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Separated borders: Exponential-gap fanin-hierarchy theorem for approximative
depth-3 circuits∗
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Mulmuley and Sohoni (2001) proposed an ambitious program, called the Geometric Complexity Theory (GCT), to prove
P ≠ NP and related conjectures using algebraic geometry and representation theory. Gradually, GCT has introduced new
structures and questions in complexity theory. GCT tries to capture an algebraic/geometric notion of ‘approximation’ by
defining the border classes. Surprisingly, (Kumar ToCT’20) proved the universal power of the border of top-fanin-2 depth-3
circuits (Σ[2]ΠΣ); which is in complete contrast to its classical model. Recently, (Dutta,Dwivedi,Saxena, FOCS’21) put an
upper bound, by showing that bounded top-fanin border depth-3 circuits (Σ[k]ΠΣ for constant k) can be computed by
polynomial-size algebraic branching programs (ABPs). It was left open to show an exponential separation between the class
of ABPs and Σ[k]ΠΣ.

In this article, we show a strong exponential separation between any two consecutive border classes, Σ[k]ΠΣ and Σ[k+1]ΠΣ,
thus establishing an optimal hierarchy of constant top-fanin border depth-3 circuits. In the language of GCT, we prove an
exponential hierarchy for padded-k-th-secant-varieties of the Chow variety of Fn+1. This positively answers [Open question 2
of Dutta,Dwivedi,Saxena FOCS’21] and [Problem 8.10 with constant r, of Landsberg, Annal.Ferrara’15].

CCS Concepts: • Theory of computation → Problems, reductions and completeness; Algebraic complexity theory;
Complexity classes.

Additional Key Words and Phrases: approximative, border, depth-3, hierarchy, formula, GCT, secant variety, padded, ABP,
ROABP, ARO, VF, inhomogeneous.

ACM Reference Format:
Pranjal Dutta andNitin Saxena. 2026. Separated borders: Exponential-gap fanin-hierarchy theorem for approximative depth-3
circuits. 1, 1 (January 2026), 39 pages. https://doi.org/10.1145/nnnnnnn.nnnnnnn

Contents

Abstract 1
Contents 1
1 Introduction 2
1.1 GCT and border complexity 4
1.2 The Chow variety and lower bounds in GCT 5

∗"A preliminary version was presented in FOCS 2022.

Authors’ addresses: Pranjal Dutta, duttpranjal@gmail.com, College of Computing&Data Science, Nanyang Technological University, Singapore;
Nitin Saxena, nitin@cse.iitk.ac.in, Department of CSE, Indian Institute of Technology Kanpur, India.

Permission to make digital or hard copies of all or part of this work for personal or classroom use is granted without fee provided that copies are
not made or distributed for profit or commercial advantage and that copies bear this notice and the full citation on the first page. Copyrights for
components of this work owned by others than ACM must be honored. Abstracting with credit is permitted. To copy otherwise, or republish,
to post on servers or to redistribute to lists, requires prior specific permission and/or a fee. Request permissions from permissions@acm.org.
© 2026 Association for Computing Machinery.
Manuscript submitted to ACM

Manuscript submitted to ACM 1

https://doi.org/10.1145/nnnnnnn.nnnnnnn


53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

77

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

2 Pranjal Dutta and Nitin Saxena

1.3 Our results: The fanin-hierarchy theorem 7
1.4 Known depth-3 lower bounds and their limitations 9
2 Preliminaries I 10
3 Preliminaries II. 11
4 Detailed proof of Theorem 2 for k ≤ 3 14
4.1 k = 1 case 14
4.2 k = 2 case: The basic induction idea 15
4.3 k = 3 case: The bloated induction idea 19
4.4 Brief pathway to general k 22
4.5 (im)Possibility of a ‘simpler’ proof, and comparison with Dutta, Dwivedi and Saxena [DDS21] 23
5 Hardness lies in all-non-homogeneity 24
5.1 Reduced problem 25
6 Proving Theorem 17: The main lower bound 26
6.1 Main fanin reduction lemma and formulating the induction hypothesis 26
6.2 Proof of the main induction lemma 28
6.3 The effect of fan-in reduction on the circuit size 31
6.4 Proving lower bound for ratio of depth-3 diagonal circuits 32
6.5 Tying the pieces together: Proof of Theorem 2 33
7 Conclusion 33
References 34
A Basics of algebraic complexity 37
B Technical lemmas 37
C Limitations of bounded fan-in depth-3 circuits 39

1 INTRODUCTION

The main aim of computational complexity theory is to understand, as precisely as possible, the amount of
computational resources required to perform computational tasks. These resources could be of various kinds
depending on the computational model under consideration— e.g., time/ space for Turing machines; size,
depth, and fanin for boolean and algebraic circuits; and so on. A fundamental question in this context is “Does
more of the same resource lead to more computational power?". Classical theorems in Computational Complexity
such as the Time Hierarchy Theorem [HS65] and Space Hierarchy Theorem [SHL65] answer this question
(affirmatively) for the resources of time respectively space on multitape Turing machines. In this paper, we
consider an analogous question for algebraic circuits.

A polynomial f ∈ F[x1, . . . , xn] over a field F is said to be computable by an algebraic circuit of size s, if there
exists a directed acyclic graph of size at most s, whose leaf nodes are labeled by variables or field constants,
internal nodes are labeled by field operations (+ and ×), and the polynomial computed at the root node is f .
For a polynomial f , size( f ) denotes the size of the smallest circuit computing it. Another important complexity
parameter is the depth – the length of the longest path in the circuit from a leaf to the root. In this paper, we
Manuscript submitted to ACM



105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

122

123

124

125

126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150

151

152

153

154

155

156

Separated borders: Exponential-gap fanin-hierarchy theorem for approximative depth-3 circuits 3

are interested in depth-3 circuits Σ[k]ΠΣ; they compute polynomials of the form Σi∈[k]Πjℓij, where ℓij are affine
linear polynomials.

We consider the question of proving a top-fanin-hierarchy theorem for algebraic circuits (in the border
setting). Informally, we ask the following.

Question 1 (The fanin-hierarchy question). For fixed k ≥ 1, are there explicit families of polynomials Pn ∈
F[x1, . . . , xn], such that Pn can be ‘approximated’ by a small Σ[k+1]ΠΣ-circuit but cannot be approximated by a small
Σ[k]ΠΣ-circuit?

For the definitions of explicit and approximation, see Section 2. Question 1 is also related to fundamental variety
constructions in geometric complexity theory (GCT); we will discuss more on GCT and its importance in
the depth-3 setting in Section 1.2. If one considers the above question in the classical setting, i.e. without
approximation, there is an easy impossibility result known, which shows that the inner product polynomial,
IPk+1 := Σi∈[k+1]xi · yi, for k ≥ 1, cannot be computed by Σ[k]ΠΣ-circuit, regardless of the size ([Kum20,
CGJ+18]). We sketched a proof for completeness, see Theorem 33.

However, the unexpected universality of border depth-3 fanin-2 circuits by Kumar [Kum20] shows that the
classical impossibility result breaks down in the border for k ≥ 2; for a detailed statement, see Section 1.2.
Therefore, an exponential separation between the class of border depth-3 fanin-2 circuits and any other
reasonable algebraic class becomes a nontrivial and intriguing question to study. In this work, we affirmatively
answer Question 1 as stated below; for a formal statement, see Theorem 2 and its remarks.

Theorem 1 (Informal). There are explicit polynomials that can be computed by a small Σ[k+1]ΠΣ-circuit but can
not be approximated by a small Σ[k]ΠΣ-circuit.

In the above, our candidate hard polynomial will be a degree d version of the inner product polynomial IPk+1;
see subsection 1.3. But, Question 1 is far from obvious, and we will employ quite powerful models like
ABP,ARO,Gen(k, s) in the proofs; for respective definitions, see Appendix A and Section 6. This work builds
upon the DiDIL technique introduced by Dutta, Dwivedi, and Saxena [DDS21], however, there are several
technical differences, which we will elaborate in great detail in Section 4.5.

Basic models and classses. We quickly go through a few important models of computations that appear in
our proofs. For example, if in a circuit, the out-degree of each internal node is 1, then it is a formula. Any
formula can be converted into a layered graph called algebraic branching program (ABP) with a polynomial
blowup in size. With different models come different complexity classes, which accordingly classify poly-
nomials. For example, VP contains polynomial families ( fn)n, where fn is a poly(n)-variate poly(n)-degree
polynomial, computable by circuits of size poly(n). Similarly, one can define VBP and VF, wrt the models
ABPs and formulas, respectively. Finally, the class VNP contains polynomial families ( fn)n, where each fn can
be expressed as Σy∈{0,1}p(n) gn(x, y), with the polynomial family gn in VP, and p(·) being some polynomial
function. Valiant [Val79] conjectured that VBP ≠ VNP (respectively VP ≠ VNP), as an algebraic analog of the P
vs. NP problem. For details, see [SY10, Mah13].

Manuscript submitted to ACM
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4 Pranjal Dutta and Nitin Saxena

1.1 GCT and border complexity

Mulmuley and Sohoni introduced the Geometric Complexity Theory (GCT) program to prove algebraic
variants of the P ≠ NP conjecture using algebraic geometry and representation theory [MS01, MS08]. Let
detn := Σσ∈Snsgn(σ)Πn

i=1xi,σ(i) be the determinant polynomial, and let perm := Σσ∈Sm Πm
i=1xi,σ(i) be the

permanent polynomial. Valiant’s determinant vs. permanent conjecture, or the VNP ⊈ VBP question states that
the smallest size of a matrix A whose entries are affine linear polynomials such that det(A) = perm, is not
polynomially bounded in m. Mulmuley and Sohoni strengthened the conjecture by allowing the permanent to
be approximated arbitrarily closely coefficientwise instead of being computed exactly.

More formally, the Mulmuley–Sohoni conjecture states that when n = poly(m), it must be that ℓn−mperm ∉

GLn2 detn. Here GLn2 := GL(Cn×n) acts on the space of homogeneous degree n polynomials in n2 many
variables by invertible linear transformations on the variables1, and ℓ is some homogeneous linear polynomial;
without loss of generality one can assume ℓ := x1,1. Moreover, the orbit closure can be taken as the Zariski
closure; see below for the definition. The polynomial ℓm−npern is called the ‘padded permanent’, and the
phenomenon of multiplying with a power of a linear form is called padding. Note here that the action of GLn2

replaces variables by homogeneous linear polynomials.
GCT has intimate connections to many areas in mathematics and computer science including designing

matrix multiplication algorithms [Str74, Bin80, BCRL79, CW90, LO15], computational invariant theory [FS13,
Mul12b, GGOW16, BGO+18, IQS18], algebraic natural proofs [GKSS17, BIL+21, CKR+20, KRST20], lower
bounds [BI13, Gro15, LO15], optimization [AZGL+18, BFG+19], derandomization [Mul12a, Muk16, DDS21],
and many more. We refer to [BLMW11, Mul12b, Mul12a] for expository references.

Approximative closure. Borrowing the definition from [Bür04, Bür20], we say that a polynomial f (x) ∈
F[x1, . . . , xn] is approximated by a polynomial g(x, ϵ) ∈ F(ϵ)[x], over the field F(ϵ), if there exists a polynomial
S(x, ϵ) ∈ F[ϵ][x] such that g = f + ϵ S. We can think analytically that limϵ→0 g = f . The class C, the approxima-
tive closure of a complexity class C, can be defined in the usual way. Note that, arbitrary ϵ-power is allowed in the
circuit approximating g, since computing constants is cost-free. Often, we will use the underlying computation
over F[ϵ±1] 2, instead of F(ϵ), since they are known to be equivalent while talking about border complexity; see
[BCS13, Lem. 15.22] and [Bür00] for details. Throughout the article, we will often use f being approximated
by a circuit from C, and f being computed by a C circuit interchangeably.

Euclidean closure. A polynomial family ( fn)n is in the Euclidean closure of C over F if, for every n, there exists
an infinite sequence of polynomials gn,i in C over F such that the limit point of the sequence of coefficient
vectors corresponding to gn,i is the coefficient vector of fn.

Zariski closure. For a circuit class C, consider the system of all polynomial equations which are satisfied by
the coefficient vector corresponding to each polynomial in C. Then, the Zariski closure of C consists of all the
polynomials such that the corresponding coefficient vectors satisfy assignments of the system of polynomial
equations.

1For a homogeneous polynomial p and g ∈ GLn2 define the homogeneous polynomial gp via (gp)(x) := p(gt x). The orbit is defined as
GLn2 p := {gp | g ∈ GLn2}.
2F[ϵ±1] = F[ϵ, ϵ−1], i.e. the elements are of the form ΣN

i=−M aiϵ
i , for some M, N ≥ 0

Manuscript submitted to ACM
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Interestingly, these notions are known to be equivalent over the algebraically closed field C [Mum95, S2.C]
and [Kra84, AI.7.2 Folgerung]. Since these definitions are equivalent, without loss of generality, we will work
with the approximation closure throughout our paper.

Border complexity measure. Border complexity measures are defined via limits, so that any function that
can be approximated arbitrarily closely by low complexity functions itself has low border complexity. The
approximative (or border) complexity of f , denoted size( f ), is the minimum size of the circuit computing g, over
F(ϵ). It is easy to see that size( f ) ≤ size( f ). Due to the arbitrary (1/ϵ)-power terms in the circuit computing
g, evaluation at ϵ = 0 is not necessarily valid, although the limit still exists. Hence, any lower bound on the
border complexity of f in terms of the exact complexity of f is unclear.

If g = f + ϵ · S, where S ∈ F[ϵ][x], and we have a circuit of size s computing g, where the constants come
from F(ϵ), then Bürgisser [Bür04, Theorem 5.7] showed that there exists a nonnegative integer M ≤ exp(s),
such that ĝ = ϵr · f + ϵr+1 · f̂ , for some r ≥ 0, where ĝ, f̂ ∈ F[ϵ, x], and degϵ(ĝ) ≤ M; furthermore ĝ has an
s-size circuit over F(ϵ). Therefore, one could use the trick of interpolating, by setting (M + 1)-many random
ϵ-values from F to get f ; we need random values of ϵ so that we do not make the circuit of ĝ undefined.
Therefore, the following relation is the best-one known: size( f ) ≤ size( f ) ≤ exp(size( f )).

De-bordering. De-bordering is the task of proving an upper bound on some non-border complexity measure
in terms of a border complexity measure, thus getting rid of limits. De-bordering is at the heart of under-
standing the difference between Valiant’s determinant vs permanent conjecture, and Mulmuley and Sohoni’s
strengthened version of the same conjecture. The de-bordering of matrix multiplication tensors by Bini [Bin80]
played a pivotal role in the development of efficient matrix multiplication algorithms. In particular, the re-
sults of [CHI+18] shows that the matrix multiplication exponent ω = limn→∞ logn WR(trace(X3

n)), where
Xn = (xij)i,j∈[n] is a matrix of variables, and WR(·) denotes the border Waring rank. Border Waring rank of
f , denoted WR( f ) ≤ s, means that f = limϵ Σs

i=1ℓ
d
i (ϵ) for some linear forms ℓi; thus, it captures a restricted

version of border depth-3 circuits. This makes the problem of de-bordering depth-3 circuits already a com-
pelling subject of study. We refer to the recent survey on debordering by Dutta and Lysikov [DL25] for further
importance and detailed exposition.

1.2 The Chow variety and lower bounds in GCT

Border depth-3 circuits: An algebraic view. Since, depth-2 circuits are closed under taking limit, i.e. ΠΣ = ΠΣ
and ΣΠ = ΣΠ, it is natural to study one step further and understand the border of depth-3 circuits. It is not
hard to show that ΠΣΠ = ΠΣΠ, which leaves us to understand ΣΠΣ. As mentioned before, Kumar [Kum20]
showed that border depth-3 fanin-2 circuits are ’universal’3; i.e. any d-degree, n-variate polynomial can be
approximated by Σ[2]Π[D]Σ circuits over C(ϵ). For a generic polynomial, D ≈ (n+d

d ). In the case when D is
small, [DDS21] proved that Σ[k]ΠΣ ⊆ VBP; that is for any f ∈ Σ[k]ΠΣ, of approximative circuit size s, can
be exactly computed by an ABP of size sexp(k). This raised a basic open question of whether the containment
is strict, i.e. Σ[k]ΠΣ ⊊ VBP (even, Σ[k]ΠΣ ⊊ VNP was unclear!). We settle these questions and in fact, show
exponential separations between these classes in this work.

3[Kum20] states the result for homogeneous polynomials. But trivially, the proof also works for any non-homogeneous polynomial, by
homogenizing it using a new variable x0, and finally de-homogenizing it by setting x0 = 1.
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6 Pranjal Dutta and Nitin Saxena

Border depth-3 circuits: A geometric view. Most of the times, theoretical computer scientists are interested in
proving robust lower bounds, i.e. lower bound techniques which would also work under the limit. This could
be roughly translated into asymptotic geometry terms as follows:

Given a sequence of some ‘nice’ vector spaces Vn, and sequences of points and groups, does the inclusion 4 fail for every
n ≥ n0, for some n0?

The Chow variety is one of the simplest varieties studied in the field of algebraic geometry; it is believed to be
a good testing ground for GCT [Lan15, Section 2]. Interestingly, this goes back to 19th-century mathematics,
studied independently by Hermite (1854) and Hadamard (1897).

Informally, specializing to the group of diagonal matrices and taking the orbit closure, one obtains the
famous Chow variety, Chd(W) ⊂ PSdW; usually W = Cn (or, for detn/ permn, Cn2). We denote by SdW, the
space of polynomials of degree d on W∗, PV denotes the projective space, and we denote [v] as a corresponding
point. Then, formally,

Chd(W) := {[z] ∈ PSdW | z = w1 . . . wd, forwj ∈ W} .

Therefore, one can define the Chow rank of a homogeneous polynomial f of degree d, denoted rankCh( f ), to be
the minimum k such that f = Σk

i=1Πd
j=1ℓij, where ℓij are linear forms. Often in the literature, rankCh( f ) = k

is equivalently expressed as: the smallest k such that f (as a point) is in σ0
k (Chd(W)) (= set of points with

Chd(W)-rank at most k).
Moving to the approximative setting, one defines Chow border rank, rankCh( f ), as the border analogue of

the Chow rank. In other words, rankCh( f ) = k ⇐⇒ f ∈ σk(Chd(W)) = the Zariski closure in PSdW of
σ0

k (Chd(W)); it is called the k-th secant variety5 of the Chow variety of W. For details, refer to [Lan15, Lan17].
These two ranks happen to exactly coincide with the depth-3 respectively border depth-3 homogeneous circuits
of f , with the smallest fanin k.

In general, from an algebraic complexity perspective, we are interested in the non-homogeneous setting. For
instance, Kumar’s expression [Kum20, Section 3.1] is non-homogeneous. However, with suitable padding (&
W = Cn+1), Kumar’s result translates into geometric terms: For any degree-d homogeneous polynomial f , there exists
a linear form ℓ such that ℓm−d f ∈ σ2(Chm(W)), for m = exp(n, d), or equivalently, rankCh(ℓm−d f ) = 2. On the other
hand, if one restricts m = poly(n, d), Dutta, Dwivedi and Saxena [DDS21] showed that σ2(Chm(W)) ⊆ VBP;
the same result holds if one replaces σ2 by σk, as long as k is a constant.

Quest for lower bounds. Most polynomials require exponential-size circuits to compute or approximate.
However, proving an explicit lower bound remains a major challenge in algebraic complexity. The celebrated
result of Baur and Strassen [Str73, BS83] shows the existence of an explicit n-variate degree-d polynomial
which requires circuits of size at least Ω(n · log d). Though d = poly(n) gives superlinear lower bound, ideally
one would hope for at least a superpolynomial lower bound, optimistically even an exponential one!

Similarly, if one restricts the model of computation, we have better lower bounds; e.g. Kalorkoti [Kal85]
showed Ω(n2/ log n) formula lower bound for an explicit n-variate polynomial, which could be easily extended
to the approximative setting. We refer the reader to [Sap19] for a comprehensive survey of the lower bounds
in algebraic complexity.

4by inclusion, we mean the points under the group action in Vn
5For a given variety X, s-th secant variety of X is Zariski closure of the union of all secant (s − 1)-planes to X.
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Separated borders: Exponential-gap fanin-hierarchy theorem for approximative depth-3 circuits 7

The situation in GCT is no way better and near to what was expected at its inception. The linchpin of the
GCT program was that the permanent and determinant are both uniquely characterized (up to a constant
factor) by their symmetries; and moreover, lower bounds are equivalent to orbit closure containment [Gro12,
Section 3.3.2]. Therefore, the simplest way of proving a lower bound would be to find occurrence obstructions,
i.e. finding an irreducible representation withmultiplicity for the permanent larger than that of the determinant.
The no-go theorem of [IP17, BIP19] proved that this is impossible since [MS01] uses the padded formulation of
the Mulmuley-Sohoni conjecture. We note that no analogous result is known when the determinant is replaced,
for example, by the iterated matrix multiplication polynomial – correspondingly replacing determinantal
complexity with the algebraic branching program width, since the padded-free or the homogeneous setting is
a much nicer setup to deal with. The potential of multiplicity obstructions is explored in [DIP20, IK20, DGI+22,
DGI+24, Bür24].

On the other hand, a recent breakthrough result by Limaye, Srinivasan & Tavenas [LST21] showed the
first superpolynomial lower bound against general algebraic formulas of constant-depth, over all fields of
characteristic 0 or large. Since their method is linear-rank-based, the proofs can be lifted in the border classes
analogously [Gro15, AF22]. This gives us a stronger urge to continue the quest to show exponential separation,
in the constant-depth regime. This current work can be seen as a further step in that pursuit.

1.3 Our results: The fanin-hierarchy theorem

We state our result formally now. Our result holds for any field of characteristic 0/large characteristic.

Theorem 2 (Fanin-hierarchy exp-gap). Fix any constant k ≥ 1. There is an explicit n-variate, degree < n
polynomial f such that f can be computed by a Σ[k+1]ΠΣ circuit of size O(n), but f requires 2Ω(n)-size Σ[k]ΠΣ circuits.

Remarks. 1. Interestingly, Theorem 2 is optimal for k ≥ 2. To see this, note that 2Θ(n) is also an upper bound on
the size of Σ[2]ΠΣ circuits, for n-variate polynomials computed Σ[k+1]ΠΣ circuits of size O(n); see [Kum20].
Thus, we have completely characterized the gap between two constant-top-fanin border depth-3 circuits.

2. Consider the following degree-d (> 2) polynomial on 3d-variables f (x) := x1 · · · xd + xd+1 · · · x2d +

x2d+1 · · · x3d. Note that f (x) has a trivial Σ[3]ΠΣ circuit of size O(d). Our proof method shows that f requires
2Θ(d)-size Σ[2]ΠΣ circuits.

A word on the polynomial family. Our candidate polynomial family, for a fixed k, is the sum-product polyno-
mial6 Pk+1 := (Pk+1,d)d, where

Pk+1,d := Σi∈[k+1] Πd
j=1 x(i−1)d+j .

This is a strict generalization of the inner product polynomial IPk+1, defined on page 2. Using [Kum20,
Theorem 1.3], it follows that IPk+1 ∈ Σ[2]Π[O(k)]Σ. Therefore, we cannot expect to show an exponential lower
bound against IPk+1. This can be mitigated by working with general d-degree monomials (instead of quadratic
ones). Clearly, Pk+1,d is a multilinear degree-d polynomial on (k + 1) · d-variables. Lower bounds for P2 have
been studied by Shpilka [Shp02], in a different context. This polynomial is closely related to the Trace-Iterated-
Matrix-Multiplication, Tr-IMMk+1,d, which is the trace of the product of d-many (k + 1)× (k + 1) symbolic
matrices Xr, tr(Πr∈[d]Xr), where the (i, j)-th entry of the matrix Xr is x(r)i,j . In particular, take diagonal matrices

6This term has been borrowed from [Lan17, Section 8.12.2].
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Xr with (i, i)-th entry being the variable x(i−1)d+r. Note that Pk+1,d = tr(X1 · · · Xd). Since this is a restriction
on Xr, our proof also holds for Tr-IMMk+1,d as well.

Non-triviality and implications.

(1) Homogeneous vs non-homogeneous: If we restrict ourselves to only the homogeneous setting, then it is
easy to argue that Pk+1,d, cannot be computed by a homogeneous Σ[k]ΠΣ circuit. Informally speaking,
the proof exploits the fact that if indeed Pk+1,d were computed by a Σ[k]ΠΣ circuit C, then picking k
many linear forms, one from each product gate of C, and simultaneously substituting them to 0, makes
C a zero polynomial, while Pk+1,d remains nonzero even after such a substitution; for a formal proof
see Corollary 16.
However, this impossibility result no longer holds when we allow non-homogeneity [Kum20]. The
naive proof method as described above fails miserably, as setting many affine linear functions to zero
may lead to inconsistency. For example, both x1 − ϵx2 and x1 − ϵx3 − 1 can never be zero in the border
(as ϵ → 0); while at the same time, x2, x3 contribute in the computation due to the use of the powers
of 1/ϵ. This is precisely what grants the seemingly innocuous border computing model Σ[2]ΠΣ its
universal expressive power!

(2) PIT to lower bound: Efficient PIT algorithms are known for Σ[k]ΠΣ circuits [LST21, DDS21]. However,
they are not known to imply strong lower bounds in the same model. The derandomization to lower
bound techniques are insensitive to fanin-k [HS80, KI03, AGS19, KS19]; as they require the ability to
interpolate, which blows-up the top-fanin of the model.

(3) Separating Σ[k]ΠΣ from VF,VBP,VNP: It was asked in [DDS21] whether Σ[k]ΠΣ ≠ VBP or not. Our
proof of Theorem 2 shows an exponential separation between Σ[k]ΠΣ and Σ[k+1]ΠΣ. Consequently,
we have exponential separation between Σ[k]ΠΣ and VF (respectively VBP, and VNP).

(4) Non-rank based approach: Ours is probably the first strong depth-3 lower bound in the border setting,
where the basic argument is non-rank-based, and does not care about the upper bound on the ϵ-power
that hides in the expression.

(5) SolvingLandsberg’s openquestion [Lan15, Problem8.10]: The sameproof can be adapted for detd and
permd analogously. Interestingly, Theorem 2 answers a restricted version of a question asked in [Lan15,
Problem 8.10]; namely, ℓm−d · detd ∉ σr(Chm(W)), for any m ≤ 2o(d) and constant r. Geometrically,
Theorem 2 exponentially separates the padded k-th-secant varieties of the Chow variety of W = Cn+1,
for all constants k.

Comparing our parameters with [LST21] breakthrough. Our proof method works with both the polynomi-
als IMMk+1,d (where instead of trace, one is interested in (1, 1)-th entry), and the trace version Tr-IMMk+1,d,
already defined before. The linear-rank-based lower bound method by Limaye, Srinivasan & Tavenas [LST21]
shows only a superpolynomial separation between depth-3 (unbounded fanin) circuits and IMM, with different
parameters. Since this method can be extended to the border setting, the same work yields a superpolynomial
separation between Σ[k]ΠΣ and VBP. Their dominating variable is n (with d = o(log n)) and they showed an
n
√

d lower bound (which further weakens above depth-4); which is not optimal, as the optimal lower bound
would be nd. Since we take k = O(1) and our dominating variable is d, we show an optimal lower bound of
≈ ((k+1)d+d

d ) ≈ 2Ω(d), thus establishing an exponential separation between Σ[k]ΠΣ and VBP. More significantly,
Manuscript submitted to ACM
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[LST21] shows a superpolynomial-gap depth-hierarchy; while our result is about an exponential-gap fanin-
hierarchy inside the depth-3 regime. In summary, the parameters and the results in [LST21] are incomparable
with ours, and their method is very different since our method is non-linear at a very fundamental level.

1.4 Known depth-3 lower bounds and their limitations

In this section, we briefly discuss the well-known lower bounds for depth-3 circuits (mostly in the classical
setting), their techniques, and why they fail to yield our result in the border setting.

In a very influential piece of work, Nisan and Wigderson [NW96] showed that over any field F, every
homogeneous ΣΠΣ circuit computing the determinant detd must be of size 2Ω(d). They employed a method
based on partial derivatives, which can be readily adapted to the border setting.We remark that the lower bound
is actually on the top-fanin and thus for constant top-fanin k, detd cannot even be computed by a homogeneous
Σ[k]ΠΣ circuit! For completeness, we sketched an alternative non-rank-based proof, see Lemma 15.

Unfortunately, the partial derivative measure performs poorly in the non-homogeneous setting, primarily
because the degree bound no longer holds, causing the argument to break down entirely. Furthermore, when
considering Pk+1,d instead of detd or IMMk+1,d, the exponential separation between k and k + 1 cannot be
demonstrated using rank-based methods, as straightforward estimates of both upper and lower bounds fail to
produce meaningful results. For analogous reasons, techniques developed by Grigoriev and Karpinski [GK98],
and by Grigoriev and Razborov [GR00], over a fixed finite field, also do not apply in this context.

There has been substantial progress on lower bounds for restricted depth-3 circuits, where the restrictions
involve bounded independence, bounded read/occur, bounded bottom fan-in, and related properties. A central
theme in these proofs involves a sequence of reductions: one first reduces general (non-homogeneous) depth-3
circuits of top fan-in s to a subclass of depth-5 circuits with top fan-in increased to s · exp(

√
d) [SW01, GKKS16];

then, via a random restriction, obtains a (homogeneous) depth-4 decomposition; and finally applies a variant
of the shifted partial derivative measure to prove lower bounds [KLSS17, KS17, KS16]. While these techniques
can be adapted to the border setting, they fall short of establishing any meaningful hierarchy theorem or
exponential separation for non-homogeneous Σ[k]ΠΣ circuits.

Even for showing lower bound for Σ[2]ΠΣ circuits, we probably cannot hope to use factorization or Chinese
remaindering (CRT) based ideas, since mod ⟨ϵM⟩, we get non-unique, usually exponentially many, factors. For
example, x2 ≡ (x − a · ϵM/2) · (x + a · ϵM/2) mod ⟨ϵM⟩; for all a ∈ F. In this case, there are, in fact, infinitely
many factorizations. Moreover, limϵ→0 1/ϵM ·

(
x2 − (x − a · ϵM/2) · (x + a · ϵM/2)

)
= a2. Therefore, infinitely

many factorizations may give infinitely many limits, and thus the analysis becomes much more intricate.
In the classical affine setting, it is known that computing the immanant (which includes determinant

and permanent) requires exponential-size Σ[k]ΠΣ circuits [ASSS16, Theorem 1.7]. These lower bounds were
obtained using the Jacobian. However, it is not clear how it behaves with respect to limϵ→0, or whether we
can come up with a meaningful working definition. For example, let f1 = x1 + ϵM · x2, and f2 = x1, where M
is arbitrarily large. Then, the underlying Jacobian J( f1, f2) = ϵM is nonzero, but it tends to zero in the limit.
Seemingly, this causes the entire Jacobian-based framework to break down in the border setting, as it no longer
facilitates variable reduction for border models – for instance, one must retain faithfulness to both x1 and x2 in
the example above.

Though not exactly comparable, but [BIZ18] showed a counter-intuitive ’collapse’ in the border setting:
VBP2 = VBP3 = · · · = VBPk, for any constant k, whereas it is also known that VBP2 ⊊ VF = VBP3 = · · · =

Manuscript submitted to ACM
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10 Pranjal Dutta and Nitin Saxena

VBPk [BOC92, AW16]. While these works succeed in demonstrating collapse results, the underlying techniques
differ significantly from ours and do not directly contribute to proving a strict hierarchy-type separation, as we
aim to establish in the current work.

Lastly, in subsection 1.3, we have already discussed the similarities and differences with [LST21]. This
concludes our discussion of prior work and its limitations.

2 PRELIMINARIES I

In this section, we describe some of the assumptions and notations used throughout the paper.

Notation. Denote [n] = {1, . . . , n}, and x = (x1, . . . , xn). We use F[[x]], to denote the ring of formal power
series over F. Formally, f = Σi≥0 cixi, with ci ∈ F, is an element in F[[x]]. Further, F(x) denotes the function
field, where the elements are of the form f /g, where f , g ∈ F[x] (g ≠ 0).

We call ℓ =: a1x1 + . . . + anxn, a linear polynomial without the constant term, as a linear form.
Throughout the paper, by rank(ℓ1, . . . , ℓn), we mean rankF(ℓ1, . . . , ℓn), i.e. the dimension of the linear space

generated by the linear forms {ℓ1, . . . , ℓn}.

Explicit. A family {Pn ∈ F[x1, . . . , xn] | n ≥ 1}, is said to be explicit if there is a deterministic algorithm that
given as input 1n and a monomial m over the variables x1, . . . , xn, computes the coefficient of the monomial m
in Pn in time poly(n).

Logarithmic derivative. Over a ring R and a variable y, the logarithmic derivative dlogy : R[y] −→ R(y) is
defined as dlogy( f ) := ∂y f / f ; here ∂y denotes the partial derivative with respect to variable y. One important
property of dlog is that it is additive over a product as dlogy( f · g) = ∂y( f g)/( f g) = ( f · ∂yg + g · ∂y f )/( f g) =

dlogy( f ) + dlogy(g). [dlog linearizes product]

Circuit size. Some of the complexity parameters of a circuit are – 1) size, the total number of nodes and edges,
2) depth, the number of layers, 3) degree, the maximum degree polynomial computed by any node, and 4) fanin,
the maximum number of inputs to a node.

Depth-2 and Depth-3 circuits. Product depth-2 circuits, denoted as ΠΣ, compute polynomials of the form Πiℓi,
where ℓi are affine linear polynomials. Depth-3 circuits with top-fanin k are denoted as Σ[k]ΠΣ; they compute
polynomials of the form Σi∈[k]Πjℓij, where ℓij are affine linear functions. Also, depth-3 diagonal circuits are
denoted as Σ[s] ∧ Σ; they compute polynomials of the form Σs

i=1ℓ
ei
i , for linear polynomials ℓi. When we write

Σ∧Σ, it means the top-fanin is unbounded and one can roughly consider its size to be O(snd), where d is the
maximum power in the exponent of a linear polynomial.

Ideal generated by linear forms. For given n-variate linear forms L1, . . . , Lr, we denote ⟨L1, . . . , Lr⟩, the ideal
generated by Li, for i ∈ [r], which contains elements of the form Σi∈[r]ai · Li, for ai ∈ F[x].

Operation on Complexity Classes. For class C andD defined over ring R, our bloatedmodel is any combination
of sum, product, and division of polynomials from respective classes. For instance, C/D = { f /g : f ∈ C, 0 ≠

g ∈ D}, similarly C · D for products, C +D for sum, and other possible combinations. Also we use CR to denote
the basic ring R over which C is being computed.
Manuscript submitted to ACM
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Valuation. Valuation is a map valy : R[y] −→ Z≥0, over a ring R, such that valy(·) is defined to be the
maximum power of y dividing the element. It can be easily extended to localized/fraction ring R(y), by
defining valy(p/q) := valy(p)− valy(q); where the integer value can be negative.

Field. We denote the underlying field as F and assume that it is of characteristic 0 (eg. the field of rationals Q,
the field of reals R, the field of p-adics Qp etc.). All our results hold for other fields (eg. Fpe etc.) of large
characteristic p. We also denote F∗, as the multiplicative group of the field F.

We will often explicitly use the following two facts. The first fact is quite standard and we just state it without
any proof.

Fact 1. Let R be any arbitrary ring. Let g, h ∈ R[z] such that valz(g) ≥ valz(h). Then, g/h ∈ R[[z]], and valz(g/h) =
valz(g)− valz(h).

Fact 2. Let g, h ∈ R(z, ϵ) such that valϵ(g) = valϵ(h) = 0. Then, limϵ→0 ∂z(g/h) = ∂z(g0/h0), where g0 := g|ϵ=0,
and h0 := h|ϵ=0.

Proof sketch. Let g = Σi≥0giϵ
i, and h = Σi≥0hiϵ

i. Then, it is easy to see that

g/h = (g0/h0) + ϵ · S, for some S ∈ R(z)[[ϵ]] .

The conclusion follows easily after taking the derivative and a limit. □

Approximative closure. For an algebraic complexity class C, the ‘approximation’ is formally modeled as follows
[BIZ18, Definition 2.1].

Definition 1 (Approximative closure of a class). Let CF be a class of polynomials defined over a field F. Then,
f (x) ∈ F[x1, . . . , xn] is said to be in approximative closure C if and only if there exists polynomial Q ∈ F[ϵ, x] such that
CF(ϵ) ∋ g(x, ϵ) = f (x) + ϵ · Q(x, ϵ). In short, we denote limϵ→0 g(x, ϵ) := f (x).

Cone-size ofmonomials. For amonomial xa, the cone of xa is the set of all sub-monomials of xa. The cardinality
of this set is called cone-size of xa. It equals Πi∈[n] (ai + 1), where a = (a1, . . . , an). We will denote cs(m), as the
cone-size of the monomial m.

3 PRELIMINARIES II.

Power series and dlog. In the proof, we will use the ring of formal power series R[[x1, . . . , xn]] (in short R[[x]]),
for some suitable ring R, see [Niv69, DSS18, Sin19]. One of the key benefits of this ring comes from the inverse
identity: (1 − x)−1 = Σi≥0 xi.

The logarithmic derivative operator dlog z( f ) = (∂z f )/ f is another key tool which linearizes the product
gate, since

dlogy( f · g) = ∂y( f g)/( f g) = ( f · ∂yg + g · ∂y f )/( f g) = dlogy( f ) + dlogy(g) . (1)

This operator enables us to use power series expansion, and converts the Π-gate to ∧.

Let ℓ ∈ F[x] be a linear polynomial such that the constant term is nonzero. For simplicity, suppose ℓ := 1+ ℓ̃,
where ℓ̃ is a homogeneous linear polynomial. Further, let Φ : x 7→ zx. Note that Φ(ℓ) = 1 + z · ℓ̃. Therefore, by

Manuscript submitted to ACM



573

574

575

576

577

578

579

580

581

582

583

584

585

586

587

588

589

590

591

592

593

594

595

596

597

598

599

600

601

602

603

604

605

606

607

608

609

610

611

612

613

614

615

616

617

618

619

620

621

622

623

624
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simple power series expansion as mentioned above, dlogz(Φ(ℓ)) becomes:

dlogz(Φ(ℓ)) =
ℓ̃

1 + z · ℓ̃
= Σi≥0 (−1)izi · ℓ̃i+1 . (2)

Looking at the above expression, one can also say that dlog(Φ(ℓ)) can be computed by a Σ∧Σ circuit of size
poly(nd) over the ring R := F[z]/⟨zd⟩.

One crucial fact that we will use throughout the paper is the following. Let h ∈ F(x, ϵ)[z], and suppose
valz(h) = 0, that is, the maximal power of z dividing h is 0 (for a formal definition, see Section 2). Then 1/h is
a power series in z, i.e. 1/h ∈ F(ϵ, x)[[z]]. To give an explicit example, let h := z + ϵ; trivially valz(h) = 0 and
1/(z + ϵ) = Σd−1

i=0 (−1)izi/ϵi+1 mod zd.

Laurent Series. Let d ≥ 1 be an integer. Let F((z)) denote the field of formal Laurent series in z, i.e., series of
the form Σk≥k0 akzk with k0 ∈ Z and ak ∈ F. We view F(z) as a subfield of F((z)) via the Laurent expansion at
z = 0.

For f (z) = Σk≥k0 akzk ∈ F((z)), we define its truncation at order d by

f trun zd := Σd−1
k=k0

akzk.

Equivalently, f trun zd denotes the class of f in the additive quotient F((z))/zdF[[z]], which identifies two
Laurent series if they agree in all terms of degree strictly less than d.

A Laurent series is allowed to have finitely many negative powers of z. For example,
1

z2 − 2z3 = z−2 + 2z−1 + 4 + 8z + · · · ,

and, more generally,
1

x1z − x2x3z2 =
1
x1

z−1 +
x2x3

x2
1

+
x2

2x2
3

x3
1

z +
x3

2x3
3

x4
1

z2 + · · · .

Looking modulo an ideal generated by linear forms over F. Given an n-variate polynomial f (x) and a linear
form L(x), let us try to understand what f (x) mod ⟨L⟩ means; since a generalization of this will play a key
role in the technical part of our proof.

To begin with, let us first understand when L is just a variable. Without loss of generality, suppose L := x1.
Then f mod ⟨L⟩, is nothing more than = f (0, x2, . . . , xn). For an arbitrary linear form L that depends on x1,
we apply a suitable isomorphism ϕ in the space of linear forms, sending L to x1, and other variables to itself.
Since, ϕ( f ) = f (Ax), for some invertible matrix A, f mod ⟨L⟩ essentially means looking at f (Ax) mod x1.
This is same as f (ℓ1, . . . , ℓn), for some linear forms ℓi, where rankF(ℓ1, . . . , ℓn) = n − 1.

There is another way of looking at the same expression. Using the same notation as above, Φ( f ) can be
uniquely written as ϕ( f ) = Σd

i=0 fixi
1, where fi ∈ F[x2, · · · , xn]. Note that, ϕ−1 sends x1 to L and xi to xi, for

i ∈ [2, n]. Therefore, f = Σd
i=0ϕ−1( fi)Li, and hence f mod ⟨L⟩ = ϕ−1( f0), which depends on x2, · · · , xn.

As a concrete example, f mod ⟨x1 + x2⟩ equals f (−x2, x2, x3, · · · , xn). So, in particular, in the case where L
has x1, we can assume ℓ2, · · · , ℓn to be x2, · · · , xn. For a general purpose, L may not contain x1, but some other
variable xi, and in that case ℓj will be xj, for j ≠ i and ℓi will be free of the variable xi, again making the rank to
be exactly n − 1. For simplicity, we avoid this and assume that the rank is n − 1, which is all we will need in the
main proof.
Manuscript submitted to ACM
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Similarly, the above can be extended to understanding f (x) mod ⟨L1, . . . , Lt⟩, for t ≥ 1, where each Li

is a linear form. ⟨L1, . . . , Lt⟩ is an ideal generated by the linear forms Li, i.e., for any g ∈ ⟨L1, . . . , Lt⟩, we
have g =: Σi∈[t] ai · Li, for some ai ∈ F[x]. Generalizing t = 1 in the same way, f (x) mod ⟨L1, . . . , Lt⟩
can be thought of as f (ℓ1, . . . , ℓn), where rankF(ℓ1, . . . , ℓn) ≥ n − t. The rank becomes exactly = n − t,
when Li are linearly independent. As a concrete example, f mod ⟨x1 + x2, x2 + x3, x1 + 2x2 + x3⟩ becomes
f (x3,−x3, x3, x4, · · · , xn). In this case, the rank is n − 2, and t = 3.

Understanding modulo a linear form over F(ϵ). The above formalism works fine when there are no ϵ terms
involved. What happens if we look at a polynomial g(x, ϵ) modulo linear polynomial with ϵ-terms involved?
Here is the claim.

Claim 3. Suppose, g(x, ϵ) = f (x) + ϵ · S(x, ϵ), where S ∈ F[ϵ][x]. Let L ∈ F[ϵ][x] be a linear polynomial (in x) such
that L|ϵ=0 is a nonzero linear form. Then, there exist linear forms ℓ1, · · · , ℓn, with rank(ℓ1, · · · , ℓn) = n − 1, and a
polynomial S′ ∈ F[[ϵ]][x] such that the following equality holds over F[[ϵ]]:

g mod ⟨L⟩ = f (ℓ1, · · · , ℓn) + ϵ · S′(x, ϵ) .

Proof. Let L := Σr
i=0Liϵ

i where Li ∈ F[x] are linear polynomials. Further, by assumption L0 is a nonzero
linear form. Fix a variable ordering. Then, one can write each Li as Li := ci L0 + L′

i , for some ci ∈ F, and
L′

i := Li mod ⟨L0⟩ is a unique linear polynomial. Therefore, clubbing all L0 terms together, one can rewrite L
as (1+ ϵ · p(ϵ))L0 + ϵ ·R, where p(ϵ) = Σr

i=1ciϵ
i−1, and R := Σr

i=1L′
iϵ

i−1 ∈ F[ϵ][x]. Note that, L′
i aswell as R are

independent of L0. Therefore, doing the operation mod ⟨L⟩ is same as substituting L0 = −ϵ · R/(1 + ϵ · p(ϵ)).
Let q := −ϵ · R/(1+ ϵ · p(ϵ)). By definition, q ∈ F[[ϵ]][x] is a linear polynomial in x, and further q ≡ 0 mod ⟨ϵ⟩.

Finally, suppose the variable x1 appears in L0. Then, from the above discussion, both f and S can be uniquely
written as follows: f = Σd

i=0 fi · Li
0, where fi ∈ F[x2, · · · , xn], and S = Σd

i=0Si · Li
0, where Si ∈ F[ϵ][x2, · · · , xn].

We assumed the degree upper bound in f and S to be d.
By the discussion above, mod⟨L⟩, over the ring F[[ϵ]] is nothing but substituting L0 by q. What we get over

the ring F[[ϵ]] is:
f mod ⟨L⟩ = Σd

i=0 fi · qi , S mod ⟨L⟩ = Σd
i=0Siqi .

Since q ≡ 0 mod ⟨ϵ⟩, we get that over F[[ϵ]], the following equation holds:

g mod ⟨L⟩ = f mod ⟨L⟩+ ϵ · S mod ⟨L⟩

= f0 + ϵ · S′(x, ϵ) .

By definition, f0 = f mod ⟨L0⟩. Finally, by the previous discussion, there are linear forms ℓ1, · · · , ℓn with
rank(ℓ1, · · · , ℓn) = n − 1 such that f0 = f (ℓ1, · · · , ℓn). This finishes the proof.

□

Remark. Instead of working over F[[ϵ]], one can also truncate and work over F[ϵ]/⟨ϵM+1⟩, for some large
positive integer M. To see this formally, one can simply replace q′ ≡ q mod ⟨ϵM+1⟩, in the above proof, and
work over the desired ring.

By induction, one can easily extend this to working with an ideal generated by multiple linear polynomials
over F(ϵ) to get the following:
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Claim 4. Suppose, g(x, ϵ) = f (x) + ϵ · S(x, ϵ), where S ∈ F[ϵ][x]. Let L1, · · · , Lt ∈ F[ϵ][x] are t-many linear
polynomials (in x) such that each Li|ϵ=0 is a nonzero linear form. Then, there exist linear forms ℓ1, · · · , ℓn, with
n − 1 ≥ rank(ℓ1, · · · , ℓn) ≥ n − t, a polynomial S′ ∈ F[[ϵ]][x], such that the following equality holds over F[[ϵ]]:

g mod ⟨L1, · · · , Lt⟩ = f (ℓ1, · · · , ℓn) + ϵ · S′(x, ϵ) .

Observe that in the above, we say the rank to be at least n − t, and not exactly = n − t. This is because, the
linear forms Li(ϵ = 0) might not be linearly independent. This above claim will play a key role in the proof
of Lemma 15.

Finally, we also add an easy observation that would be useful later.

Observation 1. Fix a variable ordering. Let L ∈ F[ϵ][x] is a linear polynomial such that L|ϵ=0 is a nonzero linear
polynomial. Let ℓ ∈ F[ϵ][x] be another linear polynomial such that ℓ|ϵ=0 is a nonzero homogeneous linear polynomial.
Then L mod ⟨ℓ⟩ is again a linear polynomial over F[[ϵ]], whose ϵ-free term is a nonzero linear polynomial. Further, if
L|ϵ=0 is non-homogeneous, then the ϵ-free term of L mod ⟨ℓ⟩ is non-homogeneous.

The above observation can be extended to a product of linear polynomials, and also we can work with
truncated ϵ-powers. In particular, if T = ϵ−a · L1 · · · Ls, where Li ∈ F[ϵ][x] are linear polynomials (i.e. T ∈
F[ϵ±1][x] is a product of linear polynomials), then T mod ℓ, for some ℓ as above, becomes a product of linear
polynomials, of the form ϵ−a · L̂1 · · · L̂s, where L̂i ∈ F[[ϵ]][x] are linear polynomials. For border complexity
purposes, we can still continue working over the ring F[ϵ±1].

4 DETAILED PROOF OF THEOREM 2 FOR k ≤ 3

In this section, we present a self-contained proof of Theorem 2 for the case k ≤ 2, as this forms the basis for the
proof in the general case of any arbitrary constant k.

Notations for this section. Let x := {x1, . . . , xn}, fix k ≤ 2, and n := (k + 1)d. Recall, f := Pk+1,d =

Σi∈[k+1] Πd
j=1 x(i−1)d+j.

Goal: Suppose that f ∈ Σ[k]ΠΣ of size s, i.e. g = f + ϵ · S, where sizeF(ϵ)(g) ≤ s (as a Σ[k]ΠΣ-circuit),
S ∈ F[ϵ, x]. We want to prove that s = 2Θ(d).

4.1 k = 1 case

Theorem 5 (Impossibility for k = 1). P2,d cannot be expressed as a Σ[1]ΠΣ circuit.

Proof. [BIZ18, Prop. A.12] showed that ΠΣ = ΠΣ, i.e., product of linear polynomials after taking the limit
remains in the same form. Eventually, the proof relies on the fact that the product distributes the ϵ-powers.
Thus, it suffices to show that P2,d does not have any ΠΣ circuit. We prove it below via contradiction.

Suppose P2,d = ℓ1 · · · ℓd, where ℓi are linear polynomials (not necessarily distinct). Since P2,d is homogeneous,
we can assume that each ℓi is a homogeneous linear form. Assume, without loss of generality, that ℓ1 has
variable x1, i.e. ℓ1 = ax1 + ℓ11, where a ∈ F and ℓ11 is a nonzero x1-free linear form; ℓ11 must be nonzero,
otherwise x1 divides P2,d, a contradiction. By substituting x1 = −ℓ11/a, on both side, we get that

ℓ11x2 · · · xd = axd+1 · · · x2d .

This can never hold because x2 appears on the LHS, but not on the RHS. This finishes the proof. □
Manuscript submitted to ACM



729

730

731

732

733

734

735

736

737

738

739

740

741

742

743

744

745

746

747

748

749

750

751

752

753

754

755

756

757

758

759

760

761

762

763

764

765

766

767

768

769

770

771

772

773

774

775

776

777

778

779

780

Separated borders: Exponential-gap fanin-hierarchy theorem for approximative depth-3 circuits 15

4.2 k = 2 case: The basic induction idea

The proof for k = 2 is far from obvious and different from that of k = 1. Note that Σ[2]ΠΣ is not closed under
taking limit 7. The idea is to reduce k = 2 case to k = 1 case carefully. The reduction may make the term
complicated, however, the wish would be to show that it is still a model where exponential lower bounds can be
shown. Formally, we prove the following.

Theorem 6. P3,d requires 2Θ(d)-size Σ[2]ΠΣ circuits.

Proof. Let x = {x1, · · · , xn}, where n := 3d. Recall, P3,d := x1 · · · xd + xd+1 · · · x2d + x2d+1 · · · x3d. Suppose,

g := T1 + T2 = P3,d + ϵ · S , (3)

where the polynomials T1, T2 ∈ F[ϵ±1][x], and each of them is a product of linear polynomials ΠΣ and they
have size at most s over F[ϵ±1], and S ∈ F[ϵ][x]. Suppose, Ti = ϵ−ai · ℓi,1 · · · ℓi,s, where ai ∈ Z≥0, and each
ℓi,j ∈ F[ϵ][x] are linear polynomials (in x) such that ℓi,j|ϵ=0 ≠ 0. Now, one of the three things can happen.

1 (Easy case). Both Ti have at least one linear factor, say ℓ1,1 and ℓ2,1 whose ϵ-free term is a homogeneous
linear form over F;

2 (Intermediate case). Exactly one of Ti, say wlog, T1, has at least one factor, say ℓ1,1 whose ϵ-free term is
a homogeneous linear form;

3 (Hard case). None of the factors of Ti, has ϵ-free term as a homogeneous linear form.

The first two cases can be treated straightforwardly, as we show that they are impossible, whereas the third
requires a more technical analysis and in this case we show an exponential lower bound. We now proceed to
examine each case in detail.

Lower bound for Case I: Consider g mod ⟨ℓ1,1, ℓ2,1⟩. By Claim 4 (in section 3), there exists S′ ∈ F[[ϵ]][x]
such that

0 = g mod ⟨ℓ1,1, ℓ2,1⟩ = P3,d(ℓ1, · · · , ℓn) + ϵ · S′ ,

where n − 1 ≥ rank(ℓ1, · · · , ℓn) ≥ n − 2. In particular, this means that P3,d(ℓ1, · · · , ℓn) = 0. Our main claim is
that this is not possible.

Claim 7 (Main Claim for Case I). If 3d − 1 ≥ rank(ℓ1, · · · , ℓ3d) ≥ 3d − 2, then P3,d(ℓ1, · · · , ℓn) ≠ 0.

Proof of Claim 7. We prove the above by contradiction. Suppose, indeed, P3,d(ℓ1, · · · , ℓn) = 0. Then,
ℓ1 · · · ℓd + ℓd+1 · · · ℓ2d + ℓ2d+1 · · · ℓ3d = 0. Two possible cases can happen:

(i) The rank is 3d − 1. Without loss of generality, ℓ1, · · · , ℓ3d−1 are full-rank and ℓ3d is in the span of
the 3d − 1 linear forms. Using an invertible linear transformation, ℓi 7→ xi, for i ∈ [3d − 1], we
get the following polynomial: x1 · · · xd + xd+1 · · · x2d + x2d+1 · · · x3d−1 · ℓ, for some linear form ℓ ∈
F[x1, · · · , x3d−1]. This can never be zero, since, for example, the monomial x1 · · · xd can never be
canceled.

(ii) The rank is 3d − 2. Then, by pigeonhole principle, at least one of the set of linear forms {ℓ1, · · · , ℓd},
{ℓd+1, · · · , ℓ2d}, {ℓ2d+1, · · · , ℓ3d} must be full rank. Without loss of generality, rank(ℓ1, · · · , ℓd) = d.
Now, further one of the three cases is true: (a) rank(ℓd+1, · · · , ℓ2d) = d− 1, and rank(ℓ2d+1, · · · , ℓ3d) =

7x1y1 + x2y2 + x3y3 has a small Σ[2]ΠΣ expression, but cannot be computed by any Σ[2]ΠΣ circuit
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d − 1, or (b) rank(ℓd+1, · · · , ℓ2d) = d, and rank(ℓ2d+1, · · · , ℓ3d) = d − 2, or (c) rank(ℓd+1, · · · , ℓ2d) =

d − 2, and rank(ℓ2d+1, · · · , ℓ3d) = d. After applying a suitable invertible linear transformation, case (a)
looks like x1 · · · xd + xd+1 · · · x2d−1 · ℓ+ x2d · · · x3d−2 · ℓ′, for some linear forms ℓ, ℓ′ ∈ F[x1, · · · , x3d−2],
while (b) and (c) look like x1 · · · xd + xd+1 · · · x2d + x2d+1 · · · x3d−2 · ℓ · ℓ′, for some linear forms
ℓ, ℓ′ ∈ F[x1, · · · , x3d−2]. This can never be zero, since the monomial x1 · · · xd can never be canceled.

□

Therefore, we have shown an impossibility in case I.

Lower bound for Case II: In the second case, consider g mod ⟨ℓ1,1⟩. Then, by Claim 4, we know that

T2 mod ⟨ℓ1,1⟩ = g mod ⟨ℓ1,1⟩ = P3,d(ℓ1, · · · , ℓn) + ϵ · S′ ,

where rank(ℓ1, · · · , ℓn) = n − 1. Let us compare the coefficient of ϵ0 in both side. By Observation 1, the
coefficient of ϵ0 in the LHS is a product of non-homogeneous linear polynomials. However, the coefficient of ϵ0

in the RHS is P3,d(ℓ1, · · · , ℓn), which is a homogeneous polynomial, a contradiction!
□

Lower bound for Case III: Before going into the technical details, let us quickly convince the readers why
this is the hardest case to prove. In this case, the idea of looking modulo an ideal becomes unreliable due to
inhomogeneous ideals. The primary counter example being: Let k = 2, and ℓ1,1 appears in T1 such that ℓ1,1 = 1
and ℓ2,1 appears in T2 where ℓ2,1 = 1 + ϵ · ℓ̃, for some nonzero linear form ℓ̃ ∈ F[x]. Note that ℓi,1|ϵ=0 = 1 for
i ∈ [2]; therefore, the idea that we used above for case I-II becomes nonsensical! Strikingly, this is exactly the
format of expressing an arbitrary f as the ϵ0-coefficient of T1 + T2, [Kum20, Section 3.1], where T1 is simply an
ϵ-power. This implies that the third case (we call it all-non-homogeneous) should somehow capture the core and
complicated part of the proof.

From now on, we focus on the third case. Before going into the proof, let us revisit the basic notation:

g := T1 + T2 = P3,d + ϵ · S , (4)

where the polynomials T1, T2 ∈ F[ϵ±1][x], and each of them is a product of linear polynomials ΠΣ and they
have size at most s over F[ϵ±1], and S ∈ F[ϵ][x]. By assumption, Ti = ϵ−ai · ℓi,1 · · · ℓi,s, where ai ∈ Z≥0, and each
ℓi,j ∈ F[ϵ][x] are linear polynomials (in x) such that ℓi,j|ϵ=0 is a nonzero non-homogeneous linear polynomial.

Note: We say that each Ti satisfies the “all-non-homogeneous" property, if each ℓi,j|ϵ=0 is a nonzero non-
homogeneous linear polynomial. In this case, we will say that P3,d is computed by an all-non-homogeneous
Σ[2]ΠΣ circuit. In general, we will use this terminology many times.

Here are the main two claims that leads to the lower bound for case III.

Claim 8. If P3,d is computed by an all-non-homogeneous Σ[2]ΠΣ circuit of size s, then P3,d can also be computed by a
Σ∧Σ circuit of size poly(s).

Claim 9. If a Σ∧Σ circuit computes the polynomial P3,d, then the size must be at least 2Ω(d).

It is clear that Claim 8 and Claim 9 together imply that s ≥ 2Ω(d), which will finish the proof for k = 2.
The proof of Claim 9 is not hard. So, first, we give the proof below, before going into the proof of Claim 8.
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Proof of Claim 9. Let C is a Σ∧Σ circuit of size s′, that computes the polynomial P3,d. Then, by analyzing
the partial derivative space of C, one can show that the dimension of its partial derivative space is bounded by
poly(s′), see [CKW11, Lemma 10.2]. On the other hand, the partial derivative space of the polynomial P3,d can
easily be shown to be 2Ω(d). This shows that s′ ≥ 2Ω(d) as desired. □

We now go into the most technical part of the proof for k = 2.

Proof of Claim 8. Recall Equation 3:

g := T1 + T2 = P3,d + ϵ · S . (5)

Here, each Ti satisfies the all-non-homogeneous property. Now, apply a simple variable-scaling map Φ : xi 7→
z · xi. This makes z the “degree counter" as it helps track the degree of the polynomial; but more importantly, it
allows us univariate derivation.

Note thatΦ(P3,d) = zd · P3,d, andΦ(Ti) = ϵ−ai ·Φ(ℓi,1) · · ·Φ(ℓi,s). Now, for i ∈ [2], let T̃i := Φ(ℓi,1) · · ·Φ(ℓi,s).
Dividing both sides by T̃2, we get

Φ(P3,d + ϵ · S)/T̃2 = ϵ−a2 + Φ(T1)/T̃2
differentiate with respect to z

=⇒ ∂z
(
Φ(P3,d + ϵ · S)/T̃2

)
= ∂z (Φ(T1)/T̃2) ,

(6)
where ∂z(·) := d(·)/dz. This has reduced the number of summands on the right hand side to 1, although
the surviving summand has become more complicated now. Further, (seemingly) we have no control on the
structure on the coefficient of ϵ0-term.

Here are two lemmas that gist up the main technical takeaways.

Lemma 10 (Main Lemma 1). ∂z
(
Φ(P3,d + ϵ · S)/T̃2

)
∈ F[[ϵ, z]][x], and further

coefϵ0zd−1 ∂z
(
Φ(P3,d + ϵ · S)/T̃2

)
= c′ · P3,d(x) ,

for some nonzero constant c′ ∈ F.

Lemma 11 (Main Lemma 2). ∂z (Φ(T1)/T̃2) ∈ F[[ϵ, z]][x], and further coefϵ0zd−1 ∂z (Φ(T1)/T̃2) can be computed
by a Σ∧Σ circuit of size O(snd).

Looking at Equation 6 and combining Lemma 10-11 gives us Claim 8. So, we focus on proving these two
lemmas now.

Proof of Lemma 10. Since we are in the third case (all-non-homogeneous), we know that ℓi,j = ci,j + ℓ̃i,j,
where each ℓ̃i,j ∈ F[ϵ][x] is a homogeneous linear polynomial, further ci,j|ϵ=0 ≠ 0. Trivially, Φ(ℓi,j) = ci,j + z · ℓ̃i,j.
Hence, 1/Φ(ℓi,j) ∈ F[[ϵ, z]][x], and therefore, 1/T̃2 ∈ F[[ϵ, z]][x]. In fact, 1/T̃2 = c + ϵ · R(x, ϵ, z), where
0 ≠ c ∈ F, and R ∈ F[[ϵ, z]][x]. Since, Φ(P3,d + ϵ · S) ∈ F[ϵ, z][x], clearly ∂z

(
Φ(P3,d + ϵ · S)/T̃2

)
∈ F[[ϵ, z]][x].
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Now,

coefϵ0zd−1

(
∂z
(
Φ(P3,d + ϵ · S)/T̃2

))
= coefϵ0zd−1

(
∂z
(
Φ(P3,d)/T̃2

)
+ ϵ · ∂z

(
Φ(S)/T̃2

))
= coefϵ0zd−1

(
∂z
(
Φ(P3,d)/T̃2

))
= coefϵ0zd−1

(
∂z

(
zd · P3,d
c + ϵ · R

))

= coefϵ0zd−1

(
∂z

((
zd · P3,d

c

)
·
(

1 − ϵ · R/c + ϵ2(R/c)2 − · · ·
)))

= P3,d/c .

This proves the claim.
The above calculation also shows that the minimum power of z in the ϵ-free term that appears in the

expression
(
∂z
(
Φ(P3,d + ϵ · S)/T̃2

))
is exactly d − 1. We will use this fact crucially in the next proof. □

Proof of Lemma 11. In Lemma 10, we have already shown that
(
∂z
(
Φ(P3,d + ϵ · S)/T̃2

))
∈ F[[ϵ, z]][x], and

therefore, from Equation 6, we can conclude that ∂z
(
Φ(T1)/T̃2

)
F[[ϵ, z]][x]. To understand the expression

better, we use logarithmic derivative (aka dlog), which has a bunch of helpful properties; see section 3. Recall the
notations: Φ(Ti) = ϵ−ai · T̃i, where T̃i := Φ(ℓi,1) · · ·Φ(ℓi,s), where Φ(ℓi,j) = ci,j + z · ℓ̃i,j, for some linear form
ℓi,j ∈ F[ϵ][x]. Then, the expression ∂z

(
Φ(T1)/T̃2

)
can be re-written as

∂z
(
Φ(T1)/T̃2

)
= ϵ−a1 · ∂z(T̃1/T̃2) (7)

= ϵ−a1 · (T̃1/T̃2) · dlog
(
T̃1/T̃2

)
(8)

= ϵ−a1 ·
(
T̃1/T̃2

)
·
(
dlog(T̃1)− dlog(T̃2)

)
. (9)

Since each ci,j|ϵ=0 ≠ 0, a nonzero constant, observe that valϵ(T̃1/T̃2) = 0, and further it is easy to see that
T̃1/T̃2 ∈ F[[ϵ, z]][x]. Moreover, from the proof of Lemma 10, we know that valϵ(∂z(Φ(P3,d + ϵ · S)/T̃2)) = 0.
Therefore, from Equation 6, one can conclude that valϵ(ϵ−a1 ·

(
dlog(T̃1)− dlog(T̃2)

)
= 0.

Since the dlog operator distributes the product terms (see Section 3), by the discussion in Section 3 and
Section 2, we get that

dlog(T̃i) = Σs
j=1 dlog(Φ(ℓi,j)) = Σs

j=1

(
ℓ̃i,j

ci,j + z · ℓ̃i,j

)
= Σj≥0Pi,j(x, ϵ) · zj . (10)

In the above expression, each Pi,j is an Σ∧Σ expression of size O(snj), over F[[ϵ]]. Therefore, looking at Equa-
tion 7, and we get that

coefϵ0zd−1

(
∂z
(
Φ(T1)/T̃2

))
= coefzd−1

(
coefϵ0

((
T̃1/T̃2

)
·
(

Σj≥0Qjzj
)))

(11)

= coefzd−1

(
coefϵ0

(
T̃1/T̃2

))
·
(
coefϵ0

(
Σj≥0Qjzj

))
. (12)

In the above, Qj := ϵ−a1 · (P1,j − P2,j), and each Qj has a Σ∧Σ expression of size O(snj), over F[[ϵ]].
Let ℓ̃i,j|ϵ=0 =: ℓ̃i,j,0 ∈ F[x], and F ∋ ci,j,0 := ci,j(ϵ = 0). Then, observe that

coefϵ0

(
T̃1

T̃2

)
=

Πs
j=1

(
c1,j,0 + z · ℓ̃1,j,0

)
Πs

j=1

(
c2,j,0 + z · ℓ̃2,j,0

) .
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In the proof of Lemma 10, we have shown that the minimum z power in the term ϵ0 in ∂z
(
Φ(T1)/T̃2

)
is d − 1.

Since, valz
(
coefϵ0 (T̃1/T̃2)

)
= 0, looking at Equation 11, it must happen that valϵ(Qj) ≥ 1, for all 0 ≤ j ≤ d − 2.

Therefore, there exists some constant c” such that

coefϵ0zd−1

(
∂z
(
Φ(T1)/T̃2

))
=

(
Πs

j=1c1,j,0

Πs
j=1c2,j,0

)
· coefϵ0 (Qd−1) = c” · coefϵ0 (Qd−1) .

Since we already argued that Qd−1 has a Σ∧Σ expression of size O(snd) over F[[ϵ]], we conclude that
coefϵ0zd−1

(
∂z
(
Φ(T1)/T̃2

))
can be computed by a Σ∧Σ circuit of size O(snd).

This finishes the proof of Lemma 11. □

We have already argued that proving Lemma 10-11 proves Claim 8, which is the most technical part of k = 2
proof. And, as we already mentioned before, Claim 8 and Claim 9 finish the proof of the lower bound for case
III. Since we have covered case I-III, we have formally proved that P3,d requires exponential-size Σ[2]ΠΣ. □

4.3 k = 3 case: The bloated induction idea

For the k = 3 case, one can similarly show that the hardest case is the setting of all-non-homogeneous like in the
last section, e.g. Equation 4. So, let us focus on that particular setting and set the following notation:

g0 = f0(x) + ϵ · S0 = Σ3
i=1Ti,0 . (13)

Here, n := 4d, and f0 := P4. Each Ti,0 is computable by a ΠΣ-circuit of size at most s over F[ϵ±1] with the
property: after dividing by the ϵ-power of ϵ-valuation, it is a nonzero constant mod⟨x1, . . . , xn⟩. Further, let
d0 := d + 1.

This example leads us to the ‘main reduction’ lemma that reduces the fanin to 1, yielding a ratio of two
depth-3 diagonal circuits of small size. The proof of the lemma is an algebraic manipulation that applies the
‘linearizing’ dlog operator, much like the induction step invented in Claim 8. Note: Now we get a slightly more
complicated model that is the ratio of two border-depth-3-diagonal circuits.

Lemma 12 (Main Lemma 18’s k = 3 case). If f can be approximated by a structured Σ[3]ΠΣ-circuit of size s (i.e. as
written in Equation 13), over F(ϵ), then there exist two polynomials F1, F2 ∈ F[x] such that each Fi can be computed by
a Σ∧Σ circuit of size poly(s), and f = F1/F2.

In the above, when we say structured, we mean the all-non-homogeneous setting, as mentioned before.

Proof. We will prove it by reducing the top-fanin to 1 in two steps (j = 0 → 1 → 2).
From the previous subsection, recall the variable-scaling map Φ : xi 7→ z · xi. To save space, assume that in

Equation 13, Φ has been applied. Thus, our initial model becomes: Σi∈[3] Ti,0 =: g0, over R0(x, ϵ), such that it
approximates f0 correctly, where f0 ∈ R0(x), where R0 := F[z]/⟨zd0 ⟩, for any d0 > deg( f ).

For the purpose of induction, we now define a more general, or bloated, class as,

Gen(3, s) := Σ[3] (ΠΣ/ΠΣ) (Σ∧Σ/Σ∧Σ) .

This model computes functions of the form Σ3
i=1(Ui/Vi) · (Pi/Qi), where Ui, Vi ∈ ΠΣ, invertible in the

underlying ring, and Pi, Qi ∈ Σ∧Σ, and the circuit (with division allowed) has size s; see Definition 2. Informally
speaking, when we “divide and derive” twice, we will land in this model (unlike for k = 2, where single
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“division and derivative”was enough). From g0 wewill derive g1, followed by g2, using algebraicmanipulations
as described next (j = 0 → 1 → 2).

So, we think of g0 = Σi∈[3] Ti,0 as the Gen(3, s)-type expression Σ3
i=1(Ui,0/Vi,0) · (Pi,0/Qi,0).

Let vi,j := valz(Ti,j) ≥ 0, for i ∈ [3 − j]. Moreover, Ui,j|z=0 ∈ F(ϵ)\{0} (similarly for Vi,j), i.e. they are units
in F(ϵ) due to the hypothesis of all-non-homogeneous.

Divide andDerive. Let T3−j,j =: ϵa3−j,j · T̃3−j,j, where T̃3−j,j =: (t3−j,j + ϵ · t̃3−j,j) is not divisible by ϵ. Divide
gj =: f j + ϵ · Sj, by T̃3−j,j, to get:

f j/T̃3−j,j + ϵ · Sj/T̃3−j,j = ϵa3−j,j + Σi∈[2−j]Ti,j/T̃3−j,j

=⇒ ∂z

(
f j/T̃3−j,j

)
+ ϵ · ∂z

(
Sj/T̃3−j,j

)
= Σi∈[2−j]∂z

(
Ti,j/T̃3−j,j

)
= Σi∈[2−j]

(
Ti,j/T̃3−j,j

)
· dlog

(
Ti,j/T̃3−j,j

)
(14)

=: gj+1 .

The base ring. Let R := F(z) ⊊ F((z)) =: R̂. It helps to keep a standard fact in mind while going through our
calculations: each rational function has a Laurent series8. Also, the above equation motivates, for i ∈ [2 − j], the
definition of a new model that is needed to move to the next level of induction,

Ti,j+1 :=
(

Ti,j/T̃3−j,j

)
· dlog

(
Ti,j/T̃3−j,j

)
, and f j+1 := ∂z( f j/t3−j,j) .

Claim 13 (Induction hypotheses over the new base ring). For each 0 ≤ j ≤ 1, the circuit gj+1 approximates
f j+1 correctly, i.e. limϵ→0 gj+1 = f j+1, where gj+1 (respec. f j+1) is well-defined in the ring R(x, ϵ) ⊂ R̂(x, ϵ)

(respec.R(x)).

Proof. The key observation is: f j and Ti,j’s are elements in F(x, z, ϵ) which also belong to F(x, ϵ)((z)), and
f j is ϵ-free, ∀ i ∈ [2 − j].
Equation 14 holds overR(x, ϵ); this is because of the division by z-valuation of v3−j,j and then differentiation.

It is easy to see that the least ϵ-power in the sum f j + ϵ · Sj is contributed by f j and not by ϵ · Sj. Further, since
limϵ→0 T̃3−j,j = t3−j,j, we must have that f j/t3−j,j ∈ R(x) and thus the ‘limit’ f j+1 exists over the base ring R.

In other words, limϵ→0 ∂z(gj/T̃3−j,j) = limϵ→0 gj+1 = f j+1 ∈ R(x). This finishes Claim 13. □

The primary structural claim is as follows.

Claim 14. For 0 ≤ j ≤ 2, gj ∈ Gen(3 − j, sj), where sj = poly(sd).

Proof. One can prove this inductively on j. It is trivially true for j = 0, with s0 = s. Assume this holds for
gj, and we will show this for j + 1.

Note that dlog(Σ∧Σ) ∈ Σ∧Σ/Σ∧Σ, where each Σ∧Σ circuits are of poly-size (an easy proof is in Lemma 28).
Since dlog distributes the product additively, so it suffices to work with dlog(ΠΣ); and we showed that

dlog(ΠΣ) ∈ Σ∧Σ, is of poly-size if truncated (see section 3, and explicitly in Equation 10); we will also reprove
it in the size analysis (see subsection 6.3). Let us assume that at j-th step, we will truncate till dj − 1, i.e. consider

8Since the target f is a polynomial, our proof requires only a finite truncation of this Laurent series; this then is in the ring F(x)[z±1].
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the equation trun zdj , where dj is polynomially bounded. One can simplify to get the following:

Ti,j/T̃3−j,j ( trun zdj ) = ϵ−a3−j,j ·
(
(Ui,j · V3−j,j)/(Vi,j · U3−j,j)

)
· (Pi,j · Q3−j,j)/(Qi,j · P3−j,j) ( trun zdj ) ,

and its dlog. Let Ui,j+1 := Ui,j · V3−j,j; similarly Vi,j+1 := Vi,j ·U3−j,j. Essentially, dlog computation will produce
(Σ∧Σ/Σ∧Σ)-circuits, which will further multiply with P’s and Q’s, and we multiply ϵ−a3−j,j there; for details
see Claim 21. This is done to ensure the invariant: Ui,j+1|z=0 , Vi,j+1|z=0 ∈ F(ϵ) \ {0}, so, U’s and V’s remain
units in the z-power-series ring.

Therefore, Ti,j+1 ( trun zdj ) =
(

Ti,j/T̃3−j,j

)
·dlog

(
Ti,j/T̃3−j,j

)
( trun zdj ) is of the form (ΠΣ/ΠΣ) · (Σ∧Σ/Σ∧Σ),

with polynomial blow up in the size. Therefore, gj+1 ∈ Gen(m− j− 1, sj+1), where sj = poly(sd) as desired. □

As we mentioned before, at each step, we will do truncation trun zdj , i.e. each Ti,j is computed as an element
in F(x, z, ϵ). This viewpoint is important because it allows us to extract the coefficient of a power of z, (or ϵ0),
if required. Also, vi,j can become negative, but they still remain polynomially bounded, since we have the
following relation vi,j+1 := vi,j − vi,3−j, adn they are all polynomially bounded.

Extracting the right z-power to get f . As we move from j = 0 → 1 → 2 (with the given f free of z, ϵ),
we show that f j evolves rather predictably and keeps computing a ‘multiple’ of f , namely: coef

zbj ( f j) =

limϵ→0 f · (Σ∧Σ/Σ∧Σ), for appropriate degree bounds bj (whichmay be positive or negative9, but polynomially
bounded in the magnitude).

Since T̃m−j,j ∈ (ΠΣ/ΠΣ) · (Σ∧Σ/Σ∧Σ), the term tm−j,j, which is the ϵ-free part of is of T̃m−j,j, must be of
the form limϵ→0(Σ∧Σ/Σ∧Σ). Here, we used that limϵ→0(ΠΣ/ΠΣ) is a nonzero constant in F, since ΠΣ|z=0

part in the equation is a unit, in F(ϵ) \ {0}.
Let valz(t3−j,j) = d′j. Therefore, coefzd′j

(t3−j,j) = limϵ→0 Σ∧Σ/Σ∧Σ, where these Σ∧Σ circuits are z-free.
Here, we use the fact that Σ∧Σ is closed under interpolation and substitution. We will prove that everything
remains polynomially bounded in the size-analysis section (subsection 6.3).

Also, by definition, valz( f j+1) = bj+1, implying valz( f j/t3−j,j) = bj+1 + 1. Therefore, bj+1 + 1 = valz( f j)−
valz(t3−j,j) = bj − d′j. Hence,

coef
z

bj−d′j
( f j/t3−j,j) = coef

zbj ( f j)/coef
z

d′j
(t3−j,j) = lim

ϵ→0
f · Σ∧Σ/Σ∧Σ .

It is very important to note that the above goes through since we are only looking at the coefficient of the
minimum-z power, and alsoΣ∧Σ is closed undermultiplication (with polynomial blowup in size; see Lemma25).
Since the RHS is z-free, and bj+1 = bj − d′j − 1, it directly follows that

coef
zbj+1 ( f j+1) = coef

zbj+1

(
∂z

(
f j/t3−j,j

))
= lim

ϵ→0
f · (Σ∧Σ/Σ∧Σ) .

Since f j+1 = limϵ→0 gj+1, we get:

coef
zbj+1 (lim

ϵ→0
gj+1) = coef

zbj+1 ( f j+1) = lim
ϵ→0

f · (Σ∧Σ/Σ∧Σ) (15)

This completes the inductive proof of the connection between g2 and f .

Wrapping up.We have, as just shown above, coefzb2 (limϵ→0 g2) = · f · (Σ∧Σ/Σ∧Σ). On the other hand, doing
‘divide and derive’ twice (see Equation 14) has given us g2 ∈ Gen(1, s2) where s2 = poly(sd) (see Claim 14):
limϵ→0 g2 = limϵ→0(ΠΣ/ΠΣ) · (Σ∧Σ/Σ∧Σ) with the (ΠΣ)-part being all-non-homogeneous. Again, since

9E.g. limϵ→0
z+ϵ

z2+ϵ
= 1

z .
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we are interested in the minimum z-power, and ΠΣ|z=0 are nonzero elements of F(ϵ), the contribution comes
only from the Σ∧Σ terms. In particular, we deduce:

lim
ϵ→0

g2 = lim
ϵ→0

(Σ∧Σ/Σ∧Σ) =⇒ coefzb2 (lim
ϵ→0

g2) = coefzb2 (Σ∧Σ/Σ∧Σ) = Σ∧Σ/Σ∧Σ

Again, we use the fact that Σ∧Σ is closed under interpolation (with polynomial blow up in size). Comparing
this with Equation 15, one can easily conclude that f = Σ∧Σ/Σ∧Σ. The size of this representation can be,
quite straightforwardly, checked to be poly(s). □

Finally, we prove a simple analog of Claim 9 (for ratio of two Σ∧Σ circuits) to finish the exponential
lower-bound proof for P4,d (see Lemma 23).

4.4 Brief pathway to general k

The proof for the general k is similar to k = 3, and it invokes the general bloated class over any ring R:

Gen(k, s) := Σ[k] (ΠΣ/ΠΣ) (Σ∧Σ/Σ∧Σ) .

This model computes functions of the form Σk
i=1(Ui/Vi) · (Pi/Qi), where Ui, Vi ∈ ΠΣ, invertible in the

underlying ring, and Pi, Qi ∈ Σ∧Σ, and the circuit (with division allowed) has size s (over R); see Definition 2.
Informally speaking, when we divide an derive for more than one time, we will land up in these kind of models,
and for k = 2, only one division and derivative was enough. Also, we will work with R̂ as the base ring.

For general k > 3, the proof consists of four claims.

(1) if Pk+1,d was computed by a Σ[k]ΠΣ-circuit of size s, then there are linear forms ℓ1, . . . , ℓn, with
n := (k + 1)d, such that rank(ℓ1, . . . , ℓn) ≥ n − k, and Pk+1,d(ℓ1, . . . , ℓn) can be computed by an
‘all-non-homogeneous’ Σ[m]ΠΣ-circuit of size O(sn), for some m ≤ k. Formally,

Pk+1,d(ℓ1, · · · , ℓn) + ϵ · S = T1 + · · ·+ Tm , (16)

where S ∈ F[ϵ][x], and each Ti satisfies the all-non-homogeneous property, i.e. if Ti := ϵ−ai · ℓi,1 · · · ℓi,s,
where ℓi,j ∈ F[ϵ][x], such that ℓi,j|ϵ=0 is a nonzero non-homogeneous linear polynomial.
This step is collecting homogeneous linear forms from each product (if exists) and taking modulo all
those linear forms, as already done for the k = 2 case in the previous section. For a formal proof, see
Lemma 15. After this point onward, the proof is essentially the one described in subsection 4.3.

(2) We start with applying xi 7→ zxi, and then do division and derivative multiple times. Initially we start
with Gen(m, s), as seen above in Equation 16, with the Σ∧Σ circuits being just 1. After i-many divisions
and derivatives, we will still try to argue that the model becomes Gen(m − i, si), where si = sexp(i),
and more interestingly, the main claim would be:

gi + ϵ · Si ∈ Gen(m − i, si) ,

where coefϵ0zb (gi) = Pk+1,d(ℓ1, . . . , ℓn) · (Wi,1/Wi,2), for some b (and in fact that b would be the
minimum z-power occurring in the RHS), and Wi,j has Σ∧Σ-size circuits of size at most si.
In particular, this means that when i = m − 1, is the coefficient of the minimum z-power in the limit
of a small Gen(1, sexp(m)) circuit, see induction hypothesis 4 in Part II discussion of Section 6.1 and
Section 6.2.
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(3) the coefficient of the minimum z-power in coefϵ0 (Gen(1, sexp(m))) is a ratio of two sexp(m)-size Σ∧Σ
circuits (Lemma 18). By combining this claim with the previous claim (for i = m − 1), and using the
fact that product of two Σ∧Σ circuits is again a small Σ∧Σ circuit (with polynomial blowup in size), it
means that Pk+1,d(ℓ1, · · · , ℓd) must be a ratio of two Σ∧Σ circuits, each of size sexp(m).
Both Points (2) and (3) require the modified DiDIL framework introduced in [DDS21]. However,
structurally, we prove something stronger here, by carefully analyzing the coefficient of the minimum
z-power in the ϵ0-term.

(4) If Pk+1,d(ℓ1, · · · , ℓd) can be written as a ratio of two Σ∧Σ circuits, i.e. Pk+1,d(ℓ1, · · · , ℓd) = F1/F2 where
each Fi can be computed by Σ∧Σ circuit of size at most sexp(m), then the size of the circuits must be
2Ω(d) (Lemma 23). This would prove that s must be exponential (since m ≤ k is a constant). Here, we
use the cone-based argument (for definition, see section 2). Note that for k = 2, it was not a ratio, but
simply a Σ∧Σ circuit; however, a similar lower bound technique can be lifted for a ratio as well. This
would finish the proof.

4.5 (im)Possibility of a ‘simpler’ proof, and comparison with Dutta, Dwivedi and Saxena [DDS21]

The crux of this lower bound approach is to — (1) ‘convert’ the general problem into all-non- homogeneous
setting (to reap the advantages of ΠΣ|z=0=ϵ being a nonzero constant), (2) use the non-homogeneity to express
the input polynomial as a ratio of two border depth-3 diagonal circuits, and finally (3) use partial derivative
techniques to show that such a robust polynomial like Pk,d cannot be written as a ratio of two polynomial-size
Σ∧Σ circuits.

So, one would wonder whether we can just shift the x-variables randomly at first, achieving the desired
non-homogeneity, and proceed without doing the case-analysis! However, if we work with Pk+1,d(x + a), for
some a ∈ Fn, and variable-scale to get Pk+1,d(zx + a), this becomes hard to handle even after one division and
derivation (Section 6.2). Since ∂z(Pk+1,d(zx + a)) ‘spreads’ the coefficients of Pk+1,d across different z-powers;
we cannot anymore use the second step of the argument described in the previous section. Basically, the power
of z comes from the polynomial multiplication convolution, and this makes it hard to do any further analysis.
For slightly more detailed understanding of the complications, see below.

Shift complicates for k = 2. Suppose that for k = 2, there exists a size-s depth-3 fanin-2 circuit approximating
P3,d. After shifting and scaling, dividing, deriving, using dlog and finally taking the limit, we will get the
following:

∂z
(

P3,d(zx + a)/ΠΣ
)
≡ Σ∧Σ · (ΠΣ) mod zd ,

where Σ∧Σ and ΠΣ circuits are of size poly(s). From this expression, showing an exponential lower bound on
s is not clear at all. In our proof sketch in the previous two sections, we claimed that the minimum z-degree
carries the full ‘hardness information’ of P3,d (see proof sketch of Claim 8, and more details in Section 6.2,
induction-hypothesis-(IV)). Unfortunately, the shift by a kills this property.

Difference and similarities with [DDS21] when k ≥ 3. The homogeneity of the polynomials is crucial for our
proof to work, it requires us to reduce the border circuit to all-non-homogeneous setting (namely, the ‘hard
case 3’ above). We do this carefully without any variable-shift (Lemma 15), so that the homogeneity of f is
maintained and yet ‘all’ the linear functions are invertible! For a ‘coarser’ upper bound of ABP, [DDS21] did
not require these innovations.
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We also remark that without the shift, it is not clear whether we can ‘lift’ and de-border f . The lifting
in [DDS21] required interpolation, which is why they moved to the model ABP/ABP, instead of our weaker
model Σ∧Σ/Σ∧Σ.

After reducing to the all-non-homogeneous case, we do use the DiDIL technique to analyze Σ[k]ΠΣ, intro-
duced in [DDS21]. DiDIL is an acronym for the steps: Divide, Derive, Induct, with Limit. In this paper, DiDIL
process is applied in a new, somewhat simplified, setting; namely, to the all-non-homogeneous case spelled
in Lemma 15. Since, we do not use any shifting unlike in [DDS21], this really gives us the advantage to closely
study the target polynomial Pk+1,d, and yields certain ‘bloated’ structures, which need an intricate analysis;
for details see Section 6.1-6.2. In other words, our method of first reducing to all-non-homogeneous and then
using the DiDIL analysis and finally looking at the minimum z-degree is tailor-made to work for the lower
bound, and not the upper bound.

5 HARDNESS LIES IN ALL-NON-HOMOGENEITY

Wewant to prove lower bounds on border depth-3 circuits Σ[k]Π[d]Σ. By definition, f (x) + ϵ · S(x, ϵ) = Σi∈[k]Ti,
such that each Ti = Πj∈[d]ℓij, where ℓij ∈ F[ϵ±1][x], are linear polynomials. In the homogeneous setting, an
exponential lower bound is easy-to-show (see Corollary 16).

Since Kumar’s expression [Kum20] also involves the polynomials Ti with each linear factor being strictly
non-homogeneous, the all-non-homogeneous case should be the hardest. We also briefly mentioned this being
the hardest to analyze, in Section 4. Here is the formal reduction lemma, which shows that proving a lower
bound for Σ[k]Π[d]Σ, reduces to proving for the ‘all-non-homogeneous’ case, i.e. every linear factor in Ti has
the minimum ϵ-degree term to be a non-homogeneous linear polynomial (or a constant). The following lemma
holds for any general n-variate homogeneous polynomial f (x).

Lemma 15 (Reduction to all-non-homogeneous setting). If an n-variate polynomial f (x) is computed by a Σ[k]ΠΣ-
circuit of size s, then there exists 0 ≤ m ≤ k, and homogeneous linear forms ℓ1, . . . , ℓn such that

1 (large rank). Rank(ℓ1, . . . , ℓn) = n − t, for some 0 ≤ t ≤ k − m,
2 (all-non-homogeneous). There exists H(x, ϵ) ∈ F[x, ϵ] such that

f (ℓ1, . . . , ℓn) + ϵ · H(x, ϵ) = T1 + . . . + Tm ,

where each Ti ∈ F[ϵ±1][x] is a product of linear polynomials, and ∀ i ∈ [m],(
Ti

ϵvalϵ(Ti)

) ∣∣∣∣
x=ϵ=0

∈ F − {0} andΣi sizeF(ϵ)(Ti) ≤ O(s · n) .

This makes sure that after the reduction, each Ti is of the form ϵ−ai · ℓi,1 · · · ℓi,s, where ℓi,j ∈ F[ϵ][x] are linear
polynomials such that ℓi,j|ϵ=0 is a non-homogeneous nonzero linear polynomial.

Proof of Lemma 15. The proof almost immediately follows from Claim 4. Suppose, f + ϵ · S(x, ϵ) = T̂1 +

. . . + T̂k, where T̂i ∈ F[ϵ±1][x], product of linear polynomials. Now if already each Ti is such that after taking
out the maximum ϵ-power, ϵ-free term mod⟨x1, . . . , xn⟩ ∈ F − {0}, then we are already in the required setup
and we do not need to reduce further. Otherwise, at least one T̂i must have a linear factor whose ϵ-free term is
a homogeneous linear form. Collect such linear polynomials L1, · · · , Lt, each from one T̃i, if exists. Consider
the given equation mod I , where I := ⟨L1, · · · , Lr⟩.
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Without loss of generality, assume that T̂i = 0 mod I , for i ∈ [m + 1, k], and first m-many T̂i survive.
Please note that while doing modulo I , more than r many T̃j could vanish. Let Ti := T̂i mod I . Note that
by Observation 1 and the remark followed by it, each Ti must be of the form Ti = T̂i mod I = ϵ−ai · ℓi,1 · · · ℓi,s,
where ℓi,r ∈ F[[ϵ]][x], and further ℓi,r|ϵ=0 is a nonzero non-homogeneous linear polynomial. As mentioned
earlier, for the border complexity purposes, it suffices to work with finite precisions, i.e. over F[ϵ±1]. Therefore,
using Claim 4, one can easily conclude that there are linear forms ℓ1, · · · , ℓn with rank(ℓ1, · · · , ℓn) = n − t, for
some t ≤ k − m, such that over F[ϵ±1], the following equation holds:

f (ℓ1, . . . , ℓn) + ϵ · H(x, ϵ) = T1 + . . . + Tm ,

This finishes the proof.
□

As a warmup application, we prove a ‘folklore’ impossibility result in homogeneousmodels.

Corollary 16 (Impossibility result). For 1 ≤ k < d, the polynomial Pk+1,d is uncomputable by homogeneous
Σ[k]ΠΣ circuits.

Proof. The proof goes through a contradiction. Suppose there is a homogeneous Σ[k]ΠΣ circuit computing
Pk+1,d, i.e. Pk+1,d + ϵ · S(x, ϵ) = T̂1 + · · ·+ T̂k. Suppose Ti = ϵ−ai · ℓi,1 · · · ℓi,s, where ai ≥ 0, and ℓi,j ∈ F[ϵ][x] are
linear forms (in x). Withoug loss of generality, we can pick one linear form, say ℓi,1 from each product gate, and
consider the given equation modulo the ideal I := ⟨ℓ1,1, · · · , ℓk,1⟩. This would make the RHS vanish, and from
the above reduction (Lemma 15) the ϵ-free term on the LHS would be Pk+1,d(ℓ1, . . . , ℓn), where n := (k + 1)d,
and {ℓ1, . . . , ℓn}, are the linear forms with r := rank(ℓ1, . . . , ℓn) = n − t ≥ n − k. This in particular implies that
Pk+1,d(ℓ1, . . . , ℓn) must be a zero polynomial, and we show that this cannot happen.

To argue Pk+1,d(ℓ1, . . . , ℓn) ≠ 0, note that by the pigeonhole principle, there exists i ∈ {0, · · · , k}, such that
the set of linear forms {ℓid+1, · · · , ℓ(i+1)d}, must be of full rank.Without loss of generality, rank(ℓ1, · · · , ℓd) = d.
Furthermore, from each set of linear forms {ℓid+1, · · · , ℓ(i+1)d}, for each i ∈ [k], one can pick at least one from
each set such that all the picked-up linear forms along with ℓ1, · · · , ℓd are linearly independent. Define an
invertible linear transformation that sends these linear forms to different variables, and further, for notational
ease, suppose: ϕ : ℓi 7→ xi, for i ∈ [d]. Note that, after applying the transformation, the monomial x1 · · · xd

appears in the new polynomial ϕ(Pk+1,d(ℓ1, · · · , ℓn)) which is produced from the first product. We claim that
this monomial can never get canceled which would imply the desired nonzeroness. To show this, observe that
in each product ℓid+1 · · · ℓ(i+1)d, for i ≥ 1, at least one linear form has been mapped to a new variable (except
x1, · · · , xd), and hence all the monomials produced from each such product must be different from x1 · · · xd.
This finishes the proof.

□

5.1 Reduced problem

In the next section, we will mainly prove the following theorem.

Theorem 17 (Reduced lower bound theorem). For constants m < k, let

Pk+1,d(ℓ1, . . . , ℓn) + ϵ · H(x, ϵ) = T1 + . . . + Tm

where –
Manuscript submitted to ACM



1301

1302

1303

1304

1305

1306

1307

1308

1309

1310

1311

1312

1313

1314

1315

1316

1317

1318

1319

1320

1321

1322

1323

1324

1325

1326

1327

1328

1329

1330

1331

1332

1333

1334

1335

1336

1337

1338

1339

1340

1341

1342

1343

1344

1345

1346

1347

1348

1349

1350

1351

1352

26 Pranjal Dutta and Nitin Saxena

(1) each ℓi is a linear form such that rank(ℓ1, . . . , ℓn) ≥ n − k,
(2) (all-non-hom.). Each Ti ∈ F[ϵ±1][x] is a product of linear polynomials such that (Ti/ϵvi )|x=ϵ=0 ∈ F − {0}

(where vi := valϵ(Ti)).

Then, Σm
i=1 size(Ti) ≥ 2Ω(d).

Using Lemma 15, one can easily deduce that Theorem 2 is a simple corollary of Theorem 17., Therefore, for
the rest of the paper, all our efforts will be put to prove that Theorem 17 is true.

The proof of the above theorem is in two parts:

(1) Showing that Pk+1,d(ℓ1, · · · , ℓn) can be expressesed as a ratio of two small border depth-3 diagonal
circuits (Lemma 18),

(2) Pk+1,d(ℓ1, · · · , ℓn) cannot be written as a ratio of two small border depth-3 diagonal circuits via analyz-
ing cone-size of the leading monomials Lemma 23

Remark. Interestingly, exponential lower bounds can be shown for polynomials such as IMMk+1,d, detd, permd,
since one can show that Lemma 15, Corollary 16, as well as the technical proof of Theorem 17 continue to hold
for these polynomials. But we will only focus on Pk+1,d.

6 PROVING THEOREM 17: THE MAIN LOWER BOUND

Assume that Pk+1,d(ℓ1, . . . , ℓn) can be computed by a structured Σ[m]ΠΣ circuit, as in the statement of Theo-
rem 17, of size s. We aim to prove an exponential lower bound on s. The proof now proceeds in a different
direction: we induct over a more general circuit class. For Pk+1,d, we set n := (k + 1)d, to be the number of
variables x, and we use this notation throughout. We recall the bloated model, which we defined already in
Section 4.3.

Definition 2 (Bloated model,[DDS21]). We say that a circuit C is in the class Gen(m, s), over the fraction field
R(x), with parameter m and size s, if it computes polynomials f ∈ R(x), of the form f = Σi∈[k]Ti, where Ti =

(Ui/Vi) · (Pi/Qi), with Ui, Vi, Pi, Qi ∈ R[x] such that

(1) Ui, Vi ∈ ΠΣ; with Ui mod ⟨x1, . . . , xn⟩ and Vi mod ⟨x1, . . . , xn⟩ are invertible in R, and
(2) Pi, Qi ∈ Σ∧Σ.

Further, size(C) := Σi∈[m]size(Ti), and size(Ti) := size(Ui) + size(Vi) + size(Pi) + size(Qi).

Our model for the induction will be Gen(m, s), the approximative closure of the above bloated model. The
lower bound proof (of Theorem 17) can now be divided into two parts:

(1) Reducing Theorem 17 to proving lower bound onGen(1, s′), for some parameter s′, in some appropriate
ring; see Lemma 18.

(2) Proving the corresponding lower bound for Gen(1, s′), see Lemma 23.

6.1 Main fanin reduction lemma and formulating the induction hypothesis

In this subsection, we prove the first step, namely, reducing the top fan-in to 1. Nowwe use the DiDIL-technique
developed in [DDS21]. By hypothesis, each Ti mod ⟨x⟩ has a nonzero constant term (after extracting the
appropriate ϵ-power). So, for the existence of 1/Ti, DiDIL technique does not require any additional shift: a
Manuscript submitted to ACM
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mere scaling by a new variable z suffices. This scaling is used both for taking derivatives and for keeping track
of the x-degree.

Before we begin, let us first recall the notation and make a slight modification for ease of use. We have

g0 = f0(x) + ϵ · S0 = Σm
i=1Ti,0 . (17)

Here, n := (k + 1)d, and f0 := Pk+1(ℓ1, · · · , ℓn), and we rename H as S0 (see the statement of Theorem 17).
Each Ti,0 is computable by a ΠΣ-circuit of size at most s over F[ϵ±1] and has the following property: after
dividing by the highest power of ϵ dividing Ti,0, the result is a nonzero constant mod⟨x1, . . . , xn⟩. Further, let
d0 := d + 1.

We now state the main reduction lemma, which reduces to fan-in 1 by expressing the polynomial as a ratio
of two depth-3 diagonal circuits of small size. The proof of the lemma appears at the end of this subsection
and assumes the induction (Part II), which is stated at the end of this page. (It might help the reader to first
see an easier case of this proof, as provided under Lemma 12.)

Lemma 18 (Main Lemma). If f can be approximated by a structured Σ[m]ΠΣ-circuit of size s (as in the statement of
Theorem 17, or written in Equation 17), over F(ϵ), then there exist two polynomials F1, F2 ∈ F[x] such that each Fi can
be computed by a Σ∧Σ circuit of size sO(7m), and f = F1/F2.

The proof of the lemma is lengthy, inductive, and somewhat technical. We therefore prove a sequence of
smaller claims along the way, which together imply Lemma 18. The induction will be on the more general
bloated model over a ring (and not F), which is our Part II, the main proof of the above lemma. We will discuss
the detailed proof of Part II in the next subsections (Subsection 6.2-6.3). But before going into the induction,
the first part (Part I) is to apply a scaling map and see a circuit in Σ[m]ΠΣ as a circuit in Gen(m, s) as follows.

Part I: Reducing Σ[m]ΠΣ to Gen(m, s) via scaling. To ensure the invertibility and facilitate differentiation, we
define a homomorphism (essentially a variable-scaling):

Φ : F[ϵ±1][x] → F[ϵ±1][x, z] , such that xi 7→ z · xi .

Recall Equation 17. After applying ϕ, we have

Φ(g0) = Φ( f0) + ϵ · Φ(S0) = Σm
i=1Φ(Ti,0) .

One can do the following trivial observation.

Observation 2. Φ( f0) ∈ Gen(m, s).

To see the above, define Ui,0 := Φ(Ti,0) and Vi,0 := Pi,0 := Qi,0 = 1. Note that the ΠΣ circuits (i.e. factors of
Ui,0) are invertible modzd0 . Let R0 := F[z]/

〈
zd0

〉
, and think of the z-variables as ‘cost-free’. Clearly, Φ( f0) ∈

Gen(m, s) .

Nowwe formulate the induction hypothesis as follows. After the hypothesis, wewill arguewhy this induction
suffices to prove Lemma 18.

Part II: Top fan-in reduction. We will do induction on j, where 0 ≤ j ≤ m − 1. Suppose, we are at the j-th step
where j ≥ 0. We call a circuit in Gen(m − j, sj), for some parameter sj, admissible if it satisfies the following four
properties:
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(I) Σi∈[m−j] Ti,j =: gj, over R(x, ϵ), where R := F(z) ⊊ F((z)). Moreover, gj approximates f j correctly,
i.e. limϵ→0 gj = f j.
Moreover, each Ti,j is an element of Rj := F((z))/zdj F[[z]], for some dj. Further, let vi,j := valz(Ti,j),
for i ∈ [m − j].

(II) Here, Ti,j =: (Ui,j/Vi,j) · (Pi,j/Qi,j), where Ui,j, Vi,j ∈ ΠΣ and Pi,j, Qi,j ∈ Σ∧Σ, each in F(ϵ)[x, z].
Therefore, each Ti,j can be thought as a function in F(x, z, ϵ), of size at most sj.
Assume that the syntactic degree of each denominator and numerator of Ti,j is bounded by Dj; this
will be required in the size analysis.
Moreover, if valz( f j) = bj, then bj + Dj − 1 ≥ bj+1 ≥ bj − Dj − 1.

(III) Each Ui,j|z=0 ∈ F(ϵ)\{0} (similarly for Vi,j), is a unit in F(ϵ).
(IV) coef

zbj

(
limϵ→0 gj

)
= f0 · (Σ∧Σ/Σ∧Σ), where Σ∧Σ are z-free. Equivalently, the coefficient of the

minimum z-power in f j, is of the form f0 · (Σ∧Σ/Σ∧Σ), where both Σ∧Σ circuits are nonzero.

Remark. One could also work with the more general ring F[ϵ±1](x), i.e. with finite precision (or power)
of ϵ and ϵ−1. But for the ease of notation, we do not truncate ϵ-powers and work with the underlying ring of
F(x, ϵ).

Here is the main induction lemma.

Lemma 19 (Main Induction Lemma). For 0 ≤ j ≤ m − 1, if a circuit C in Gen(m − j, sj) is admissible, then there
exists another admissible circuit in Gen(m − j − 1, sj+1), such that sj+1 = s7

j dO(2j).

Lemma 19 implies Lemma 18. Once Lemma 19 is proved, setting j = m − 1 yields Lemma 18. Indeed, we have
the following. Recall, we have shown that theminimum z-power in gm−1 gives f (ℓ1, . . . , ℓn) · Σ∧Σ/Σ∧Σ, where
Σ∧Σ are of size sm−1 = sO(7m). Moreover, since gm−1 ∈ Gen(1, sO(7m)), over F(ϵ), the limit of gm−1 itself is of the
form Σ∧Σ/Σ∧Σ, because the other factors satisfy ΠΣ|x=ϵ=0 ∈ F∗. Therefore, comparing the coefficients of the
minimum z-power both sides, we have eventually shown: f0 · Σ∧Σ/Σ∧Σ = Σ∧Σ/Σ∧Σ =⇒ f0 = Σ∧Σ/Σ∧Σ.
Here Σ∧Σ circuits have size sO(7m), because of Lemma 25.

So from now on, the proof will focus only on proving the above by assuming the induction hypotheses.

6.2 Proof of the main induction lemma

In this subsection, we will see how to reduce the fanin by induction to 1 using dlog. The size analysis is deferred
to the next subsection (Subsection 6.3).

Proof. We will prove the reduction by reducing the top-fanin by 1 at each step. The first step is toDivide
and Derive, to get a circuit in Gen(m − j − 1, sj+1), from a circuit in Gen(m − j, sj) such that sj+1 = s7

j dO(2j).

Deriving circuit in Gen(m − j − 1, sj+1). Let Tm−j,j =: ϵam−j,j · T̃m−j,j, where T̃m−j,j =: (tm−j,j + ϵ · t̃m−j,j) is not
divisible by ϵ. Let Cj be the circuit (over F(ϵ)) computing gj =: f j + ϵ · Sj. Divide it by T̃m−j,j and derive, to
get the circuit Cj+1 computing gj+1 as follows:
Manuscript submitted to ACM
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f j/T̃m−j,j + ϵ · Sj/T̃m−j,j = ϵam−j,j + Σi∈[m−j−1]Ti,j/T̃m−j,j

=⇒ ∂z

(
f j/T̃m−j,j

)
+ ϵ · ∂z

(
Sj/T̃m−j,j

)
= Σi∈[m−j−1]∂z

(
Ti,j/T̃m−j,j

)
= Σi∈[m−j−1]

(
Ti,j/T̃m−j,j

)
· dlog

(
Ti,j/T̃m−j,j

)
(18)

=: gj+1 .

Definability. Let R := F(z) ⊊ F((z)) =: R̂. It helps to keep a standard fact in mind, as explicitly stated
in subsection 4.3 while proving k = 3 case, that each rational function has a Laurent series. Further, Rj+1 :=
F((z))/zdj+1 F[[z]], where dj+1 := dj − vm−j,j − 1. For i ∈ [m − j − 1], Define

Ti,j+1 :=
(

Ti,j/T̃m−j,j

)
· dlog

(
Ti,j/T̃m−j,j

)
, and f j+1 := ∂z( f j/tm−j,j) .

We will use this notation for the rest of the proof.
We will now prove properties (I) to (IV) in the definition of admissibility, and then analyze the size bound

on sj+1.

Claim 20 (Proof of Property I). Circuit Cj+1 that computes gj+1 approximates f j+1 correctly, i.e. limϵ→0 gj+1 = f j+1,
where gj+1 (respec. f j+1) are well-defined in the ring R(x, ϵ) ⊂ R̂(x, ϵ) (respec.R(x)). Moreover, each Ti,j+1 is well-
defined in the ring Rj+1(x, ϵ), and valz( f j) + Dj − 1 ≥ valz( f j+1) ≥ valz( f j)− Dj − 1.

Proof. Remember, f j and Ti,j are elements inR(x, ϵ). Further f j is ϵ-free. Since we divide by Tm−j,j, it follows
that

Ti,j+1 ∈ R(x, ϵ) , ∀ i ∈ [m − j − 1] , and f j+1 ∈ R(x) ,

proving the second part of induction-hypothesis-(II).
Further, valϵ(T̃m−j,j) = 0. Therefore, using Fact 2, we get

lim
ϵ→0

gj+1 = lim
ϵ→0

(
∂z

(
f j/T̃m−j,j

)
+ ϵ · ∂z

(
Sj/T̃m−j,j

))
= lim

ϵ→0
∂z

(
f j/T̃m−j,j

)
= ∂z

(
f j/tm−j,j

)
.

Clearly f j/tm−j,j ∈ R(x), and hence f j+1 exists in the same ring.
By the induction hypothesis, Ti,j ∈ Rj(x, ϵ). Since we divide by T̃m−j,j, whose z-valuation is vm−j,j, we have

valz

(
Ti,j

T̃m−j,j

)
= vi,j − vm−j,j,

and hence

valz

(
∂z

(
Ti,j

T̃m−j,j

))
= vi,j − vm−j,j − 1.

Since the equation initially holds in Rj(x, ϵ), it continues to hold after dividing by Tm−j,j and applying ∂z,
and therefore Eqn. (18) holds trun zdj−vm−j,j−1. Equivalently, Eqn. (18) holds in Rj+1(x, ϵ). This is precisely
Induction Hypothesis (I), and it justifies that Eqn. (18) may indeed be truncated up to zdj+1−1 (equivalently
trun zdj+1).
Let valz(tm−j,j) = d′j. Since valz( f j) = bj, and we assumed the syntactic degree of the numerator and

denominator being bounded by Dj, trivially −Dj ≤ dj ≤ Dj, by Fact 1, bj + Dj ≥ valz( f j/tm−j,j) = bj − d′j ≥
bj − Dj, which implies bj + Dj − 1 ≥ valz( f j+1) ≥ bj − Dj − 1.

This finishes Claim 20. □
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Proving property III.Note that dlog(Σ∧Σ) ∈ Σ∧Σ/Σ∧Σ, where each Σ∧Σ circuits are of poly-size (Lemma 28).
Since dlog distributes over products additively, it suffices to work with dlog(ΠΣ). We have already seen that

dlog(ΠΣ) ∈ Σ∧Σ and that, after truncation, it has polynomial size (see section 3); we will also reprove this in
the size analysis (see Subsection 6.3). We simplify

Ti,j

T̃m−j,j
= ϵ−am−j,j ·

Ui,jVm−j,j

Vi,jUm−j,j
·

Pi,jQm−j,j

Qi,jPm−j,j
,

and apply dlog to this expression. Let Ui,j+1 := Ui,j · Vm−j,j and Vi,j+1 := Vi,j · Um−j,j. The dlog computation
produces (Σ∧Σ/Σ∧Σ)-circuits, which are then multiplied with the P’s and Q’s, while the factor ϵ−am−j,j is
carried along; see Claim 21 for details. In particular, Ui,j+1|z=0, Vi,j+1|z=0 ∈ F(ϵ) \ {0}.

By induction, the syntactic degree of each numerator and denominator of Ti,j is bounded by Dj. Hence
valz(tm−j,j) ≤ Dj, and the same bound propagates to the numerators and denominators at stage j + 1. This
establishes the second part of induction-hypothesis (III).

Proving Property-(IV).We want to show that f j evolves in a predictable way and always computes a ‘multiple’
of f , namely

coef
zbj ( f j) = f0 · (Σ∧Σ/Σ∧Σ) .10

To see this, we first give names to the corresponding Σ∧Σ-circuits for future reference.
In particular, by induction, assume that

coef
zbj ( f j) = f0 ·

(
Ej,1/Ej,2

)
,

where Ej,1, Ej,2 ∈ Σ∧Σ and each is z-free. Since T̃m−j,j ∈ (ΠΣ/ΠΣ) · (Σ∧Σ/Σ∧Σ), its ϵ-free part tm−j,j must
be of the form

tm−j,j = lim
ϵ→0

(Σ∧Σ/Σ∧Σ) .

Here we crucially use Property (III): limϵ→0(ΠΣ/ΠΣ) is a nonzero constant in F, since the ΠΣ|z=0 part of the
expression is a unit in F(ϵ) \ {0}.

Recall that valz(tm−j,j) = d′j. We denote

coef
z

d′j
(tm−j,j) = Ej,3/Ej,4 ,

where Ej,3, Ej,4 are computed by Σ∧Σ-circuits and are z-free. Herewe use that Σ∧Σ is closed under interpolation
and substitution. We will prove in the size-analysis section (subsection 6.3) that all such circuits remain
polynomially bounded in size.

By definition, valz( f j+1) = bj+1, which implies valz( f j/tm−j,j) = bj+1 + 1. Hence

bj+1 + 1 = valz( f j)− valz(tm−j,j) = bj − d′j .

Therefore, by the j-th induction hypothesis,

coef
z

bj−d′j

(
f j/tm−j,j

)
= coef

zbj ( f j)/coef
z

d′j
(tm−j,j) = f0 ·

(
Ej,1/Ej,2

)
·
(

Ej,4/Ej,3

)
.

10Note that f j ∈ R(x), hence bj can be negative.
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It is important to note that this works because we only look at the coefficient of the minimum z-power. Since
the right-hand side is z-free and bj+1 = bj − d′j − 1, it follows that

coef
zbj+1 ( f j+1) = coef

zbj+1

(
∂z
(

f j/tm−j,j
))

= f0 ·
(

Ej,1/Ej,2

)
·
(

Ej,4/Ej,3

)
.

Since (Σ∧Σ/Σ∧Σ) is closed under multiplication (Lemma 25), the right-hand side is of the form f0 ·
(Σ∧Σ/Σ∧Σ). Using f j+1 = limϵ→0 gj+1, we obtain

coef
zbj+1

(
lim
ϵ→0

gj+1

)
= coef

zbj+1 ( f j+1) = f0 · (Σ∧Σ/Σ∧Σ) .

This completes the inductive proof of the connection between gj and f , establishing Property (IV).
□

6.3 The effect of fan-in reduction on the circuit size

Finally, we show the bound on sj+1 in terms of sj that is stated in the main induction lemma. The analysis
depends on dlog which is the crux of our reduction and the blowup in the size in each reduction. This is also
the part where we prove Property II. We can assume that at the j-th step, size(Ti,j) ≤ sj and by assumption
s0 ≤ s.

Claim 21 (Size blowup from DiDIL, Main Claim). T1,m−1 ∈ (ΠΣ/ΠΣ) (Σ∧Σ/Σ∧Σ) over Rm−1(x, ϵ) of size
sO(7m). It is computed as an element in F(ϵ, x, z), with syntactic degree (in x, z) dO(2m).

Towards the above claim, we prove the following claim (stated below). The main idea of using dlog and
expand it as a power-series is the same, which eventually shows that dlog(ΠΣ) ∈ Σ∧Σ with a controlled
blowup.

Claim 22 (Size analysis of dlog(Ti,j/T̃m−j,j), Subclaim). dlog(Ti,j/T̃m−j,j) can be written as a ratio of two Σ∧Σ
circuits, each of size O(s5

j D16
j d).

Proof of Claim 22. We have already discussed the basic idea of dlog on a linear polynomial (under the
scaling map Φ in section 3). To elaborate (which helps us for the size analysis), ℓ of the form ℓ = A − zB,
where A ∈ F(ϵ)\{0} and B ∈ F(ϵ)[x]. Let us first see what happens when going from j = 0 to 1. Using the
power series expansion, we have the following, over R1(x, ϵ):

dlog(ℓ) = − ∂z (z · B)
A (1 − z · B/A)

= − B
A

· Σd1−1
j=0

(
z · B

A

)j
. (19)

Note, (B/A) and (−z · B/A)j have trivial powering circuits (∧Σ over R1), each of size O(dn). By Lemma 25,
we get the final Σ∧Σ circuit for dlog(ΠΣ) of size O(d2 · s). We use the fact that d1 < d0 = d + 1. Here the
syntactic degree blowsup to O(d). This settles j = 0 case.

For j > 0, the above equation holds over Rj(x). However, the degree could be Dj (possibly > dj) of the
corresponding ℓ (nonlinear), and after exponentiation further increase to dj · Dj. This is exactly why we need
to keep track of Dj, the syntactic degree as mentioned in induction-hypotheses-(II). Also, each vi,j is bounded
by Dj, and therefore dj+1 ≤ dj + Dj − 1. We will crucially use this.

Since, Σ∧Σ is closed under differentiation (Lemma 28), effect of dlog on Σ∧Σ is straightforward. Using
Lemma 28, we obtain a Σ∧Σ/Σ∧Σ circuit, computing dlog(Pi,j) (similarly dlog(Qi,j)) of size O(D2

j · sj). Also,
Manuscript submitted to ACM
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by the distributive property of dlog on a product, and the action of dlog on a linear polynomial as discussed
above, dlog(Ui,j · Vm−j,j) ∈ Σ∧Σ, which could be computed using the above Equation. Thus,

dlog(Ti,j/T̃m−j,j) ∈ dlog(ΠΣ/ΠΣ) ± Σ[4]dlog(Σ∧Σ)

⊆ Σ∧Σ + Σ[4] (Σ∧Σ/Σ∧Σ) = (Σ∧Σ/Σ∧Σ) .

Here, Σ[4](·) means sum of 4-many expressions of the form (·). The first containment is by linearization. We
can express dlog(ΠΣ/ΠΣ) as a single Σ∧Σ-expression since from the above discussion, dlog(ℓ) ∈ Σ∧Σ, for a
linear polynomial ℓ. Similarly, 4-many dlog(Σ∧Σ) expressions give 4-many (Σ∧Σ/Σ∧Σ) expressions.

The Σ∧Σ expression, obtained from dlog(ΠΣ/ΠΣ) is of size O(D2
j djsj). Next, there are 4-many Σ∧Σ/Σ∧Σ

expressions of size O(D2
j sj) as there are 4-many P’s and Q’s. Additionally, the syntactic degree of each denomi-

nator and numerator of Σ∧Σ/Σ∧Σ grows up to O(Dj). Finally, we club Σ∧Σ/Σ∧Σ expressions (4 of them) to
express it as a single Σ∧Σ/Σ∧Σ expression using Lemma 28, with size blowup of O(D12

j s4
j ). Finally, add the

single Σ∧Σ expression of size O(D3
j sj), and degree O(djDj), to get O(s5

j D16
j dj) size representation. □

Proof of Claim 21. With the dlog expression, we need to multiply with Ti,j/T̃m−j,j which is of the form
(ΠΣ/ΠΣ) · (Σ∧Σ/Σ∧Σ), where each Σ∧Σ is basically product of two Σ∧Σ expressions of size sj and syntactic
degree Dj and clubbed together, owing a blowup of O(Djs2

j ). Hence, multiplying this (ΠΣ/ΠΣ) · (Σ∧Σ/Σ∧Σ)-
expression with the Σ∧Σ/Σ∧Σ expression obtained from dlog-computation, gives a size blowup of sj+1 :=

s7
j DO(1)

j dj.
As mentioned before, the main blowup of syntactic degree in the dlog computation could be O(djDj) and

clearing expressions and multiplying the without-dlog expression increases the syntactic degree only by a
constant multiple. Therefore, Dj+1 := O(djDj) =⇒ Dj = dO(2j). Hence, sj+1 = s7

j · dO(2j) =⇒ sj ≤ (sd)O(7j).
In particular, sm−1 ≤ sO(7m); here we used that d ≤ s. It is also easy to see that bj ≥ −dO(2j). This calculation
quantitatively establishes induction-hypothesis-(2). This finishes Claim 21. □

6.4 Proving lower bound for ratio of depth-3 diagonal circuits

Now we show that for constant 1 ≤ m ≤ k, s in Lemma 18 must be exponentially large.

Lemma 23 (Lower bound for ratio of depth-3 diagonals). If f0 = F1/F2, such that

(1) each Fi is computed by Σ∧Σ circuit, of size at most sO(7k), and
(2) rank(ℓ1, . . . , ℓn) ≥ n − k,

then s ≥ 2Ω(d/7k).

Proof. The proof is based on the cone-size measure. Note that, f0 =: F1/F2 =⇒ f0 · F2 = F1. Let Gi be
Σ∧Σ circuits over F(ϵ) such that Gi|ϵ=0 = Fi. We will work with the partial derivatives spaces (defined below):
Denote

Vϵ,i :=
〈

∂ Gi
∂xe | e < ∞

〉
F(ϵ)

, and Vi :=
〈

∂ Fi
∂xe | e < ∞

〉
F

.

Since, size(Gi) ≤ sO(7k), the partial derivative space of Gi, over F(ϵ), is also bounded by sO(7k), i.e. dim(Vϵ,i) ≤
sO(7k) (see [CKW11, Lemma 10.2]). Consider the partial-derivative matrix Mϵ,i, where we index the rows by
∂xe , while columns are indexed by monomials supporting Gi;, and each row expresses the operator-values
Manuscript submitted to ACM
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∂xe Gi. We have, qi := dim(Vϵ,i) ≤ sO(7k) (because of Gi). So, any (qi + 1)-many polynomials ∂ Gi
∂xe are F-linearly

dependent. In other words, determinant of any (qi + 1)× (qi + 1)minor of Mϵ,i is 0. Note that limϵ→0 Mϵ,i = Mi,
the corresponding partial-derivative matrix for Fi.

Since, det is a continuous function, the zeroness of the determinant of any (qi + 1)× (qi + 1) minor of Mϵ,i

translates to the corresponding (qi + 1)× (qi + 1) submatrix of Mi as well. In particular,

dim(Vi) ≤ qi ≤ sO(7k) . (20)

From this, it follows that leading monomial in Fi (denoted LM(Fi)) has cone-size at most sO(7k); see Lemma 30.
Since, cone-size(LM( f0 · F2)) ≥ cone-size(LM( f0)), it suffices to show that leading monomial of f0 has

cone-size 2d.

Exploiting ‘large rank’.As argued in Corollary 16, f0 = Pk+1,d(ℓ1, . . . , ℓn) is nonzero, and satisfies the property
that after suitable isomorphism (which does not affect our proof), there is a pure multilinear monomial,
i.e. product of distinct variables, that survives. This implies that with respect to a suitable monomial ordering,
the leading term has cone-size = 2d. Implying: size(F1) ≥ cone-size(LM(F1)) = cone-size(LM( f0 · F2)) ≥ 2d

(also, see the remark below). Consequently, s7k ≥ 2Ω(d). This finishes the lower bound proof.
□

Remark. In the above, we only work with Σ∧Σ. Since, Σ∧Σ has low partial derivative space, the cone-size-based
proof goes through (Lemma 30). This is exactly why our proofs naively cannot give interesting lower bounds
for Σ[k]ΠΣ∧ and Σ[k]ΠΣΠ, since the cone-size-based argument no longer works.

6.5 Tying the pieces together: Proof of Theorem 2

Proof of Theorem 2. We have shown and proved all the necessary steps for Theorem 2. To summarize, we start
with Pk+1,d and assume that it can be computed by a Σ[k]ΠΣ-circuit of size s. We now reduce top-fanin in two
totally different ways.

(1) (Setting linear forms zero). If needed, use the reduction Lemma 15 to reduce to the setting of Theorem 17.
If we end up with m = 0, then a proof similar to Corollary 16 shows: Pk+1,d(ℓ1, . . . , ℓn) ≠ 0 for
rank(ℓ1, . . . , ℓn) ≥ n − k. Thus m = 0 is an impossibility.

(2) (DiDIL process). If m ≥ 1, then it suffices to solve Theorem 17 as mentioned before. Use the reduction
from subsection 6.1 which reduces the top-fanin m to 1 (at the cost of moving to the bloated model).
Finally, use the lower bound for fanin-1 (Lemma 23) to conclude that s ≥ 2Ω(d) (for constant k). This
finishes Theorem 2. □

7 CONCLUSION

In this work, we show a strong top-fanin-hierarchy theorem for depth-3 class in the border setting. The methods
used here, open a wide avenue of plausible questions, some of which may not be very hard to answer. We list a
few of them below.

(1) Canwe showexponential lower bound forΣ[o(n)]ΠΣ-circuits? The currentmethod gives subexponential
lower bound only as long as k = o(log n).

(2) Can we show exponential lower bound for Σ[k]ΠΣ∧-circuits (i.e. rather special depth-4)?
Manuscript submitted to ACM
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(3) Can we extend the hierarchy theorem to bounded (top & bottom fanin) depth-4 circuits? i.e., for a fixed
constant δ, is Σ[1]ΠΣΠ[δ] ⊊ Σ[2]ΠΣΠ[δ] ⊊ Σ[3]ΠΣΠ[δ] · · · , where the respective gaps are exponential?
Clearly, δ = 1 holds, from this work.
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A BASICS OF ALGEBRAIC COMPLEXITY

Definition 3 (Algebraic Branching Program (ABP)). ABP is a computational model which is described using a
layered graph with a source vertex s and a sink vertex t. All edges connect vertices from layer i to i + 1. Further, edges are
labelled by univariate polynomials. The polynomial computed by the ABP is defined as

f = Σpath γ:s⇝t wt(γ)

where wt(γ) is product of labels over the edges in path γ. Number of layers (∆) defines the depth and
the maximum number of vertices in any layer (w) defines the width of an ABP. The size (s) of an ABP is the
sum of the graph-size and the degree of the univariate polynomials that label. If d is the maximum degree of
univariates then s ≤ dw2∆; in fact, we will take the latter as the ABP-size bound in our calculations.

Our interest primarily is in the following two ABP-variants: ROABP and ARO.

Definition 4 (Read-once Oblivious Algebraic Branching Program (ROABP)). An ABP is defined as Read-
Once Oblivious Algebraic Branching Program (ROABP) in a variable order (xσ(1), . . . , xσ(n)) for some permutation
σ : [n] → [n], if edges of i-th layer of ABP are univariate polynomials in xσ(i).

Definition 5 (Any-order ROABP (ARO)). A polynomial f ∈ F[x] is computable by ARO of size s if for all possible
permutation of variables there exists a ROABP of size at most s in that variable order.

Remark.We can de-border Σ∧Σ. Since Σ∧Σ ⊆ ARO, using duality trick (Lemma 31) and ARO = ARO, from
Nisan’ characterization (Lemma 32), it follows that Σ∧Σ ⊊ ARO. Note that, Σ∧Σ is a strict subset of ARO since
Πn

i=1 xi has a small ARO, but it requires exp(n)-size Σ∧Σ-circuits.

B TECHNICAL LEMMAS

Here is an important lemma to show that positive valuation with respect to y, lets us express a function as a
power-series of y.

Lemma 24 (Valuation lemma,[DDS21, Lemma A.17]). Let f ∈ F(x, y) such that valy( f ) ≥ 0. Then, f ∈
F(x)[[y]] F(x, y).

In this section we will also discuss various properties of Σ∧Σ circuits and basic waring-rank. The corre-
sponding bloated model is Σ∧Σ/Σ∧Σ, that computes elements of the form f /g, where f , g ∈ Σ∧Σ. For the
detailed proofs, we refer to [DDS21].

Firstly, it is known that Σ∧Σ is closed under constant-fold multiplication.

Lemma 25 (Σ∧Σ closed under multiplication, [DDS21, Lemma A.10]). Let fi ∈ F[x], of syntactic degree ≤ di,
be computed by a Σ∧Σ circuit of size si, for i ∈ [k]. Then, f1 · · · fk has Σ∧Σ circuit of size O((d2 + 1) · · · (dk + 1) ·
s1 · · · sk).

Using the additive andmultiplicative closure of Σ∧Σ, one can show that Σ∧Σ/Σ∧Σ is closed under constant-
fold addition.
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Lemma 26 (Σ∧Σ/Σ∧Σ closed under addition, [DDS21, Lemma A.11]). Let fi ∈ F[x], of syntactic degree
< di, be computable by Σ∧Σ/Σ∧Σ of size si, for i ∈ [k]. Then, Σi∈[k] fi has a (Σ∧Σ/Σ∧Σ) representation of size
O((Πidi) · Πisi).

Using a simple interpolation, the coefficient of ye can be extracted from f (x, y) ∈ Σ∧Σ again as a small Σ∧Σ
representation.

Lemma 27 (Σ∧Σ coefficient extraction, [DDS21, Lemma A.12]). Let f (x, y) ∈ F[x][y] be computed by a Σ∧Σ
circuit of size s and degree d. Then, coefye ( f ) ∈ F[x] is a Σ∧Σ circuit of size O(sd), over F[x].

Like coefficient extraction, differentiation of Σ∧Σ circuit is easy too.

Lemma 28 (Σ∧Σ differentiation, [DDS21, Lemma A.13]). Let f (x, y) ∈ F[x][y] be computed by a Σ∧Σ circuit of
size s and degree d. Then, ∂y ( f ) is a Σ∧Σ circuit of size O(sd2), over F[x][y].

Let C and D be two classes over F[x]. Consider the bloated-class (C/C) · (D/D), which has elements of the
form (g1/g2) · (h1/h2), where gi ∈ C and hi ∈ D (g2h2 ≠ 0). One can also similarly define its border (which
will be an element in F(x)). Here is an important observation.

Lemma 29 ([DDS21, Lemma A.19]). (C/C) · (D/D) ⊆ (C/C) · (D/D).

Proof. Suppose (g1/g2) · h1/h2 = f + ϵ · Q, where Q ∈ F(x, ϵ) and f ∈ F(x). Let valϵ(gi) =: ai and
valϵ(hi) =: bi. Denote, gi =: ϵai · g̃i, similarly h̃i. Further, assume g̃i =: ĝi + ϵ · ĝ′i ; similarly for h̃i, we define
ĥi ∈ F[x]. Note that ĝi ∈ C, similarly ĥi ∈ D.

So, LHS = ϵa1−a2+b1−b2 · (g̃1/g̃2) · (h̃1/h̃2). This has a limit limϵ→0, so a1 + b1 − a2 − b2 ≥ 0. If it is ≥ 1, the
limit in RHS is 0 and so f = 0. If a1 + b1 − a2 − b2 = 0, then

f = (ĝ1/ĝ2) · (ĥ1/ĥ2) ∈ (C/C) · (D/D) .

□

Lemma 30 ([Gho19, Lemma 2.3.15]). Let F be a field of characteristic 0 or greater than d. Let P be a set of n-variate
degree d polynomials over F such that for all P ∈ P , the dimension of the partial derivative space of P is at most k. Then,
every nonzero P ∈ P has a (≤ k)-cone-size leading-monomial.

Lemma 31 (Duality trick [Sax08]). The polynomial f = (x1 + . . . + xn)d can be written as

f = Σi∈[t] fi1(x1) · · · fin(xn),

where t = O(nd), and fij is a univariate polynomial of degree at most d.

We remark that the above proof works for fields of characteristic = 0, or > d. This lemma eventually shows
that Σ∧Σ ⊆ ARO.

Next we state that polynomials approximated by ARO can be easily de-bordered. To the best of our knowledge
the following lemma was sketched in [For16]; also implicitly in [GKS16]. For a detailed proof, see [DDS21,
Lemma A.21]

Lemma 32 (De-bordering ARO). Consider a polynomial f ∈ F[x] which is approximated by ARO of size s over
F(ϵ)[x]. Then, there exists an ARO of size s which exactly computes f (x).
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C LIMITATIONS OF BOUNDED FAN-IN DEPTH-3 CIRCUITS

The following theorem is a folkore (see [Kum20]), which shows that bounded depth-3 circuits are not universal.
We present a proof below, for the completeness.

Theorem 33. The inner product polynomial

IPn = Σn
i=1 xi · yi ,

cannot be computed by any Σ[n−1]ΠΣ circuit, no matter how large the product fan-in is.

Proof. Assume, for the sake of contradiction, IPn can be computed by a ΣΠΣ circuit of top fan-in n − 1:

IPn = Σn−1
i=1 Πdi

j=1 ℓij . (21)

The proof idea is as follows: we reduce Equation 21modulo n− 1 many linear polynomials suitably picked from
each summand of the RHS. We get a contradiction, as the RHS becomes zero modulo those linear polynomials,
but the LHS remains nonzero. Formally, we implement the proof below.

Assume, wlog, Πd1
j=1ℓ1j contains the variable x1 in one of its factors. For some j, wlog we have ℓ1j =

x1 − r1(x2, . . . , xn, y). If ℓ1j = a1x1 − r1(x2, . . . , xn, y), we can take out a1, and work with (x1 − r1/a1). Taking
mod by (x1 − r1/a1) essentially means substituting x1 = r1/a1, in Equation 21.

Now,we go modulo x1 − r1 in both sides of Equation 21. This changes the IPn polynomial in the LHS, which
becomes r1y1 + x2y2 + · · ·+ xnyn. In the RHS, the first summand vanishes! So, we get

r1y1 + x2y2 + · · ·+ xnyn = Σn−1
i=2 Πdi

j=1ℓij(r1, x2, . . . , xn, y) . (22)

Now, note that r1y1 + x2y2 + · · ·+ xnyn is not free of x2, as r1y1 cannot cancel the term x2y2. Thus, x2 must
be present also in the RHS of Equation 22. Wlog, assume that x2 is present in ℓ2j(r1, x2, . . . , xn, y), for some j.
Assume it is of the form x2 − r2(x3, . . . , xn, y).

Now, we reduce Equation 22 modulo x2 − r2. This changes the LHS to

r1(r2, . . . , xn, y)y1 + r2y2 + x3y3 + xnyn .

At least one term in the RHS gets vanished. The resulting polynomial in the LHS is not free of x3. Thus, x3

must be present in the RHS too. We assume there is a linear term in RHS of the form (x3 − r3). Next, we go
modulo (x3 − r3).

We can continue this, n − 1 times, and in the end RHS would completely vanish. In the LHS, we would have
r̃1y1 + r̃2y2 + · · ·+ r̃n−1yn−1 + xnyn, for some linear polynomials r̃1, . . . , r̃n−1. This polynomial would have a
nonzero term xnyn, as xnyn cannot be cancelled by r̃1y1 + r2y2 + · · ·+ r̃n−1yn−1. This leads to a contradiction.

□

Remark. The above proof fails in the approximative setting, mainly because it could happen that each ℓij =

1 mod ⟨x⟩, (e.g. 1 + ϵx1). In this case, x1 = −1/ϵ is an illegal substitution, which makes the proof fail dismally.
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