (large rank). Rank({y,...,0y) =n —t, forsome 0 < t <k —m,
2 (all-non-homogeneous). There exists H(x, €) € F|x, €] such that

flly,....0y) +e-H(x,e) = T1+...4+ Ty,

where each T; € F[e*!][x] is a product of linear polynomials, and ¥i € [m],
T; .
(m) 'x:e:o € F— {0} and¥;sizep()(T;) < O(s-n).

This makes sure that after the reduction, each T; is of the form e ™% - ;1 - - - £; s, where ¢; ; € F[¢][] are linear

polynomials such that ¢; ; |e—o is a non-homogeneous nonzero linear polynomial.

Proor oF LEmma 15. The proof almost immediately follows from Claim 4. Suppose, f +€-S(x,€) = T; +
...+ Ty, where T; € F[e*!][x], product of linear polynomials. Now if already each T; is such that after taking
out the maximum e-power, e-free term mod (xy, ..., x,) € IF — {0}, then we are already in the required setup
and we do not need to reduce further. Otherwise, at least one T; must have a linear factor whose e-free term is
a homogeneous linear form. Collect such linear polynomials Ly, - - - , Lt, each from one T;, if exists. Consider
the given equation mod Z, where Z := (Ly, -+, L;).
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Without loss of generality, assume that T,- = O0mod Z, fori € [m+1,k|, and first m-many Ti survive.
Please note that while doing modulo Z, more than » many T] could vanish. Let T; := T; mod Z. Note that
by Observation 1 and the remark followed by it, each T; must be of the form T; = T; mod Z = e~% - liv- i,
where ¢;, € F[[e]][x], and further ¢; ,

¢=0 is a nonzero non-homogeneous linear polynomial. As mentioned
earlier, for the border complexity purposes, it suffices to work with finite precisions, i.e. over IF[e*!]. Therefore,
using Claim 4, one can easily conclude that there are linear forms ¢4, - - - , ¢, with rank(¢y,--- ,¢,) = n —t, for
some t < k — m, such that over IF[e*!], the following equation holds:

flly,...,8n) +€-H(x,e) = Ty +...+ T,

This finishes the proof.

As a warmup application, we prove a ‘folklore” impossibility result in homogeneous models.

Corollary 16 (Impossibility result). For 1 < k < d, the polynomial Py, 4 is uncomputable by homogeneous
MTIZ circuits.

Prook. The proof goes through a contradiction. Suppose there is a homogeneous Z/TIZ circuit computing
Pei1g,ie Peyrg+e-S(xe) =T+ + Ty Suppose T; = € % - £;1 - - {; s, where a; > 0,and ¢;; € Fle][x] are
linear forms (in x). Withoug loss of generality, we can pick one linear form, say /; ; from each product gate, and
consider the given equation modulo theideal Z := ({11, -, EkJ). This would make the RHS vanish, and from
the above reduction (Lemma 15) the e-free term on the LHS would be Pyq 4(¢1,...,¢y), where n := (k+1)d,
and {¢y,...,£,}, are the linear forms with r := rank(¢y,...,¢,) = n — t > n — k. This in particular implies that
Pii1,4(€1, ..., ¢n) must be a zero polynomial, and we show that this cannot happen.

To argue Piy14(01,...,¢n) # 0, note that by the pigeonhole principle, there exists i € {0, - - -, k}, such that
the set of linear forms {£;;1, -, {(;11)4}, must be of full rank. Without loss of generality, rank(¢y, - - -, £;) = d.
Furthermore, from each set of linear forms {{;3,1, - -, {(;41)}, for eachi € [k], one can pick at least one from
each set such that all the picked-up linear forms along with ¢;,- - - , {; are linearly independent. Define an
invertible linear transformation that sends these linear forms to different variables, and further, for notational
ease, suppose: ¢ : £; — x;, for i € [d]. Note that, after applying the transformation, the monomial x7 - - - x4
appears in the new polynomial ¢(Py14(¢1,- - ,£x)) which is produced from the first product. We claim that
this monomial can never get canceled which would imply the desired nonzeroness. To show this, observe that
in each product g1 - - - £(;11)4, for i > 1, at least one linear form has been mapped to a new variable (except
x1,- -+ ,%;), and hence all the monomials produced from each such product must be different from xy - - - x,.
This finishes the proof.

5.1 Reduced problem
In the next section, we will mainly prove the following theorem.
THEOREM 17 (REDUCED LOWER BOUND THEOREM). For constants m < k, let
Pei14(ly,....4n) + € Hxe) =Ty + ...+ T

where —
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(1) each ¢; is a linear form such that rank(¢1,...,£,) > n —k,
(2) (all-non-hom.). Each T; € F[e*1][x] is a product of linear polynomials such that (T;/€%)|y—e—o € F — {0}
(where v; := vale(T;)).

Then, £ size(T;) > 20(d),

Using Lemma 15, one can easily deduce that Theorem 2 is a simple corollary of Theorem 17., Therefore, for
the rest of the paper, all our efforts will be put to prove that Theorem 17 is true.

The proof of the above theorem is in two parts:

(1) Showing that Py 4(¢1,-- - ,¢y) can be expressesed as a ratio of two small border depth-3 diagonal
circuits (Lemma 18),
(2) Pey1,4(£y,- -+, €n) cannot be written as a ratio of two small border depth-3 diagonal circuits via analyz-

ing cone-size of the leading monomials Lemma 23

Remark. Interestingly, exponential lower bounds can be shown for polynomials such as IMM.1 4, dety, perm;,
since one can show that Lemma 15, Corollary 16, as well as the technical proof of Theorem 17 continue to hold

for these polynomials. But we will only focus on Py 4.

6 PROVING THEOREM 17: THE MAIN LOWER BOUND

Assume that Pk+1,d(£1r ..., £y) can be computed by a structured SMITS circuit, as in the statement of Theo-
rem 17, of size s. We aim to prove an exponential lower bound on s. The proof now proceeds in a different
direction: we induct over a more general circuit class. For Py 4, we set n := (k 4 1)d, to be the number of
variables x, and we use this notation throughout. We recall the bloated model, which we defined already in
Section 4.3.

Definition 2 (Bloated model,[DDS21]). We say that a circuit C is in the class Gen(m, s), over the fraction field
R(x), with parameter m and size s, if it computes polynomials f € R(x), of the form f = E;cyT;, where T; =
(U;/V;) - (P;/Qy), with Uy, V;, P;, Q; € Rix] such that
(1) U;,V; € IIE; with U; mod (x1, ..., xu) and V; mod (x1, ..., x,) are invertible in R, and
(2) P, Q; € TAL.
Further, size(C) = Lic |y, size(T;), and size(T;) := size(U;) + size(V;) + size(P;) + size(Q;).

Our model for the induction will be Gen(m, s), the approximative closure of the above bloated model. The
lower bound proof (of Theorem 17) can now be divided into two parts:

(1) Reducing Theorem 17 to proving lower bound on Gen(1,s’), for some parameter s’, in some appropriate
ring; see Lemma 18.

(2) Proving the corresponding lower bound for Gen(1,s’), see Lemma 23.

6.1 Main fanin reduction lemma and formulating the induction hypothesis

In this subsection, we prove the first step, namely, reducing the top fan-in to 1. Now we use the DiDIL-technique
developed in [DDS21]. By hypothesis, each T; mod (x) has a nonzero constant term (after extracting the

appropriate e-power). So, for the existence of 1/T;, DiDIL technique does not require any additional shift: a
Manuscript submitted to ACM
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mere scaling by a new variable z suffices. This scaling is used both for taking derivatives and for keeping track
of the x-degree.

Before we begin, let us first recall the notation and make a slight modification for ease of use. We have
g0 =fo(x)+e-So=2"1Tip . (17)

Here, n:= (k+1)d, and fp := Py 1(¢1,- - -, £y), and we rename H as Sy (see the statement of Theorem 17).
Each T; is computable by a ITZ-circuit of size at most s over F[e*!] and has the following property: after
dividing by the highest power of € dividing T; o, the result is a nonzero constant mod (x1, ..., x,). Further, let
dy:=d+1.

We now state the main reduction lemma, which reduces to fan-in 1 by expressing the polynomial as a ratio
of two depth-3 diagonal circuits of small size. The proof of the lemma appears at the end of this subsection
and assumes the induction (Part IT), which is stated at the end of this page. (It might help the reader to first

see an easier case of this proof, as provided under Lemma 12.)

Lemma 18 (Main Lemma). If f can be approximated by a structured " TTS-circuit of size s (as in the statement of
Theorem 17, or written in Equation 17), over IF(€), then there exist two polynomials Fy, Fy € F[x] such that each F; can
be computed by a XA\X circuit of size 50(7"’), and f = F/F,.

The proof of the lemma is lengthy, inductive, and somewhat technical. We therefore prove a sequence of
smaller claims along the way, which together imply Lemma 18. The induction will be on the more general
bloated model over a ring (and not IF), which is our Part II, the main proof of the above lemma. We will discuss

the detailed proof of Part I in the next subsections (Subsection 6.2-6.3). But before going into the induction,

the first part (Part I) is to apply a scaling map and see a circuit in Z["/TIZ as a circuit in Gen(m,s) as follows.

Part I: Reducing Z["/TIZ to Gen(m, s) via scaling. To ensure the invertibility and facilitate differentiation, we

define a homomorphism (essentially a variable-scaling):
@ : Fle*!][x] — F[e*!][x,z], suchthat x; —z-x;.
Recall Equation 17. After applying ¢, we have
D(g0) = P(fo) +e-P(So) = L P(Tip) -
One can do the following trivial observation.

Observation 2. ®(fy) € Gen(m,s).

To see the above, define U; := ®(T;o) and V; o := P;p := Q; = 1. Note that the ITX circuits (i.e. factors of
U; ) are invertible modz®. Let Rg := F[z]/ <sz >, and think of the z-variables as ‘cost-free’. Clearly, ®(fp) €

Gen(m,s) .

Now we formulate the induction hypothesis as follows. After the hypothesis, we will argue why this induction
suffices to prove Lemma 18.

Part II: Top fan-in reduction. We will do induction on j, where 0 < j < m — 1. Suppose, we are at the j-th step
where j > 0. We call a circuit in W—j,sj), for some parameter s;, admissible if it satisfies the following four
properties:
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(@) Zicjm—j) Tij =: gj, over R(x,€), where R := FF(z) ¢ F((z)). Moreover, g; approximates f; correctly,

ie limeogj = fj
Moreover, each T; ; is an element of R; := F((z))/2%F[[z]], for some dj. Further, let v; ; := valz(T; ),
fori e [m—j.

(II) Here, T;; =: (U;;/V;;) - (P;j/Qij), where U;;, V;; € IIE and P;;,Q;; € EAEL, each in F(e)[x,z].
Therefore, each T; ; can be thought as a function in IF(x, z, €), of size at most s;.
Assume that the syntactic degree of each denominator and numerator of T,-,]» is bounded by D]- ; this
will be required in the size analysis.
Moreover, if val;(f;) = bj, then b; + D; =1 > b1 > b; — D; — 1.

(I) Each U; j|,—o € F(e)\{0} (similarly for V;;), is a unit in IF(€).

(IV) coef »; <lim€ 0 g]-) = fo- (EAZ/XAL), where EAY are z-free. Equivalently, the coefficient of the

minimum z-power in f;, is of the form fo - (2AX/XAX), where both EAX circuits are nonzero.

Remark. One could also work with the more general ring F[e*!](x), i.e. with finite precision (or power)
of € and e~ 1. But for the ease of notation, we do not truncate e-powers and work with the underlying ring of
F(x,¢€).

Here is the main induction lemma.

Lemma 19 (Main Induction Lemma). For0 < j <m — 1, if a circuit C in Gen(m — j, s]-) is admissible, then there

exists another admissible circuit in Gen(m — j —1,sj,1), such that sj,q = szdo(zj).

Lemma 19 implies Lemma 18. Once Lemma 19 is proved, setting j = m — 1 yields Lemma 18. Indeed, we have

the following. Recall, we have shown that the minimum z-power in g,,_1 gives f(¢1,...,{,) - ZAL/ZAX, where

YAX are of size s, = s°7"). Moreover, since gm—1 € Gen(1, sO7")), over F(e), the limit of gm—1 itself is of the

form EAX /XA, because the other factors satisfy ITZ|y—.— € IF*. Therefore, comparing the coefficients of the

minimum z-power both sides, we have eventually shown: fp - YAX/EZAY = EAL/ZAY. = fp = ZAL/ZAL.
o(7™)

Here XAX circuits have size s , because of Lemma 25.

So from now on, the proof will focus only on proving the above by assuming the induction hypotheses.

6.2 Proof of the main induction lemma

In this subsection, we will see how to reduce the fanin by induction to 1 using dlog. The size analysis is deferred
to the next subsection (Subsection 6.3).

Proor. We will prove the reduction by reducing the top-fanin by 1 at each step. The first step is to Divide

and Derive, to get a circuit in Gen(m — j —1,5;,1), from a circuit in Gen(m — j,s;) such that s; 1 = s;do(2j>.

Deriving circuit in Gen(m —j —1,sj,1). Let Ty, ; =: €"i - Tm—j,j/ where Tm,j,j =t (tyjj+ € Ey_j;)isnot
divisible by €. Let C; be the circuit (over F(e)) computing g; =: f; + € - S;. Divide it by T j,j and derive, to
get the circuit C;, 1 computing g; 1 as follows:
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fil Tu-jj + € Si/Tu—jj = €V + Ticpj-1Tij/ Tujj
= 32 (fi/Tujj) + €02 (S)/Tumjj) = Biciuj12= (Tii/ i)
= Ticpujor) (Tij/ Tuyj) - dlog (Tij/Tuyy)  (18)
= 8j+1-
Definability. Let R := F(z) € F((z)) =: R. It helps to keep a standard fact in mind, as explicitly stated
in subsection 4.3 while proving k = 3 case, that each rational function has a Laurent series. Further, R, :=
F((z))/2%*F[[z]], where djy1:=dj —vy_jj—1.Fori € [m— j— 1], Define
Tijp1 = (Ti,j/Tm_]-,j) - dlog (T;,]-/Tm_jlj) ,and fiyg o= 3:(fi/tujj) -
We will use this notation for the rest of the proof.

We will now prove properties (I) to (IV) in the definition of admissibility, and then analyze the size bound

On Sji1.

Claim 20 (Proof of Property I). Circuit C;, 1 that computes g1 approximates fj, 1 correctly, i.e. lime_,0 gj11 = fjt1,
where gj 1 (respec. fi 1) are well-defined in the ring R(x,€) C R(x,€) (respec.R(x)). Moreover, each Tj j41 is well-
defined in the ring R, 1(x,€), and val(f;) + Dj — 1 > val(fj1) > vak(f;) — D; — 1.

Proor. Remember, f] and Tl-,]- are elements in R (x, €). Further f] is e-free. Since we divide by T, jjo it follows
that
Tij+1 € R(x€),Vi € [m—j—1],and fi;1 € R(x),
proving the second part of induction-hypothesis- (II).
Further, valc (T, j,j) = 0. Therefore, using Fact 2, we get
lim gy =t (9 (£/ Ty ) + €32 (Sj/ Ty ) ) = s (5 T ) == (£i/tms) -

Clearly f;/tyj; € R(x), and hence f; exists in the same ring.
By the induction hypothesis, T;; € R;(x,€). Since we divide by T,,_

TA .
valz = b = Ui,j — Z)m,]'/]',
Tn—jj
T, .
valz az = b = Ui,j — Umfj,j —1.
Tnjj

Since the equation initially holds in R;(x,€), it continues to hold after dividing by T,,_;,; and applying o,

i whose z-valuation is v,,_ j,jrwe have

and hence

and therefore Eqn. (18) holds trun z%~%»-ii~!. Equivalently, Eqn. (18) holds in Rj+1(x,€). This is precisely
Induction Hypothesis (I), and it justifies that Eqn. (18) may indeed be truncated up to z%+1 =1 (equivalently
trun z%1).

Let val;(t, ;) = d;. Since val;(fj) = bj, and we assumed the syntactic degree of the numerator and
denominator being bounded by D;, trivially —-D; < dj <Dy, by Fact 1, bj +Dj > valz(f]-/tm_j,j) = b]- — d; >
b; — Dj, which implies b; + D; — 1 > val;(fj41) > bj — D; — 1.

This finishes Claim 20. O
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Proving property III. Note that dlog(XAX) € ZAL/XAL, where each ZAX circuits are of poly-size (Lemma 28).
Since dlog distributes over products additively, it suffices to work with dlog(ITX). We have already seen that
dlog(I1X) € XAX and that, after truncation, it has polynomial size (see section 3); we will also reprove this in

the size analysis (see Subsection 6.3). We simplify
T,

ij —a,
= e .

Ty UijVim—jj  FijQm—jj

iy VijUn—jj QijPm—jj’
and apply dlog to this expression. Let U; j,1 := U;; - V;;_j; and Vj j1q := V;; - Uy j ;. The dlog computation
produces (EAZ/EAY)-circuits, which are then multiplied with the P’s and Q’s, while the factor e ~%-iJ is
carried along; see Claim 21 for details. In particular, U; ;1|.=0, V; j4+1|.=0 € F(€) \ {0}.

By induction, the syntactic degree of each numerator and denominator of T;; is bounded by D;. Hence
valz(t;,—j;) < Dj, and the same bound propagates to the numerators and denominators at stage j + 1. This
establishes the second part of induction-hypothesis (III).

Proving Property-(IV). We want to show that f; evolves in a predictable way and always computes a ‘multiple’
of f, namely
coef 1, (fj) = fo- (EAZ/EAXY) 10
To see this, we first give names to the corresponding X AX-circuits for future reference.
In particular, by induction, assume that

coefzp]. (f]) = fo . (E]‘,l/E]'Q) ’
where E; 1, Ej» € 2AX and each is z-free. Since Tm,j,j € (TIZ/I1Z) - (ZAZ/XAY), its e-free part t,,_; ; must

be of the form
tm—j,j = l%(ZAZ/ZAZ) .

Here we crucially use Property (III): lim,_,o(ITX/IIX) is a nonzero constant in IF, since the ITX|,_( part of the
expression is a unitin F(e) \ {0}.
Recall that val; (t,_j,) = d;-. We denote

coefzd//_(tm,jrj) = Eij3/Ej4,

where E; 3, E; 4 are computed by X AX-circuits and are z-free. Here we use that ©A\X is closed under interpolation
and substitution. We will prove in the size-analysis section (subsection 6.3) that all such circuits remain
polynomially bounded in size.
By definition, valz(fj 1) = bjy1, which implies val;(f;/t,,—;;) = bj11 + 1. Hence
bj+1 + 1= valz(f]-) - Valz(tm_]'/]') = b] — d; .

Therefore, by the j-th induction hypothesis,

coefz,,/_,d; (fi/tm-j;) = coef, (f]')/COGde;(fm_jlj) = fo- (E]-,l/EM) . (Ej/4/Ej,3> .

Note that f; € R(x), hence b; can be negative.
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It is important to note that this works because we only look at the coefficient of the minimum z-power. Since
the right-hand side is z-free and bj 1 = b; — d; — 1, it follows that

coef v, (fir1) = coef v, <8Z (f]-/tm,]»,j)) = fo- (Ej,l/Ej,z) . <E]»,4/E]-,3> .
Since (XAXL/XAY) is closed under multiplication (Lemma 25), the right-hand side is of the form fj -
(EAX/EAL). Using fi1 = lime—0 gj4+1, We obtain

coef 1., (ii_}nbgj+1) = coef .\, (fi+1) = fo- (EAZ/EAY).

This completes the inductive proof of the connection between g; and f, establishing Property (IV).

6.3 The effect of fan-in reduction on the circuit size

Finally, we show the bound on s;,; in terms of s; that is stated in the main induction lemma. The analysis
depends on dlog which is the crux of our reduction and the blowup in the size in each reduction. This is also
the part where we prove Property II. We can assume that at the j-th step, size(T; ;) < s; and by assumption
59 < s.

Claim 21 (Size blowup from DiDIL, Main Claim). Ty ,,_1 € (IIZ/IIX) (EAL/ZAX) over R,,_1(x,€) of size

O<7m)

s . It is computed as an element in (¢, x, z), with syntactic degree (in x,z) qoe"),

Towards the above claim, we prove the following claim (stated below). The main idea of using dlog and
expand it as a power-series is the same, which eventually shows that dlog(IIZ) € XAX with a controlled

blowup.

Claim 22 (Size analysis of dlog(Ti,j/Tm,]-,]-), Subclaim). dlog(T,-,]»/Tm,]-,]-) can be written as a ratio of two LAL
circuits, each of size O(sf D}6d).

Proor or CLamv 22. We have already discussed the basic idea of dlog on a linear polynomial (under the
scaling map @ in section 3). To elaborate (which helps us for the size analysis), ¢ of the form ¢ = A —zB,
where A € F(e)\{0} and B € FF(¢)[x]. Let us first see what happens when going from j = 0 to 1. Using the

power series expansion, we have the following, over R1(x, €):

. . ]
dott) =0y~ a5 () )
Note, (B/A) and (—z - B/ A)/ have trivial powering circuits (AZ over R ), each of size O(dn). By Lemma 25,
we get the final ZAX circuit for dlog(ITZ) of size O(d? - s). We use the fact that d; < dy = d + 1. Here the
syntactic degree blowsup to O(d). This settles j = 0 case.

For j > 0, the above equation holds over R;(x). However, the degree could be D; (possibly > d;) of the
corresponding ¢ (nonlinear), and after exponentiation further increase to d; - D;. This is exactly why we need
to keep track of Dj, the syntactic degree as mentioned in induction-hypotheses-(1I). Also, each v; ; is bounded
by D]-, and therefore dj+1 < d]- + D]- — 1. We will crucially use this.

Since, ZAY is closed under differentiation (Lemma 28), effect of dlog on ©AX is straightforward. Using
Lemma 28, we obtain a LAY /XX circuit, computing dlog(P; ;) (similarly dlog(Q;;)) of size O(D]Z -s). Also,
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by the distributive property of dlog on a product, and the action of dlog on a linear polynomial as discussed

above, dIog(LIi,j Vi j,]-) € XX, which could be computed using the above Equation. Thus,
dlog(T;;/T—;j) € dlog(IIZ/11%) + =Hdlog(ZAZ)
C ZAZ 4 ¥ (ZAZ/EAT) = (ZAZ/ZAY) .

Here, 24 (-) means sum of 4-many expressions of the form (-). The first containment is by linearization. We
can express dlog(ITX/I1IX) as a single ZAX-expression since from the above discussion, dlog(¢) € AL, for a
linear polynomial ¢. Similarly, 4-many dlog(XAX) expressions give 4-many (LAX/EAX) expressions.

The LAY expression, obtained from dlog(I1%/TIX) is of size O(Djzdjsj). Next, there are 4-many ZAX/ZAL
expressions of size O(D]Zsj) as there are 4-many P’s and Q’s. Additionally, the syntactic degree of each denomi-
nator and numerator of ZAX./EAX grows up to O(D;). Finally, we club ZAX/EAX expressions (4 of them) to
express it as a single XAYX./XAY expression using Lemma 28, with size blowup of O(D}zs4). Finally, add the

]
single XAX expression of size O(D]?’s j), and degree O(d;D;), to get O(S]S D}6d ;) size representation. m]

Proor oF CLamv 21. With the dlog expression, we need to multiply with T; ;/ T j,j which is of the form
(ITZ/11X) - (ZAZ/ZAL), where each ZAY is basically product of two ZAX expressions of size s; and syntactic
degree D; and clubbed together, owing a blowup of O(D jsjz). Hence, multiplying this (ITZ/IIX) - (EAZ/ZAX)-
expression with the LAY /XA expression obtained from dlog-computation, gives a size blowup of Sjt1 1=
707 Vd;.

As mentioned before, the main blowup of syntactic degree in the dlog computation could be O(d;D;) and
clearing expressions and multiplying the without-dlog expression increases the syntactic degree only by a
constant multiple. Therefore, D; 1 := O(d;D;) = D; = d°?) Hence, Sjy1 = s]7 02— s; < (sd)O7).
In particular, 5,1 < sO(7") ; here we used that d < s. It is also easy to see that bj > —d°@)  This calculation
quantitatively establishes induction-hypothesis-(2). This finishes Claim 21. u]

6.4 Proving lower bound for ratio of depth-3 diagonal circuits
Now we show that for constant 1 < m < k, s in Lemma 18 must be exponentially large.

Lemma 23 (Lower bound for ratio of depth-3 diagonals). If fo = F/F,, such that

(1) each F; is computed by LAX circuit, of size at most O, and

(2) rank(lq,...,4y) > n—k,

then s > 2Q(d/7°),

Proor. The proof is based on the cone-size measure. Note that, fo =: F;/F, = fo-F, = F;. Let G; be
YAZX circuits over F(e) such that G;|.—¢ = F;. We will work with the partial derivatives spaces (defined below):

Vsli::<a€i|e<oo> ,andVi::<a—Fé|e<oo>
ox ]F(E) ox F

Since, size(G;) < sO7), the partial derivative space of G;, over IF(€), is also bounded by s°(7), i.e. dim(V, ;) <

Denote

s0(7) (see [CKW11, Lemma 10.2]). Consider the partial-derivative matrix M, ;, where we index the rows by
dxe, while columns are indexed by monomials supporting G;;, and each row expresses the operator-values
Manuscript submitted to ACM
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0x G;. We have, g; := dim(V, ;) < sO(7) (because of G;). So, any (g; + 1)-many polynomials %S’g are [F-linearly

dependent. In other words, determinant of any (g; + 1) x (g; + 1) minor of M, ; is 0. Note that lim¢_,o Mg ; = M;,
the corresponding partial-derivative matrix for F;.

Since, det is a continuous function, the zeroness of the determinant of any (g; + 1) x (g; + 1) minor of M ;
translates to the corresponding (g; + 1) x (g; + 1) submatrix of M; as well. In particular,

dim(V;) < g; < 07 (20)

From this, it follows that leading monomial in F; (denoted LM(F;)) has cone-size at most s0(7); see Lemma 30.
Since, cone-size(LM(fp - F)) > cone-size(LM( fy)), it suffices to show that leading monomial of fy has
cone-size 29,

Exploiting ‘large rank’. As argued in Corollary 16, fo = Py11 4(¢1,...,£y) is nonzero, and satisfies the property
that after suitable isomorphism (which does not affect our proof), there is a pure multilinear monomial,
i.e. product of distinct variables, that survives. This implies that with respect to a suitable monomial ordering,
the leading term has cone-size = 2. Implying: size(F;) > cone-size(LM(F;)) = cone-size(LM(fy - F»)) > 2¢
(also, see the remark below). Consequently, 7 > 2Q(d)  This finishes the lower bound proof.

m]

Remark. In the above, we only work with X AX.. Since, XA has low partial derivative space, the cone-size-based

proof goes through (Lemma 30). This is exactly why our proofs naively cannot give interesting lower bounds

for ZMITSA and SHKITIEIT, since the cone-size-based argument no longer works.

6.5 Tying the pieces together: Proof of Theorem 2

Proof of Theorem 2. We have shown and proved all the necessary steps for Theorem 2. To summarize, we start

with Py 1 4 and assume that it can be computed by a ZKTTX-circuit of size s. We now reduce top-fanin in two
totally different ways.

(1) (Setting linear forms zero). If needed, use the reduction Lemma 15 to reduce to the setting of Theorem 17.
If we end up with m = 0, then a proof similar to Corollary 16 shows: Pyi14(f1,...,¢n) # 0 for
rank(¢y,...,£,) > n — k. Thus m = 0 is an impossibility.

(2) (DIDIL process). If m > 1, then it suffices to solve Theorem 17 as mentioned before. Use the reduction
from subsection 6.1 which reduces the top-fanin m to 1 (at the cost of moving to the bloated model).
Finally, use the lower bound for fanin-1 (Lemma 23) to conclude that s > 29) (for constant k). This
finishes Theorem 2. u]

7 CONCLUSION

In this work, we show a strong top-fanin-hierarchy theorem for depth-3 class in the border setting. The methods
used here, open a wide avenue of plausible questions, some of which may not be very hard to answer. We list a
few of them below.

(1) Canwe show exponential lower bound for Z[0(")ITTZ-circuits? The current method gives subexponential
lower bound only as long as k = o(log n).
(2) Can we show exponential lower bound for LK TTZA-circuits (i.e. rather special depth-4)?
Manuscript submitted to ACM
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(3) Can we extend the hierarchy theorem to bounded (top & bottom fanin) depth-4 circuits? i.e., for a fixed
constant 4, is TUTIXITC] ¢ Z2ITIZITE) ¢ RBITIZIIP - - ., where the respective gaps are exponential?
Clearly, 6 = 1 holds, from this work.
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A BASICS OF ALGEBRAIC COMPLEXITY

Definition 3 (Algebraic Branching Program (ABP)). ABP is a computational model which is described using a
layered graph with a source vertex s and a sink vertex t. All edges connect vertices from layer i to i 4 1. Further, edges are
labelled by univariate polynomials. The polynomial computed by the ABP is defined as

f= Zpath yismot wt(7)
where wt(7y) is product of labels over the edges in path 7. Number of layers (A) defines the depth and
the maximum number of vertices in any layer (w) defines the width of an ABP. The size (s) of an ABP is the
sum of the graph-size and the degree of the univariate polynomials that label. If d is the maximum degree of
univariates then s < dw?A; in fact, we will take the latter as the ABP-size bound in our calculations.

Our interest primarily is in the following two ABP-variants: ROABP and ARO.

Definition 4 (Read-once Oblivious Algebraic Branching Program (ROABP)). An ABP is defined as Read-
Once Oblivious Algebraic Branching Program (ROABP) in a variable order (Xy(1), ..., Xg(n)) for some permutation
o : [n] — [n], if edges of i-th layer of ABP are univariate polynomials in x ;).

Definition 5 (Any-order ROABP (ARO)). A polynomial f € F[x] is computable by ARO of size s if for all possible
permutation of variables there exists a ROABP of size at most s in that variable order.

Remark. We can de-border X AX. Since YAY C ARO, using duality trick (Lemma 31) and ARO = ARO, from
Nisan’ characterization (Lemma 32), it follows that XAX. ¢ ARO. Note that, XA is a strict subset of ARO since
IT?_ x; has a small ARO, but it requires exp(1)-size LAX-circuits.

B TECHNICAL LEMMAS

Here is an important lemma to show that positive valuation with respect to y, lets us express a function as a

power-series of .

Lemma 24 (Valuation lemma,[DDS21, Lemma A.17]). Let f € F(x,y) such that val,(f) > 0. Then, f €
F(x)[[y] F(x,y).

In this section we will also discuss various properties of XAX circuits and basic waring-rank. The corre-
sponding bloated model is LAY /EAY, that computes elements of the form f /g, where f, g € XAL. For the
detailed proofs, we refer to [DDS21].

Firstly, it is known that ZAX. is closed under constant-fold multiplication.

Lemma 25 (EAX closed under multiplication, [DDS21, Lemma A.10]). Let f; € Fx], of syntactic degree < d;,
be computed by a LAY circuit of size s;, for i € [k]. Then, fy - - - fi has AX circuit of size O((dp + 1) -+ - (dy + 1) -
S1° - Sk).

Using the additive and multiplicative closure of AL, one can show that 2AX/XAZX is closed under constant-

fold addition.
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Lemma 26 (XAL/ZAL closed under addition, [DDS21, Lemma A.11]). Let f; € F[x|, of syntactic degree
< d;, be computable by YAL/EAL of size s, for i € [k|. Then, Ty fi has a (EAZ/EAX) representation of size
O((TTid;) - Ts;).

Using a simple interpolation, the coefficient of y° can be extracted from f(x,y) € ZAX again as a small AX

representation.

Lemma 27 (XAX coefficient extraction, [DDS21, Lemma A.12]). Let f(x,y) € F[x|[y] be computed by a ZAL
circuit of size s and degree d. Then, coefye (f) € F[x] is a ZAX circuit of size O(sd), over F|x].

Like coefficient extraction, differentiation of XAX circuit is easy too.

Lemma 28 (XAX differentiation, [DDS21, Lemma A.13]). Let f(x,y) € F[x][y] be computed by a LA circuit of
size s and degree d. Then, 0y (f) is a AL circuit of size O(sd?), over F[x][y].

Let C and D be two classes over FF[x]. Consider the bloated-class (C/C) - (D/D), which has elements of the
form (g1/g2) - (h1/hy), where g; € C and h; € D (g2h; # 0). One can also similarly define its border (which
will be an element in F(x)). Here is an important observation.

Lemma 29 ([DDS21, Lemma A.19]). (C/C)-(D/D) C (C/C)- (D/D).

Proor. Suppose (g1/g2) -hi/hy = f+¢€-Q, where Q € F(x,¢) and f € F(x). Let vale(g;) =: a; and
vale(h;) =: b;. Denote, ¢; =: €% - §;, similarly /;. Further, assume §; =: ; + € - 8!; similarly for i1;, we define
h; € F[x]. Note that §; € C, similarly /; € D.

So, LHS = en—%2tbi=b2 . (5, /&, - (hy /). This has a limit lime_,q, s0 aj + by — ay — by > 0. If itis > 1, the
limitin RHSis 0 and so f = 0.If a1 + by —ap — b, =0, then

O

Lemma 30 ([Ghol19, Lemma 2.3.15]). Let FF be a field of characteristic O or greater than d. Let P be a set of n-variate
degree d polynomials over IF such that for all P € P, the dimension of the partial derivative space of P is at most k. Then,
every nonzero P € P has a (< k)-cone-size leading-monomial.

Lemma 31 (Duality trick [Sax08]). The polynomial f = (x1 + ...+ x,)? can be written as

f = Zigyy fa(x1) - fin(xn),

where t = O(nd), and f;; is a univariate polynomial of degree at most d.

We remark that the above proof works for fields of characteristic = 0, or > 4. This lemma eventually shows
that ZAX C ARO.

Next we state that polynomials approximated by ARO can be easily de-bordered. To the best of our knowledge
the following lemma was sketched in [For16]; also implicitly in [GKS16]. For a detailed proof, see [DDS21,
Lemma A.21]

Lemma 32 (De-bordering ARO). Consider a polynomial f € x| which is approximated by ARO of size s over

F(€)[x]. Then, there exists an ARO of size s which exactly computes f(x).
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C LIMITATIONS OF BOUNDED FAN-IN DEPTH-3 CIRCUITS

The following theorem is a folkore (see [Kum20]), which shows that bounded depth-3 circuits are not universal.
We present a proof below, for the completeness.

Tueorem 33. The inner product polynomial
IPn = 2‘?:1 X 'yi ;
cannot be computed by any Z"~VIIE circuit, no matter how large the product fan-in is.

Proor. Assume, for the sake of contradiction, IP;, can be computed by a XITX. circuit of top fan-in n — 1:
_ —1ydi
P, = Z?:l Hj:l 51] . (21)

The proof idea is as follows: we reduce Equation 21 modulo # — 1 many linear polynomials suitably picked from
each summand of the RHS. We get a contradiction, as the RHS becomes zero modulo those linear polynomials,
but the LHS remains nonzero. Formally, we implement the proof below.

Assume, wlog, H;il:lflj contains the variable x; in one of its factors. For some j, wlog we have {;; =
xy —r1(x2, .., X, y). I byj = ayx1 — r1(x2, ..., Xn,y), we can take out a1, and work with (x; —ry/ay). Taking
mod by (x1 — r1/a1) essentially means substituting x; = r1 /a1, in Equation 21.

Now,we go modulo x; — r1 in both sides of Equation 21. This changes the IP, polynomial in the LHS, which
becomes r1y1 + xpy2 + - - - + XpYn. In the RHS, the first summand vanishes! So, we get

ry1+ Xy + -+ XnlYn = Z?z_zlnf’:lﬂij(rl,xz, ce X, Y) (22)

Now, note that ry1 + x2y2 + - - - + xuYn is not free of xy, as r1y1 cannot cancel the term x,y,. Thus, x, must
be present also in the RHS of Equation 22. Wlog, assume that x; is present in Ezj(rl, X2,...,%n,Y), for some j.
Assume it is of the form x; — r2(x3,..., Xn, Y).

Now, we reduce Equation 22 modulo x, — ro. This changes the LHS to

r1(r2, -, Xn, YY1 + 12y + X3Y3 + XnYn -

At least one term in the RHS gets vanished. The resulting polynomial in the LHS is not free of x3. Thus, x3
must be present in the RHS too. We assume there is a linear term in RHS of the form (x3 — r3). Next, we go
modulo (x3 — r3).

We can continue this, n — 1 times, and in the end RHS would completely vanish. In the LHS, we would have
fiy1 + Faya + - - + Fyu_1Yn—1 + XnYn, for some linear polynomials 74, . .., #,_1. This polynomial would have a
nonzero term x, Yy, as XY, cannot be cancelled by 711 + roys + - - - + 7,_1y,—1. This leads to a contradiction.

o

Remark. The above proof fails in the approximative setting, mainly because it could happen that each ¢;; =

1 mod (x), (e.g. 1+ €x7). In this case, x; = —1/¢ is an illegal substitution, which makes the proof fail dismally.
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