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The problem of Identity Testing consists in given an arithmetic circuit that com-

putes a polynomial p in a field, decide whether p is the zero polynomial. One

of the first examples of probabilistic algorithms is the polynomial time random-

ized solution to this problem given by Schwartz and Zippel. More recently there

has been considerable progress in trying to find a polynomial time determin-

istic solution to this important problem at the borderline between complexity

theory and algebra.

Nitin Saxena, one of the experts in the area, gives in this survey a beautiful

overview of several recent results dealing with the complexity of Polynomial

Identity Testing.

Progress on Polynomial Identity Testing

Nitin Saxena

Hausdorff Center for Mathematics,

Endenicher Allee 62, 53115 Bonn, Germany, ns@hcm.uni-bonn.de

Abstract

Polynomial identity testing (PIT) is the problem of checking

whether a given arithmetic circuit is the zero circuit. PIT ranks as
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9: )/ *+0"15$/"/()%& ()3"7 : 3%)/&. *"" (!)* %* % *(,$/# "-)4"/2" (!%( 9: 

'$, R*!%&&$;S 2),2+)(*B )7"7 (!$*" $' 4"5(! 3 $, 4B #)-"* +* "/$+#! 2&+"* ($
(%2J&" (!" 0)##", 9: 5,$0&"37

-%!/012 &'( 34+5 67"8916+:;) T$/-)/2"4 (!%( *!%&&$; 2),2+)(* %,"

%&,"%4. )/(","*()/# 2%*"* '$, 9: B ;" /$; '$2+* $/ (!" 9: %&#$,)(!3* '$,

4"5(!* 2, 3 %/4 47 G 4"5(! 2 2),2+)( )* ")(!", % *+3 $' 3$/$3)%&* =ΣΠA $, %
5,$4+2( $' &)/"%, 5$&./$3)%&* =ΠΣAB 0$(! $' ;!)2! !%-" $0-)$+* 4"(",3)/)*()2
5$&./$3)%& ()3" 9: %&#$,)(!3* )' ;" 2%/ &$$J R)/*)4"S (!" 2),2+)( =;!)2! )*

;!. ;" +*" (!" (",3 ")" 0&%2JQ0$1A7 G 4"5(! 3 2),2+)( 2%/ ")(!", 0" %
5,$4+2( $' *+3 $' 3$/$3)%&* $, % *+3 $' 5,$4+2( $' &)/"%, 5$&./$3)%&*7 G*

(!" '$,3", 2%*" )* %#%)/ (,)-)%& ($ 2!"2J '$, H",$/"**B ;" $/&. ;$,,. %0$+( (!"

&%((", 2%*"7  !+*B '$, +* % -!('3*3 4&#41&' C $-", % I"&4 F )* C(x1, . . . , xn) =
∑k

i=1 TiB ;!"," Ti =$ 51%'&(%&4$'&)" '!#5A )* % 5,$4+2( $' di &)/"%, 5$&./$3)%&*

Li,j $-", F7 U$(" (!%( 0. !$3$#"/)H%()$/ ;" 2%/ %**+3" ;&$# (!%( Li,jV* %,"

&)/"%, 6)#5+ =)7"7 &)/"%, 5$&./$3)%&* ;)(! % H",$ 2$/*(%/( 2$"W2)"/(A %/4 (!%(



 !" #$%%"&'( )* &!" +, -.

  

d1 = · · · = dk =: d !"#$ % #&'#"&( &) '*+*''*, (- %) % ΣΠΣ(n, k, d) #&'#"&(.

/$*'* k &) ($*  !" #$%&% -+ C %0, d &) ($* '()*(( -+ C 1*2($33 #&'#"&() %'*

% 4--, )(%'(&04 2-&0( %0, %'* "0,*' &0(*0)* )(",5 +'-6 7%'&-") 7&*/2-&0()

899. :;. <:. ;. =>. <9. <?. =9. <<. <=. =<@ 

A( /%) )$-/0 B5 C%5%D E !%F*0% 8<:@ ($%( &+ ($* (-2 +%0&0 k &) )6%DD ($*0

GAH &) *%)5 I-(* ($%( k = 2 &) ($* ('&7&%D #%)* JB*#%")* F[x1, . . . , xn] &) %

"0&K"* +%#(-'&L%(&-0 ,-6%&0M B"( k = 3 &) %D'*%,5 0-0('&7&%D H$* 6%&0 &,*%

-+ 8<:@ /%) (- D--N %( C 6-,"D- )*7*'%D D&0*%' +-'6) %0, ")* % 4*0*'%D&L*,

+-'6 -+ O$&0*)* '*6%&0,*'&04 H$* #-)( -+ ,-&04 ($&) 4'-/) D&N* dk
%0, $*0#*

&) 6*%0&04+"D /$*0 k &) )6%DD *7*0 &+ d, n %'* %'B&('%'&D5 D%'4* P) -0* 0**,)

(- D--N Q&0)&,*R ($* #&'#"&( ($&) %D4-'&($6 /* D%B*D %) 0-0 BD%#N3B-F 

 !"#$%& '() *+,-./%+0123 S0* 6&4$( /&)$ (- ,*7*D-2 %D4-'&($6) +-'

GAH ($%( ,- 0-( *7*0 +!!, &0)&,* % 4&7*0 #&'#"&( C. B"( 6*'*D5 (-$+.$ ( C
%( )*7*'%D 2-&0() &0 F -' %D4*B'%&# *F(*0)&-0) -+ F S+ #-"')* ($&) &) %0

&62-))&BD* ,'*%6 &+ /* ,- 0-( $%7* %0 $ "*&!*& B-"0, -0 size(C) T"(

/&($ )"#$ % B-"0, 4&7*0 &0 ($* &02"( (-4*($*' /&($ % /+$0,1/!2 %##*)) (- C.

($* K"*)(&-0 -+ (*)(&04 C = 0 &0 poly(size(C)) 6%05 F -2*'%(&-0) B*#-6*)

'*%)-0%BD*. %) ($* '%0,-6&L*, !#$/%'(L3U&22*D GAH %D4-'&($6 ,-*) 0-( D--N

&0)&,* ($* #&'#"&( %( %DDV A0("&(&7*D5 &( )**6) ($%( (- ,*7&)* % BD%#N3B-F GAH

%D4-'&($6 +-' % #&'#"&( +%6&D5. -0* /-"D, 0**, % 7*'5 4--, "0,*')(%0,&04

%B-"( ($* )('"#("'* -+ &,*0(&(&*) &0 ($%( +%6&D5 H$*'* &) )-6* 2'-4'*)) &0

($%( ,&'*#(&-0 +-' ΣΠΣ(n, k, d) &,*0(&(&*) /&($ #-0)(%0( (-2 +%0&0 k 

I-(* ($%( % ΣΠΣ(n, k, d) &,*0(&(5 C &) #-62-)*, -+ D&0*%' +-'6) %0, $*0#*

/* #%0 %))-#&%(* % 0%("'%D 0-(&-0 -+ *$%,. /$&#$ /&DD B* ($* '%0N -+ ($* 7*#(-'

)2%#* ($%( ($*)* D&0*%' +-'6) )2%0 A( /%) W')( )$-/0 B5 17&' E !$2&DN% 8:;@

($%(. "0,*' )-6* 6&D, %))"62(&-0) -0 C. ($* '%0N -+ C &) B-"0,*, B5 logk d 

X-' % #-0)(%0( k ($&) &) )%5&04 )-6*($&04 0-0('&7&%D %B-"( ($* ΣΠΣ(n, k, d)
&,*0(&(&*) Y%(*' C%'0&0 E !$2&DN% 8<9@ ")*, ($&) 2'-2*'(5 (- ,*7*D-2 % BD%#N3

B-F GAH %D4-'&($6 +-' ΣΠΣ(n, k, d) #&'#"&() ($%( '"0) &0 (&6* ∼ drank(C)
.

-' dlogk d
/$&#$ &) % )"B*F2-0*0(&%D #-62D*F&(5 /$*0 k &) #-0)(%0( H$&)

#-00*#(&-0 B*(/**0 '%0N %0, BD%#N3B-F GAH &) K"&(* *0#-"'%4&04. %0, $%)

%D'*%,5 D*, (- )*7*'%D &62'-7*6*0() !%F*0% E !*)$%,$'& 8=<@ )$-/*, % '%0N

B-"0, -+ k3 log d /$&#$ &) %D6-)( -2(&6%D %0, ('%0)D%(*) &0(- %0 &62'-7*,

BD%#N3B-F GAH %D4-'&($6 -+ #-62D*F&(5 dk3 log d
 H$*&' 6%&0 &,*% /%) (- D--N

%( C 6-,"D- 7%'&-") &'($+3 %0, ,*,"#* D-() -+ ,*2*0,*0#&*) B*(/**0 ($*

7%'&-") 6"D(&2D&#%(&-0 (*'6) -+ ($* &,*0(&(5 C 

A( &) B*D&*7*, ($%( -7*' ($* W*D,) -+ L*'- #$%'%#(*'&)(&#. *)2*#&%DD5 #-62D*F

0"6B*'). ($* &,*0(&(&*) )$-"D, B* *7*0 6-'* '*)('&#(*, H-/%',) ($%( 4-%D.

C%5%D E !%'%+ 8<=@ )$-/*, % '%0N B-"0, -+ kk
-7*' ($* W*D, -+ *($+3 A(

4&7*) % #-''*)2-0,&04 BD%#N3B-F GAH %D4-'&($6 -+ #-62D*F&(5 dkk

. /$&#$ &)



 !"#$% &' ((  !" "# $% $&'()*%

 !

 !"#$!%&'" (&%) *!+ ,!$-('$( k. /0)&+ %'&$ &1)' &- (! "!!2 '( (0) "&$)'+

*!+%- '  )'+&$3 &$ C '-  !&$(- &$ ' 0&30)+ 1&%)$-&!$'" - ',) '$1 (0)$ 4-)

,)+('&$  +! )+(&)- !* +)'" 3)!%)(+# 5678 (! +4") !4( (0)&+ '++'$3)%)$( &$ '

ΣΠΣ(n, k, d) &1)$(&(#.

 !"#$%& '()* 9:/ '"3!+&(0%- *!+ ,&+,4&(- !* 1) (0 0&30)+ (0'$ 3 '+) ,4+;
+)$("# *)< 57=> ?> 7@> AB> AC8. /0) !$)- (0'( '+) 2$!<$ '+) D'-)1 !$ &$-&30(-

!D('&$)1 *+!% 1) (0;2 '$1 1) (0;3 ,&+,4&(- '$1  4( *4+(0)+ +)-(+&,(&!$- -!

(0'( (0!-) &1)'- ,!4"1 D) "&*()1 (! 0&30)+ 1) (0-. E) <&"" 1&-,4-- (0) 9:/

'"3!+&(0%- *!+ $!$,!%%4('(&F) *!+%4"'- 57=8 '$1 1) (0;4 ,&+,4&(- <&(0 %4";

(& "&,'(&!$ 3'()- (0'( !$"# 1!  !<)+&$3 57@8.

G  ! "!##$%&%'() *!+%4"' &- !$) (0'( 0'- $!$,!%%4(&$3 F'+&'D")-> &.).

xixj 6= xjxi *!+ '"" i 6= j ∈ [n]. /0) %'&$ &1)' !* H'I J K0 &"2' 57=8 <'-

(0'( ' %4"(& "&,'(&!$ 3'() &$ ' $!$,!%%4('(&F) *!+%4"' ,'$ D) 3+'14'""#

!*) )+,$* <&(0!4( 3)((&$3 &$(! (0)  +!D")% !* %!$!%&'" )L "!-&!$. /0)#

(0)$ 4-)1 "&$)'+ '"3)D+' (! ,!% ")() (0) 9:/ '"3!+&(0%.

K'L)$' 57@8 -!"F)1 (0) ,'-) !* 1) (0;4 ,&+,4&(- <0)$ )',0 %4"(& "&,';

(&!$ 3'() &- M4-( *!-).' /> &.). '$ &$ 4( p(x1, . . . , xn) &- ,!$F)+()1 (!

α · p(x1, . . . , xn)
e
*!+ -!%) α ∈ F '$1 e ∈ N. /0) %'&$ &1)' <'- (! (+'$-*!+%

-4,0 ' ,&+,4&( (! '$!(0)+ !$) <0)+)&$ )',0 %4"(& "&,'(&!$ 3'() 0'- *',(!+-

<&(0 $ #'0)+ F'+&'D")-. /0) 9:/ '"3!+&(0% (0)$ *!""!<- '$ '"3)D+'&, 3)$)+;

'"&I'(&!$ !* (0) &1)' !* 57=8.

+!,!-./ '() .,0 123!- 425,06* G- -))$ 'D!F) 9:/ &- ' *'-,&$'(&$3

*4$1'%)$('"  +!D")% <&(0 1&+),( ,!$$),(&!$- (! !(0)+  +!D")%-. G- &* (0&-

<'- $!( )$!430> N'D'$)(- J :% '3"&'II! 5O?8 *4+(0)+ )% 0'-&I)1 (0) &% !+;

('$,) !* 9:/ D# -0!<&$3 (0'( ' ,!% ")() -!"4(&!$ !* 9:/ <!4"1 &% "# ,&+,4&(

"!<)+ D!4$1-. /0)# -0!<)1 (0'( &* 9:/ &- &$ 9 (0)$ )'%1). 9)+%'$)$( P(0)

$'430(&)+ -&D"&$3 !* Q)()+%&$'$(R 1!)- $!( 0'F)  !"#$!%&'" -&I)1 '+&(0%)(&,

,&+,4&(- !. STU9 1!)- $!( 0'F)  !"#$!%&'" -&I)1 D!!")'$ ,&+,4&(-. TF)$

(0!430 <) VD)"&)F)W D!(0 (0) ,!$,"4-&!$- (! D) &$1) )$1)$("# (+4)> $)F)+(0);

")--> (0) ,!$$),(&!$ <&(0 9:/ &- &$(+&34&$3. /0)&+ %'&$ &1)' &- (! -0!< (0'(

"!<;1)3+));9:/∈9 (!3)(0)+ <&(0 (0) )L&-()$,) !* -%'"" ,&+,4&(- *!+  )+%';

$)$( '$1 (0!-) *!+ STU9> &% "&)- STU9⊆S9> <0&,0 &- ' ,!$(+'1&,(&!$. :$

(0)  +!!* 9:/ &- !$"# 4-)1 (! ()-( <0)(0)+ ' -%'"" '+&(0%)(&, ,&+,4&( )X4'"-

(0)  )+%'$)$( *4$,(&!$.

:$ ' %!+) )L "&,&( <'#> G3+'<'" 578 -0!<)1 (0'( &* (0)+) '+) 23&"4,2!0 9:/

'"3!+&(0%- *!+ ' ,&+,4&( *'%&"# (0)$ (0)# '"-! )L0&D&( "!<)+ D!4$1- *!+ (0'(

*'%&"#.



 !" #$%%"&'( )* &!" +, -.

 !

 !"#$%& '()

 !"# "$ %&%'() *&+' $",-)'. "/ #*' ,&)' "$ ,0(,-0#) #*&# ,"1%-#' & )%&()'

%"!2/"10&!3 4/ #*0) ,&)' 5' &(' 60+'/ & ,0(,-0# C #"6'#*'( 50#* &/ -%%'(

7"-/. m "/ #*' /-17'( "$ /"/8'(" 1"/"10&!) 0/ #*' ,"1%-#'. %"!2/"10&!9

&/. #*' 6"&! 0) #" .'+0)' & poly(size(C), m) #01' :4; &!6"(0#*13 <"#0,' #*&#
#*0) 0) & =7'/06/> 6"&! &) -)-&!!2 0/ :4; & 60+'/ ,0(,-0# 5"-!. %(".-,' &/

'?%"/'/#0&! @0/ size(C)A /-17'( "$ /"/8'(" 1"/"10&!)3
;*'(' '?0)# & *")# "$ )"!-#0"/) $"( #*0) ,&)' &/. &!)" $"( #*' )''10/6!2

1"(' 6'/'(&! %("7!'1 "$  !"#$%&'(" !) )-,* ,0(,-0#) BCD9 EF9 CG9 FH9 F9 D9 CEI3

 !! #*')' &!6"(0#*1) &(' 7&)'. "/ #*' 0.'& "$ '+&!-&#0/6 #*' 60+'/ ,0(,-0# &#

,!'+'(!2 ,*")'/ %"0/#) )" #*&# & )%',0J, /"/8'(" 1"/"10&! 6'#)  *&'("#+3 K0/,'

#*'(' &(' =$'5> /"/8'(" 1"/"10&!) "/' "$ #*'1 ,&/ 7' 'L,0'/#!2 0)"!&#'. 72

M-)# ."0/6 '+&!-&#0"/)9 *'/,' #*')' #'/. #" 7' ,'(-./,&0 &!6"(0#*1)3 N'

'?*070# "/' )-,* &!6"(0#*19 $"!!"50/6  6(&5&! BFI3 ;*' 7&)0, 0.'& 0) #" 6" #"

& ,2,!"#"10, '?#'/)0"/ &/. '+&!-&#' #*' ,0(,-0# &# #*' 1 $"2(' (""#) "$ -/0#2

&+&0!&7!' 0/ #*0) '?#'/)0"/ &!6'7(&3

 !"#$"% &'(' 3#" p(x1, . . . , xn) ,# ( !&!4#$& %&'5!&6 (' 7&1#$ ( 8#'+ F9

:;&*# +#)$##  ! #(-; 1($ (,'#  * '#** ";(! d (!+ ";# !26,#$ &< 6&!&6 /

('*  * (" 6&*" m= >;#! ";#$# #0 *"* (! 1 ≤ r ≤ (mn lg d)2 *2-; ";("?

p(y, yd, . . . , ydn−1

) 6= 0 (6&+ yr − 1)=

@$&&<= O"/)0.'( #*' %"!2/"10&! q(y) := p(y, yd, . . . , ydn−1

) 0/ F[y]3 <"#' #*&#
& 1"/"10&! xi1

1 · · ·x
in
n 0/ p 0) 1&%%'. #" #*' 1"/"10&! yi1+i2d+···+indn−1

0/ q3
K0/,' 5' *&+' &))-1'. i1, . . . , in < d9 "7)'(+' #*&# #*' 1&% 0) "/'P#"P"/'3
O"/)'Q-'/#!29 q(y) 6= 03 K&2 ya

0) & 1"/"10&! 50#* /"/8'(" ,"'L,0'/# 0/ q3
<"5 5' !""R &# q(y) 1".-!" (yr − 1)3

4$ q(y) = 0 (1". yr − 1)9 #*'/ #*'(' "-6*# #" 7' &/"#*'( 1"/"10&!
yb 6= ya

50#* /"/8'(" ,"'L,0'/#) 0/ q(y) )-,* #*&# yb = ya (1". yr − 1)3
;*0) 0) %"))07!' 0S r|(b − a)3 ;*-)9 #" &+"0. %0,R0/6 )-,* & =7&.> r 5' /''.
"/' #*&# )&#0)J')T

r 6 |
∏

yb∈q(y),b6=a

(b− a) =: R.

O!'&(!29 0/#'6'( R ,&/ 7' &# 1")# (dn)m 0/ +&!-'3 K0/,' R *&) &# 1")# lgR
%(01' $&,#"() &/. )0/,' 5' 5"-!. '/,"-/#'( &# !'&)# (lgR+ 1) %(01') 0/ #*'
(&/6' 1 < r ≤ (lgR)2 = (mn lg d)29 0# 0) ,!'&( #*&# 5' *&+' #*' ('Q-0('.
@%(01'A r $"( 5*0,* q(y) 6= 0 (1". yr − 1)3

)*+#$,-!%' ;*' &7"+' %("%'(#2 011'.0&#'!2 60+') & 7!&,RP7"? :4; &!6"P

(0#*1 $"( )%&()' %"!2/"10&!)3 U0+'/ &/ mP)%&()' ,0(,-0# C(x1, . . . , xn) "+'(



 !"#$% &' ((  !" "# $% $&'()*%

 !

F !" d := 2size(C)
#$% &'( )*)(+ 1 ≤ r ≤ (mn lg d)2, -'./01) d, d2, . . . , dn−1

.'%02' r 034$5 ()/)#1)% 360#(4$5 #$% 17)$ )*#20#1) C(y, yd, . . . , ydn−1

) '*)(

17) )"1)$34'$ #25)8(# F[y]/(yr − 1)9 :4$#22+ ;) %)-2#() C 1' 8) #$ 4%)$141+

4< #22 17)3) )*#20#14'$3 #() =)('9 >1 43 ('014$) 1' *)(4&+ 17#1 1743 43 # -'(()-1

#25'(417. ;417 14.) -'./2)"41+ poly(size(C), m)9

 !"#$ ?$) .4571 ;'$%)( ;7#1 7#//)$3 4& ;) ()/2#-) 17) /#(#.)1)(

(mn lg d)2 4$ 17) #8'*) #$#2+343 8+ # .42%)( /#(#.)1)( 24@) poly(size(C))A >&

;) -'02% 31422 /('*) 17) 31#1).)$1 4$ B7)'(). C9D 17)$ ;) ;'02% 5)1 # -'$E

-)/10#22+ 34./2) 82#-@E8'" #25'(417. &'( 5)$)(#2 F>BG H0-7 # 5)$)(#24=#14'$

'& B7)'(). C9D 43 -0(()$12+ #$ '/)$ 60)314'$ )*)$ &'( 17) I3.#22)31J -#3)

'& %)/17E3 -4(-04139 KL'1) 17#1 17) 17)'(). 1(4*4#22+ #//24)3 1' 17) -#3) '&

%)/17E2 -4(-04139M >1 43 -'$N)-10()% 8+ O5(#;#2 PQR 17#1 B7)'(). C9D 37'02%

8) 1(0) 4& ;) ()/2#-) (mn lg d)2 8+ size(C)depth(C)
 1703 3'2*4$5 F>B #1 2)#31

&'(  !"#$%"$ %)/17 -4(-04139

 !"# $%&'%% ()*

B7) -4(-041 .'%)2 43 # *)(+ &'()&##*+& ()/()3)$1#14'$ &'( /'2+$'.4#23 &'(

)"#./2) 4$ 34=) s 41 43 /'33482) 1' #-74)*) %)5()) 2s
8+ ()/)#1)% 360#(4$5

K#217'057 17) $0.8)( '& .'$'.4#23 /('%0-)% ().#4$3 #*",-.E)"/'$)$14#2 4$

s #$% $'1 /!01-.E)"/'$)$14#2M9 S7#1 4& ;) ()%0-) 17) )"/()334*) $#10() '&

# -4(-041 3#+ 8+ ()31(4-14$5 17) %)5()) '& 17) -'./01)% /'2+$'.4#2 1' 8)

I'$2+J poly(s)A >$10414*)2+ F>B &'( 17)3) -4(-0413 37'02% 8) )#34)(9

>1 ;#3 37';$ 8+ O5(#;#2 T U4$#+ PDVR 17#1 # -!2 /&,)&& -4(-041

C(x1, . . . , xn) 49)9 '& %)5()) poly(n) -#$ 8) 37(0$@ 1' # %)/17E4 -4(-041

8+ # ()#3'$#82) 82';0/ 4$ 17) 34=)9 S) ;422 $'; 3)) 17) .#4$ 4%)# '& 17)

/(''&9 O3 ;) -#$ #2;#+3 #%% 3'.) 03)2)33 *#(4#82)3 1' C ;) -#$ #330.)

;2'5 17#1 C(x1, . . . , xn) 43 -'./014$5 # /'2+$'.4#2 '& %)5()) d = O(n)9 :0(E

17)(.'() #3 #$+ n *#(4#1) d %)5()) /'2+$'.4#2 -#$ 8) 1(4*4#22+ -'./01)%

8+ # %)/17E2 -4(-041 '& 34=) ∼
(

n+d

d

)

= 2d lg n
d
 41 43 '$2+ ()#3'$#82) 1' #330.)

17#1 C 7#3 34=) 2o(d lg n
d

)
K$'1) 17) #3%-- o 4$ 17) )"/'$)$1M9 >$ 17#1 -#3) 17)

17)'(). '& PDVR 31#1)3,

%&"'(") *$+$ 45 % (!-."!3*%- P (x1, . . . , xn) !5 /&,)&& d = O(n) 6%# %  *) 0*$

C !5 #*7& 2o(d lg n
d

)
$6&" $6&)& *# % /&($684  *) 0*$ C ′

!5 #*7& 2o(d lg n
d

)
9 :!)&!+&);

*$  %" 1& &'(-* *$-.  !"#$)0 $&/ *" 2o(d lg n
d

)
$*3&; ,*+&" C *" $6& *"(0$9

<)!!5 =>&$ 6? B7) %)/17 ()%0-14'$ 43 %'$) 4$ 1;' 31#5)39 B7) !(31 31#5)

()%0-)3 17) %)/17 1' O(lg d) 8+ #$ )W-4)$1 -'$31(0-14'$ '& O22)$%)( X4#' 

Y#7#N#$ #$% U4$#+ PZR9 B7) 3)-'$% 31#5) 43 .'() )"/)$34*) 801 41 ()%0-)3

17) %)/17 1' 49



 !" #$%%"&'( )* &!" +, -.

 !

 !" #$%& %'"$ %& (!" )*+( +($," %+ (- .--/ $( 0"*($%&  !"#$%#& '"# 1-.2&-3

#%$.+ [g, h] 0-#14("' %&+%'" (!" 0%*04%( C5 6-* $&2 ,$(" g %& C $&' $&2 ,$("

h %& (!" +47(*"" *--("' $( g8 [g, h] %+ '")&"' (- 7" (!" 1-.2&-#%$. 0-#14("'
$( (!" &-'" g %6 (!" +47(*"" $( h %+ $#()'*#& 72 $ ."$6 .$7".."' 19  !%+ %##"3
'%$(".2 ,%:"+ 4+ (!" +%#1." *".$(%-&5 C(x1, . . . , xn) =

∑

i[root(C), xi]xi9 ;"<(

(!" 1-.2&-#%$. [g, h] %+ *"04*+%:".2 "<1$&'"' =*( (!" #4.(%1.%0$(%-& ,$("+ p
%& (!" +47(*"" >*--("' $( g? 6-* =!%0! (!" '",*"" ≥ 1

2
deg(gh) > '",*"" -6 (!"

0!%.'*"& -6 p9  !%+ "<1$&+%-& %+ (!"& 4+"' (- 0-&+(*40( $ 0%*04%( C ′′
=!-+"

,$("+ 0-**"+1-&' (- [g, h]8 6-* @$..A ,$("+ g, h %& C9 B 0.":"* $*,4#"&( %& CDE

+!-=+ (!$( ":"*2 #4.(%1.%0$(%-& ,$(" %& C ′′
!$+ $( ."$+( $ '-47.%&, "F"0( -&

(!" '",*"" -6 %(+ 0!%.'*"&8 !"&0"8 (!" '"1(! -6 C ′′
0$& 7" $( #-+( O(lg d)9

B.+-8 size(C ′′) *"#$%&+ $( #-+( $ 1-.2&-#%$. %& size(C)9
G"( s 7" (!" +%H" -6 C ′′

$&' '")&" $ 1$*$#"("* ℓ +4I0%"&(.2 +#$.."* (!$&
d lg n

d

lg s
9  !" +"0-&' +($," !$+ $& ":"& +%#1."* %'"$5 04( C ′′

%&(- (=- 1$*(+8

(!" "+( !$+ "<$0(.2 t := lg ℓ .$2"*+ -6 #4.(%1.%0$(%-& ,$("+ $&' (!" *"+( -6 (!"
.$2"*+ 6-*# (!" ,+""+%9 G"( g1, . . . , gk >=!"*" k ≤ s? 7" (!" -4(14( ,$("+
-6 (!" 7-((-# 1$*(9  !4+8 =" 0$& (!%&/ -6 (!" (-1 1$*( $+ 0-#14(%&, $

1-.2&-#%$. Ptop %& &"= :$*%$7."+ y1, . . . , yk $&' "$0! -6 (!" gi 0-#14(%&, $

1-.2&-#%$. Pi %& (!" %&14( :$*%$7."+ x1, . . . , xn9  !" 1-.2&-#%$. 0-#14("'

72 (!" 0%*04%( C ′′
(!"& "J4$.+5 Ptop(P1(x1, . . . , xn), . . . , Pk(x1, . . . , xn))9 K%&0"

(!" (-1 !$.6 0-&+%+(+ -6 t .":".+ -6 #4.(%1.%0$(%-& ,$("+ deg(Ptop) %+ 7-4&'"' 72
2t
9 B&' +%&0" (!" '",*"" '*-1+ 72 $ 6$0(-* -6 (=- $0*-++ #4.(%1.%0$(%-& ,$("+8

=" $.+- !$:" deg(Pi) ≤
d
2t 9 L<1*"++%&, Ptop $&' PiM+ $+ $ +4# -6 1*-'40(8 ="

!$:" $ '"1(!34 0%*04%( C ′
0-#14(%&, (!" +$#" 1-.2&-#%$. $+ C ′′

9  !" +%H" -6

(!%+ 0%*04%( C ′
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k + 2t

k

)

+ k ·
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n+ d
2t

n

)

B& "$+2 0$.04.$(%-& +!-=+ (!$( (!" '-#%&$(%&, ("*#+ $7-:" $*"5 sℓ + (nℓ)
d
ℓ
9

N-(! -6 =!%0!8 72 (!" 0!-%0" -6 ℓ8 $*" +#$.."* (!$& 2o(d lg n
d

)
9  !%+ 0-#1."("+

(!" 1*--69

 !%+ (!"-*"# $.*"$'2 +4,,"+(+ (!$( $ OP $.,-*%(!# 6-* '"1(!34 0%*04%(+
=-4.' %#1.2 $ &-&(*%:%$. -&" 6-* .-= '",*"" 0%*04%(+9 CQRE ,-"+ $ +("1 64*(!"*

$&' +!-=+ (!$( $ 7.$0/37-< 1-.2&-#%$. (%#" $.,-*%(!# 6-* '"1(!34 OP ,%:"+
$& nlg n

(%#" $.,-*%(!# 6-* .-= '",*"" OP S

 !"#$  !" $7-:" 1*--6 !$+ $& %&("*"+(%&, 721*-'40(5 %6 =" 0-4.' 1*-:" $&

"<1-&"&(%$. .-="* 7-4&' 6-* $ .-= '",*"" 1-.2&-#%$. 6-* '"1(!34 0%*04%(+ (!"&
%( %#1.%"+ $& "<1-&"&(%$. .-="* 7-4&' 6-* ,"&"*$. 0%*04%(+S T-* "<$#1."8 ="

/&-= (!$( 1"*#$&"&( >-& n× n #$(*%0"+? !$+ $ '"1(!34 0%*04%( -6 +%H" 2O(n)
9

N4( =!"(!"* %( !$+ '"1(!34 0%*04%(+ -6 +%H" 2o(n)
%+ &-( /&-=&9 K40! $ .-="*
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 !"#$ %!"&$ #!% '()&* +,-+ )./(-#.#+ $!.0 #!+ ,-1. 23.#./-&4 -/'+,(.+'5

5'/5"'+0 !6 0'7. 2o(
√

n)
8

 !"#$%&' ()* +,-. /0123&/-45

9,. 5-0. !6 $.)+,:2  .'#3 +!! .-0* 2'+ ,-0 -  &-5;: !< )!&*#!('-& +'(. =>9

-&3!/'+,(4 -#$ +,-+ !6 $.)+,:4  .'#3 +!! 3.#./-& 2'+0 =>9 -&3!/'+,( %'&& -&0!

3'1. - #!#+/'1'-& !#. 6!/ &!% $.3/.. 5'/5"'+04? &.-1.0 "0 %'+, +,. '#+./(.$'-+.

5-0. !6 $.)+,:3 =>98 9,./. -/. - ,!0+ !6 /.0"&+0 6!/ '+  "+ +,. 5-0. '0 0+'&&

#!+ 5!()&.+.&* 0!&1.$8 @./. %. %'&& 0;.+5, +,. '$.- !6 +,.  .0+ ;#!%# =>9

-&3!/'+,( ABCD8 >+ '0 - #!#  &-5;: !< -&3!/'+,( -0 '+ #..$0 +! &!!; -+ +,.

'#)"+ 5'/5"'+ +! "0. +,. &'#.-/ )!&*#!('-&0 +,-+ !55"/ '# '+8

E.+ +,. '#)"+ 5'/5"'+ C  . 5!()"+'#3 !1./ - F.&$ F8 G0 $'05"00.$  .6!/.

%. 5-# -00"(. %&!3 +,-+ C &!!;0 &';.H C(x1, . . . , xn) = T1 + · · ·+ Tk? %,./.

Ti '0 - )/!$"5+ !6 &'#.-/ )!&*#!('-&0 Li,1, . . . , Li,d? '8.8 .-5, Li,j = (ai,j,0 +
ai,j,1x1 + · · · + ai,j,nxn) 6!/ 0!(. 5!#0+-#+ aI0 6/!( F8 J!+. +,-+ +,. 5-0. !6

k = 2 '0 +/'1'-& -0 5,.5;'#3 T1 + T2 = 0 .#+-'&0 5!()-/'#3 +,. &'#.-/ 6-5+!/0

!6 T1 -#$ T2? %,'5, %. ;#!% .<)&'5'+&*8 9,"0? k = 3 '0 +,. F/0+  !#-F$. 5-0.
-#$ '#$..$ +,./.'# &'.0 +,. (-'# '$.- !6 ABCD8 K! %. 0;.+5, +,. -&3!/'+,( !#&*

6!/ +,. 5-0. C = T1 + T2 + T38

 !"#$%$ &$'("#)$*"#+, 9,. 0+-/+'#3 '$.- '0 +! 0+"$* C (!$"&! &'#.-/

)!&*#!('-&08 K! )'5; (d+1)  !"#$%& &'#.-/ )!&*#!('-&0 p1, . . . , pd+1 6/!( +,.

0.+ {Li,j | i ∈ [3], j ∈ [d]}8 J!+. +,-+  * .&.(.#+-/* -&3. /-? C = 0 'L 6!/ -&&

i ∈ [d+ 1]? C = 0 ((!$ pi)8 9,. &-++./ 5!#$'+'!#0 -/. .-0* +! 5,.5;  .5-"0.

C (!$"&! pi '0 M"0+ - 0"( !6 +%! ("&+')&'5-+'!# 3-+.0? 0-* C = T1 + T2

((!$ pi)8 J!% %. 5-# 6"/+,./ 0'()&'6* +,. 0'+"-+'!#  * (-))'#3 pi 7→ x1  *

-))&*'#3 - 0"'+- &. '#1./+' &. &'#.-/ +/-#06!/(-+'!# τ !# x1, . . . , xn 2'8.8 '+

/.)&-5.0 xi  * - &'#.-/ 5!( '#-+'!# !6 +,. xI048 >+ '0 .-0* +! 0.. +,-+ C = 0
((!$ pi) 'L C(τ(x1), . . . , τ(xn)) = 0 ((!$ x1)8 9,. &-++./ 5-#  . +.0+.$  *

0'()&* 5!()-/'#3 +,. &'#.-/ 6-5+!/0 !6 τ(T1) -#$ τ(T2) -6+./ F<'#3 x1 = 0 '#
+,.(8

9,"0? 7./! +.0+'#3 !6 C M"0+  !'&0 $!%# +! )'5;'#3 +,. /'3,+ 0.+ !6 &'#.-/

)!&*#!('-&0 -(!#30+ +,. !#.0 +,-+ -)).-/ '# +,. $.F#'+'!# !6 C8 N"+ +,.

- !1. '$.- 6-'&0 '6 +,. 0.+ {Li,j | i ∈ [3], j ∈ [d]} $!.0 #!+ ,-1. (d+1)  !"#$%&

&'#.-/ )!&*#!('-&08 9,'0 5!"&$ .-0'&* ,-)).#? 6!/ .<-()&. %,.# C = x9
1 +

x5
2x

4
3 − (x1 + x2 + x3)

9
%. ,-1. !#&* 4 5!)/'(. &'#.-/ )!&*#!('-&0 %,'&. %.

#..$ 108 ># +,-+ 5-0. %. /.O"'/. (!/. -&3. /-H

 !"#$%$ &$'("#)$*"#+ -.$* /)$(0%, 9,. '$.- +,-+ F#-&&* %!/;0 '0 +!

0+"$* C (!$"&! P#'5. &!!;'#3Q $'&()*8 R!/(-&&*? )'5; 5!)/'(. &'#.-/ )!&*:

#!('-&0 p1, . . . , pℓ 6/!( +,. 0.+ {Li,j | i ∈ [3], j ∈ [d]} 0"5, +,-+ +,./. .<'0+
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 !"#$ $%& e1, . . . , eℓ &'%(&)*($+,

-.  / 0* pei

i 1(/(1 & &#2 Tj3

4. e1 + · · ·+ eℓ > d3

5 &(2"6 7'6786'%(#$ &9#:& %9'% &879  !"#$% !& '()#*$  !'+)!,(*'% pe1

1 , . . . , peℓ

ℓ

'6:'*&  !(&% ;8$6 && %9 286%("6(7'%(#$ % 02& ($ C '0 $#% 1(&%($7%.3 56&#

C = 0 (< )#0 '66 i ∈ [ℓ]= C = 0 (2#1 pei

i )3 >8% 9#: 1# : 79 7? %9 6'%% 0

7#$1(%(#$@ A 7'$ '+'($ B0&% &(2"6()* (% %# pi 7→ x1 C* '""6*($+ '$ ($/ 0%(C6 

6($ '0 2'" τ #$ x1, . . . , xn3 D9 $ C = 0 (2#1 pei

i ) (< C(τ(x1), . . . , τ(xn))
/'$(&9 & #/ 0 %9 '6+ C0' F[x1]/(x

ei

1 )3 E($7 τ(C) (2#1 xei

1 ) (& ' &82 #) %:#

286%("6(7'%(#$ +'% &= &'* τ(T1) + τ(T2)= % &%($+ τ(T1) + τ(T2) = 0 2#186#

%9 (1 '6 (xei

1 ) C#(6& 1#:$ %# ' 2#0 &#"9(&%(7'% 1 7#2"'0(&#$ #) %9 6($ '0

)'7%#0& #) τ(T1) '$1 τ(T2)3

 !"#$%&'( ) *#(+!,-%&./ D9 B$'6 FGD '6+#0(%92 )#0 ' ΣΠΣ(n, k, d)
7(078(% C = T1+ · · ·+Tk %98& (1 $%(B & ' & % I #) $(7 6##?($+ (1 '6&= $'2 6*=

I := {(f1, . . . , fℓ) | ℓ ∈ [k − 1],∀i ∈ [ℓ], fi (& ' 2'!(2'6 )'7%#0 #) &#2 Tj &3%3

fi (& $#% ' H 0#I1(/(&#0 2#186# (0, f1, . . . , fi−1) '$1

fi (& "#: 0 #) ' 6($ '0 "#6*$#2('6 2#186# %9 0'1(7'6 #) (0, f1, . . . , fi−1)}.

57%8'66*= %9 (1 '6& 8& )86 )#0 %9 '6+#0(%92 #) JK-L '0 ' &8C& % #) I C8% %9(&

& % 7'"%80 & %9 2#&% (2"#0%'$% "0#" 0%( & #) %9 (1 '6&3 D9 FGD '6+#0(%92

M8&% 79 7?& C = 0 (2#1 I)= )#0  / 0* I ∈ I= '$1 %9'% (2"6( & %9 H 0#$ && #)

C3 D9 % &% C = 0 (2#1 I) (&  '&* %# 1# C 7'8& C(2#1 I) (& C'&(7'66* M8&%

!)# 286%("6(7'%(#$ +'% 3 N#0 #/ 0= &($7 |I| < dk
'$1 %9 1(2 $&(#$ #) %9 

)'7%#0I'6+ C0' #) '$* (1 '6 ($ I (& '6&# '% 2#&% dk
= %9 '6+#0(%92 9'& %(2 

7#2"6 !(%* poly(n, dk)3

 !"#$%&' ()* +,-./0&,123

D9 1 "%9I3 FGD '6+#0(%92 &  $ 'C#/ (& ($9 0 $%6* $#$ C6'7?IC#! '& (% 8& &

%9 6($ '0 "#6*$#2('6& %9'% 1 B$ %9 ($"8% 7(078(%3 G% (& 2#0 1 &(0'C6 %#

9'/ ' C6'7?IC#! FGD '6+#0(%92 '& (% :(66 (2"6* 7(078(% 6#: 0 C#8$1& ;&  

JK= -OL. '$1 (% % $1& %# C 8& )86 ($ 6 '0$($+ '6+#0(%92& J4K= KKL3 P#% %9'%

%9 0'$1#2(H 1 FGD '6+#0(%92 C'& 1 #$ E79:'0%HIQ("" 6 6 22' (& C6'7?IC#!=

9 $7 = C* %9 7#$1(%(#$'6 1 0'$1#2(H'%(#$& #) >FF J4RL &879 ' 1 % 02($(&%(7

"#6*$#2('6I%(2 C6'7?IC#! FGD '6+#0(%92 (& 7#$M 7%80 1 %#  !(&%3

D9 C6'7?IC#! / 0&(#$ #) 1 "%9I3 FGD (& %9 #$ ($ :9(79 : '0 +(/ $ '

C6'7?IC#! C(x1, . . . , xn) :(%9 %9 "0#2(& %9'% C 7#2"8% & ' 1 "%9I3 7(078(%
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 !"# $ %& '& (")* F $&* +$, $ %& '& ,-." / 0&* size(C)1 2+-, 30",4- & +$,

#"5"-!"* $ 6$-# $7 0&4  6 $44"&4- & 89:; <9; 9<; <=> /04 -, & 4 ?"4 5 7@)"4")?

, )!"*1 2+" %& '& /)$5%A/ B 7"4+ *, $#" ,055",,60); 4 $ !$#?-&C *"C#"";

 &)? -& 4+" 5$,"  6 ΣΠΣ(n, k, d) 5-#50-4, '+"& 4+" 4 @ 6$&-& k -, D,7$))E1

F" *-,50,, -& 4+-, ,0#!"? 4"5+&-30", 4+$4 $#" /$,"*  & 4+" & 4- &  6  !"#

 ! " #$%&'(3 )*+),*&- *.$. &'$ #*/$01* 0  ! &'$ 2$)& + 1%")$ 1%"00$# 34 &'$

5*0$"+ % 540 /*"51 &'"& "%%$"+ *0 *&1 /,5&*%5*)"&* 0 &$+/1. 6 + " ΣΠΣ(n, k, d)
*#$0&*&4 " &+*2*"5 3 ,0#  0 &'$ +"07 *1 kd. 8& *1 0 & *//$#*"&$54 )5$"+ 9'$&'$+

&'$ +"07  ! "0 *#$0&*&4 1' ,5# 3$ 1*:0*;)"0&54 1/"55$+ &'"0 kd- 3,& *& *1 "0#
&'*1 %+ %$+&4 '$5%1 *0 #$2$5 %*0: &'$ 35")7(3 < =8> "5: +*&'/1. > 1' 9 &'$

+"07 3 ,0#1 9$ 0$$# & %,& )$+&"*0 ?/*5#@ ) 0#*&* 01  0 &'$ )*+),*&1A

 !"#$%$&# '()( BC*0*/"5 "0# D*/%5$ )*+),*&1E F ΣΠΣ(n, k, d) )*+),*& C =
T1 + · · ·+ Tk *1 1"*# & 3$  !"! #$ *! 0 %+ %$+ 1,31$&  ! {Ti}1≤i≤k 1,/1 & 

G$+ .

>'$ )*+),*& *1 1"*# & 3$ %! &$' *! &'$+$ *1 0 0 0(&+*2*"5 ) // 0 !")& +

#*2*#*0: "55 &'$ TiH1.

8& 9"1 ;+1& 1' 90 34 I2*+ J D'%*57" KLMN &'"& " /*0*/"5- 1*/%5$

ΣΠΣ(n, k, d) *#$0&*&4 '"1 +"07 "& / 1& logk d. 8! k *1 1/"55 &'$0 &'*1 *1 "

/,)' 3$&&$+ 3 ,0# &'"0 &'$ &+*2*"5 3 ,0#  ! kd. 6 + 5"+:$+ kH1 &'*1 3 ,0# *1

"0  2$+7*55- "0# 9"1 */%+ 2$# & " / +$  %&*/"5(5  7*0: k3 log d 34 D"<$0"

J D$1'"#'+* KOPN. Q$ 9*55 17$&)' &'$ *#$"  ! &'$ 5"&&$+ +"07 3 ,0# 3,& ;+1&

9$ #*1),11 ' 9 " +"07 3 ,0# */%5*$1 " ($#)*+(,- =8> "5: +*&'/.

 !" #$%& '()%*+ ,%-$./ '/$0&12(3 456
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/*0*/"5- 1*/%5$ ΣΠΣ(n, k, d) *#$0&*&*$1 &'$0 35")7(3 < =8> )"0 3$ # 0$ *0

poly(n, dR(k,d)) /"04 ;$5#  %$+"&* 01. >'$*+ *#$" 9"1 & ) /$ ,% 9*&' " 1/"55
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G$+ - "0# BSE &'$1$ 5*0$"+ &+"01! +/"&* 01 /"% &'$ n 2"+*"35$1 & R(k, d)
2"+*"35$1. 8& *1 $"14 & 1$$ &'"&  0)$ 9$ '"2$ 1,)' " 5*0$"+ &+"01! +/"&* 0

τ - 9$ )"0 ), &,%' *& 9*&' &'$ :*2$0 35")7(3 < ! + C & :$& " 0$9 35")7(3 <

) /%,&*0: C ′(x1, . . . , xm) := C(τ(x1), . . . , τ(xn)). D*0)$ C ′
0 9 '"1 ?!$9$+@
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m
B"0 $<&$01* 0  ! *&- *! +$V,*+$#E- '$0)$

*& :*2$1 "0  2$+"55 ) /%5$<*&4  ! poly(n, dR(k,d)).
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 !""# $% &#$'()* + ,#( -./0 123'43 53!% 67!8 5) 4)*759645  !"#$%"&#' :)9

#;*! 7)694!7< 5!  7 67 3)2 5) '8!*5':% 7643 59#*7:)9"#5')*7=

 !""# $%&% ( " W1, . . . ,Ws ⊆ F
n
) *! + ',)'-$% '.  $%/ &0 +12 3'1&3 $"

2&'" t4 5&3'1+ # "/ 613 $# "#$3'0&#2$"1&3 70&# '&2 α ∈ F8.

φα,t,n(x1, . . . , xn) := ((α
i(j−1)))1≤i≤t,1≤j≤n · [x1 · · ·xn]

T .

9/ 3 "/ # $# $" 2&'" snt2
 6 2 3"' α ∈ F 0&# :/1%/ "/ +12 3'1&3 &0 '&2 

Wi +#&-'. 14 4 dim(φα,t,n(Wi)) < dim(Wi)4

;#&&04 >3! ?9)): '8!# '7 5) 4#?569! #  53! @$#8A αB7 '* # 6*'C#9'#5! !D6#5')*E

53!* '57 8!F9!! 6??!9 $)6*87 53!'9 *6"$!9=
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53#5 53! 5)?H !:5 dim(Wi)×dim(Wi) 76$"#59'I ): 153! "#59'I 8!J*'*F< φα,t,n

'7 7'*F6 #9= >367E '57 8!5!9"'*#*5 F'C!7 67 # 6*'C#9'#5! !D6#5')* '* α ): 8!F9!!

#5 ")75 nt2
= K)'*F 53'7 :)9 #  WiB7 F'C!7 67 53! ?9)"'7!8 $)6*8 ): snt2

=

L)2E :)  )2'*F -M.0E 2! F'C! 53! 4)*759645')* ): 53! 76$7?#4!7 WiB7 :)9

53! 4#7! ): ΣΠΣ(n, k, d) 4'946'57 #776"'*F # 9#*N $)6*8 ): R(k, d) :)9 53!

"'*'"# 7'"? ! '8!*5'5'!7=

'(!)*!" $%+% ( " C ) $ ΣΠΣ(n, k, d) %1#%,1" $3+ S ⊆ F ) &0 '1< $" 6 $'"

n2kd2R(k, d)24 =0 C 1' $ 3&3< #& %1#%,1" "/ 3 "/ # 1' $3 α ∈ S ',%/ "/$"

φα,n,R(k,d)(C) 1' $6'& 3&3< #&4

;#&&04 O!5 C = T1 + · · · + Tk $! *)*(!9)= G! 8!J*! '57 >%+ -$#"E gcd(C) :=
gcd(T1, . . . , Tk) #*8 '57 '12-6 -$#"E sim(C) := C

gcd(C)
=

G! *)2 8!J*! 7)"! 76$7?#4!7 7?#**!8 $% 53!  '*!#9 ?) %*)"'# 7 #??!#9H

'*F '* C= >3!7! 76$7?#4!7 73#  3#C! 53! ?9)?!95% 53#5 #*%  '*!#9 59#*7:)9H

"#5')* 23'43 ?9!7!9C!7 53!'9 8'"!*7')*7E  !#C!7 C *)*(!9)= >3! 76$7?#4!7

#9!P

Q= R)9 !C!9% ?#'9 ):  '*!#9 :)9"7 ℓ, ℓ′ 53#5 #??!#9 '* 53! 4'946'5 8!J*!

Wℓ,ℓ′ := sp(ℓ, ℓ′)E 23!9! sp(·) 9!:!97 5) 53!  '*!#9 '-$3E )C!9 FE ): 53!

7!5=

.= R)9 !C!9% *)*!"?5% 76$7!5 A ⊆ [k]E 8!J*! CA :=
∑

i∈A Ti #*8  !5

rA := min{R(k, d), rank(sim(CA))}= O!5 WA $! 53! 76$7?#4! 7?#**!8

$% rA '*8!?!*8!*5  '*!#9 ?) %*)"'# 7 53#5 #??!#9 '* sim(CA)=

L)5'4! 53#5 53! *6"$!9 ): 7643 76$7?#4!7 '7 759'45 %  !77 53#* s := (k2d2+2k)=
>3! 4 #'" '7 53#5 :)9 #*%  '*!#9 59#*7:)9"#5')* τ = φα,n,R(k,d) 53#5 ?9!7!9C!7



 !"#$% &' ((  !" "# $% $&'()*%

 !

 !"# $%&' ()* %++ !"#,# ,-.,/%0#,1 %+,( ,%!2,3#, τ(C) 6= 04 5# 62++ /$(7# !"2,

.8 0(&!$%920!2(&4

:"# 3$,! (.,#$7%!2(& 2, !"%! ,-0" % τ 0%&&(! ;%/ !6( +2&#%$ )-&0!2(&,1

!"%! %//#%$ 2& !"# 02$0-2!1 !( !"# ,%;# +2&#%$ )-&0!2(& ,2&0# 2! /$#,#$7#,

Wℓ,ℓ′ <,4 =#&0# !"# ,2;/+# /%$! 9(#, &(! $#9-0# )-$!"#$ -&9#$ τ 1 24#4 6# "%7#

sim(τ(CA)) = τ(sim(CA))4 >( 6# 0%& %,,-;# 6+(? !"%! C  %&9 "#&0# τ(C)
%, 6#++* 2, ,2;/+#4

@) τ(C) = 0 !"#& !"# $%&' .(-&9 #&!%2+, !"%! #2!"#$ τ(C) 2, &(! ;2&2;%+ ($

!"# rank(τ(C)) < R(k, d)4 @) !"# +%!!#$ 2, !"# 0%,# !"#& rank(C) < R(k, d)1
.-! !"#& τ 62++ /$#,#$7# W[k]1 6"20" ;#%&, !"%! !"# 02$0-2! C 2, 2!,#+) A#$(4

:"2, 0(&!$%920!, !"# "8/(!"#,2,4

:"# (!"#$ 0%,# !"#& 2,B τ(C) 2, A#$( .-! &(! ;2&2;%+4 C#! A .# % ;2&2;%+

,-.,#! ,-0" !"%! τ(CA) = 0 62!" CA 6= 04 =#&0# τ(sim(CA)) 2, % ,2;/+#1

;2&2;%+ %&9 A#$( 02$0-2!1 !"#$#)($# 2! 2, () $%&' +#,, !"%& R(k, d)4 D-! !"#& τ
62++ /$#,#$7# !"# $%&' () WA1 6"20" !(?#!"#$ 62!" sim(CA) 6= 0 ;#%&, !"%!

τ(sim(CA)) 6= 04 :"2, 2, %?%2& % 0(&!$%920!2(&4

@! 2, &(6 % 0(&,#E-#&0# () C#;;% F4G !"%! 6# 62++ 3&9 ,-0" % τ 2) 6# !$8

(-! nsR(k, d)2 ;%&8 α<,4 :"2, 3&2,"#, !"# /$(()4

 !"#$%&'( ) *#(+!,-%&./ :"# 3&%+ .+%0'H.(I J@: %+?($2!"; 2,B ?27#&

%& %00#,, !( % ΣΠΣ(n, k, d) 02$0-2! C1 !$8 (-! n2kd2R(k, d)2 ;%&8 α<, )$(;

!"# 3#+9  ($ 2!, #I!#&,2(&* %&9 0(&,29#$ C ′(x1, . . . , xR(k,d)) := φα,n,R(k,d)(C)4
K7%+-%!# #%0" ,-0" C ′

(& (d + 1)R(k,d)
/(2&!, (& F

R(k,d)
1 %&9 %&&(-&0# C !(

.# A#$( 2L %++ !"#,# #7%+-%!2(&, %$# A#$(4 @! 2, &(6 #729#&! !"%! !"2, 2, % 7%+29

%+?($2!"; %&9 2! $#E-2$#, M(&+8N poly(n, 2k, dR(k,d)) ;%&8 F (/#$%!2(&,4

 !" #$ %&'()* +,*-'%& .%$/ 0(1$2

:"# .#,! '&(6& $%&' .(-&9 )($ ;2&2;%+1 ,2;/+# ΣΠΣ(n, k, d) 29#&!2!2#, 2,

k3 log d OPQR4 @! 2, %+,( 0+(,# !( (/!2;%+ %, !"#$# %$# 29#&!2!2#, () $%&' Ω(k log d)
OQS1 PQR4 :"2, $%&' .(-&9 "(+9, )($  !" 3#+94 T($ ,/#02%+ 3#+9, !"#$# 2, ,0(/#

)($ 2;/$(7#;#&!1 )($ #I%;/+# U%8%+ V >%$%) OQPR ,"(6#9 % $%&' .(-&9 ()

kk
(7#$ $#%+, -,2&? $#%+ ?#(;#!$84 W(!# !"%! 2! 2, 2&9#/#&9#&! () d4 D(!"

'2&9, () $%&' .(-&9, "%7# E-2!# 2&7(+7#9 /$((), %&9 !#&9 !( "%7# % ,!$(&?

0(;.2&%!($2%+ X%7($4 5# 62++ (&+8 #I"2.2! !"# .%,20 29#%, () !"# !6( $%&'

.(-&9, .8 6($'2&? 62!" !"# M!(8N #I%;/+# () !(/ )%&2& 34 T($!-&%!#+81 !"#,#

.%,20 29#%, #I!#&9 !( !"# "2?"#$ )%&2&, .8 9#7#+(/2&? !"# "2?"#$H92;#&,2(&%+

?#&#$%+2A%!2(&,4

:"# k3 log d $%&' .(-&9 () >%I#&% V >#,"%9"$2 OPQR "2&?#, (& % 0(;.2&%H

!($2%+ #$%&'(!) %$?-;#&!4 @! 2, .#,! 72,2.+# 2& !"# !(/ )%&2& 3 0%,# %&9 /$(7#,

% *+ ,- -//#$ .(-&9 () (lg d+ 2)1 6# /$(7# 2! &#I!4



 !" #$%%"&'( )* &!" +, -.

 !

 !""#$% C = T1 + T2 + T3 = 0 &$ ' (&)&('*+ $&("*% ΣΠΣ(n, 3, d) &,%)-&-.
#/%0 $#(% 1%*, F2 3% 4&** *##5 '- C (#,!*# /'0&#!$ *&)%'0 6#0($ -7'- #88!0

&) -7% (!*-&"*&8'-&#) 9'-% T12 :7&$ 0%;%8-$ ' ,%"%),%)8. <%-4%%) -7% 6#0($

#88!00&)9 &) T2 '), T32 =#0 &)$-')8%+ "&85 ' >)#)?%0#@ *&)%'0 6#0( q 60#(

T1 '), 8#)$&,%0 C((#, q) 47&87 9&/%$ T2 + T3 = 0 ((#, q)2 A. !)&B!%

6'8-#0&?'-&#) #6 "#*.)#(&'*$ (#,!*# q -7&$ 9&/%$ !$ ' <&C%8-&#) π <%-4%%) -7%

6#0($ #6 T2 4&-7 -7#$% &) T3+ 47&87 4% 8'** ' q !"#$%&'( )*#+**' T2, T32

 !"#$%$&# '()( >D'-87&)9$@ E%- U, V <% -4# *&$-$ #6 *&)%'0 6#0($ '), I <% '

6#0(2 F) I !"#$%&'( π )*#+**' U, V &$ ' <&C%8-&#) π <%-4%%) *&$-$ U, V $!87

-7'-G 6#0 '** ℓ ∈ U + π(ℓ) = cℓ+ v 6#0 $#(% c ∈ F
∗
'), v ∈ sp(I)2

H#4 '$ 4% "&85 ,&I%0%)- qJ$ 4% 9%- ,&I%0%)- ('-87&)9$ <%-4%%) T2, T32

:7% &)-%0%$-&)9 "0#"%0-. &$ -7'- -7%0% 8'))#- <% -## ('). $!87 ('-87&)9$ &6

4% #)*. "&85 *&)%'0*. &),%"%),%)- qJ$2 :7&$ 4% "0#/% &) -7% 6#**#4&)9 *%(('

'), &- &((%,&'-%*. 9&/%$ ' ,%"-. 0')5 <#!), 6#0 C2

*!++, '('( /*# U, V )* #+0 1&,#, 02 1&'*"- 20-!, *"$% 02 ,&3* d > 0 "'4

I1, . . . , Ir )* 1&'*"-15 &'4*.*'4*'# 1&'*"- 20-!, ,6$% #%"# 20- "11 i ∈ [r]7 #%*-*

&, "' Ii !"#$%&'( πi )*#+**' U, V 8 92 r > (lg d + 2) #%*' U, V "-* ,&!&1"-

1&,#, :6.#0 $0',#"'# 2"$#0-,;8

<-0028 =#0 8#)-0',&8-&#) '$$!(% -7'- r > (lg d+ 2) <!- U, V '0% )#- $&(&*'0

*&$-$2 K) -7'- 8'$% 4% 8') '$$!(% 4*#9 -7'- U '), V '0% $0.-&!* *&$-$+ &2%2

-7%0% &$ )# *&)%'0 6#0( -7'- #88!0$ >!"-# 8#)$-')- 6'8-#0$@ &) <#-7 -7% *&$-$2

:7% "0##6 &$ &) -7% 6#0( #6 ' 8#(<&)'-#0&'* "0#8%$$ -7'- 7'""%)$ #) '

<&"'0-&-% 90'"72 :7% 90'"7 G = (U, V,E) 7'$ /%0-&8%$ *'<%**%, 4&-7 -7%

0%$"%8-&/% 6#0($2 :7% /'0&#!$ πiJ$ 8') <% $%%) '$ <&"'0-&-% ('-87&)9$ #6

G2 =#0 %'87 πi '), %'87 ℓ ∈ U + 4% ',, ') >!),&0%8-%,@ %,9% -'99%, 4&-7 Ii

<%-4%%) -7% /%0-&8%$ ℓ '), πi(ℓ)2 :7%0% ('. <% ('). -'99%, %,9%$ <%-4%%) '
"'&0 #6 /%0-&8%$

 

2 3% 8'** πi(ℓ) -7% IiL)%&97<#0 #6 ℓ >'), /&8% /%0$'@2 F<!$&)9

)#-'-&#)+ 4% !$% =*-#*> -# 0%6%0 -# ' 6#0( &) U ∪V 2 3% ,%)#-%

⋃

j≤i Ij <. Ji2

3% 4&** $7#4 -7'- -7%0% 8'))#- <% (#0% -7') (lg d + 2) $!87 "%06%8-

('-87&)9$ &) G2 :7% "0##6 &$ ,#)% <. 6#**#4&)9 ') &-%0'-&/% "0#8%$$ -7'- 7'$

r "7'$%$+ #)% 6#0 %'87 Ii2 3% ('&)-'&) ' "'0-&'* <'$&$ 6#0 -7% 6#0($ &) U ∪ V
47&87 4&** <% !",'-%, &-%0'-&/%*.2 :7&$ <'$&$ &$ ,%)#-%, <. -7% $%- B2 :7%

9#'* &$ -# 8#("*%-%*. ,."' -7% 6#0($ U ∪ V !$&)9 -7% 6#0($ IiJ$2

3% $-'0- 4&-7 ') %("-. B '), &)&-&'*&?% <. ',,&)9 $#(% ℓ ∈ U -# B2 K)

-7% i-7 0#!),+ 4% 4&** ',, -7% 6#0( Ii -# B2 F** 6#0($ #6 U ∪V &) sp({ℓ}∪Ji)
'0% )#4 $"'))%,2 3% -7%) "0#8%%, -# -7% )%M- 0#!),2 :# &)-0#,!8% $#(%

 

 ! "#$ %& '()*$+ ,'-$. !(& -$/&0&$/&$"& )1 Ii2'+ !(#! #$ &/.& "#$ (#3& #! 4)'!  !"

/-'!-$"! !#.'5



 !"#$% &' ((  !" "# $% $&'()*%

  

 !"!#$%" &'#()*!"!+,- .  !""# /'#&'0 )1 !*' &23& )1 )* &2' 1'& sp(B) 4)5'5 3

$!#( )* (U ∪ V ) ∩ sp(B)65 7'& /'#&'0 v 8' +#''*9 1! v ∈ sp(B)5 :2' I1;

*')+28!# !$ v )1 3 ")*'3#  !(8)*3&)!* !$ v 3*< I15 :2'#'$!#'9 &2' *')+28!#

)1 3"1! )* sp(B) 3*< )1  !"!#'< +#''*5 :2)1 12!=1 &23& &2' *%(8'# !$ +#''*

/'#&) '1 )* U )1 '>%3" &! &2' *%(8'# !$ &2!1' )* V 9 3& &2' '*< !$ '3 2 #!%*<5

7'& i0 ∈ [r] 8' &2' "'31& )*<'0 1% 2 &23& {ℓ}9 I1, . . . , Ii0
3#' ")*'3#", <';

?'*<'*&9 )$ )& <!'1 *!& '0)1& &2'* 1'& i0 := r + 15 @!= =' 23/' &2' $!""!=)*+

'31,  "3)(5

 !"#$ %&'& $%" &'!() {ℓ}* I1, . . . , Ii0−1 +!" ,#-"."#-"#/ +#- /%" )01).+2")3

sp({ℓ} ∪ Ji0
), sp(Ii0+1), . . . , sp(Ir) +!" ,#-"."#-"#/4

5!''& '& 67+,( 8494 :2' $!#(1 {ℓ}9 I1, . . . , Ii0−1 3#' )*<'?'*<'*& 8, &2'

()*)(3")&, !$ i05

.1 I1, . . . , Ii0
3#' )*<'?'*<'*& 8%& {ℓ}9 I1, . . . , Ii0

3#' *!&9 =' <'<% ' &23&

ℓ ∈ sp(Ji0
)5 :2%19 &2' 1%81?3 ' sp({ℓ}∪ Ji0

) = sp(Ji0
) )1 )*<'?'*<'*& &! &2'

$!#(1 Ii0+1, . . . , Ir 8, &2' )*<'?'*<'* ' !$ I1, . . . , Ir5 2

A' 123"" *!= 12!= &23& $!# i 6∈ {1, i0}9 &2' *%(8'# !$ +#''* /'#&) '1

<!%8"'1 )* &2' i&2 #!%*<5 7'& ℓ′ 8' 3 +#''* /'#&'09 13, )* U 9 3& &2' '*< !$

&2' (i− 1)&2 #!%*< 43& &23& ?!)*& B = {ℓ} ∪ Ji−165 B!*1)<'# &2' Ii;*')+28!#

!$ ℓ′5 :2)1 )1 )* V 3*< )1 '>%3" &! (cℓ′ + v) =2'#' c ∈ F
∗
3*< v )1 3 #'#:"!'

'"'('*& )* sp(Ii) 41)* ' U, V 3#'  !?#)('65 C$ &2)1 *')+28!# )1 +#''*9 &2'*

v =!%"< 8' 3 ")*'3#  !(8)*3&)!* !$ &=! +#''* $!#(19 )(?",)*+ v ∈ sp(B)5
D%& Ii )1 )*<'?'*<'*& &! B9 )(?",)*+ v ∈ sp(B) ∩ sp(Ii) = {0} =2) 2 )1 3

 !*&#3<) &)!*5 :2'#'$!#'9 &2' Ii;*')+28!# !$ 3*, +#''* /'#&'0 )1 #'/ +#''*5

E* 3<<)*+ Ii &! B9 &2' *%(8'# !$ +#''* /'#&) '1 <!%8"'1 4$!# 3& "'31& (r− 2)
#!%*<165

A' 1&3#&'< !F =)&2 !*' +#''* /'#&'0 ℓ9 3*< ")1&1 U 9 V '3 2 !$ 1)G' d5 :2%19

&2)1 <!%8")*+  3* 23??'* 3& (!1& lg d &)('19 )(?",)*+ &23& (r − 2) ≤ lg d5
:2)1 )1 3  !*&#3<) &)!*9 )(?",)*+ &23& U, V 3#' )*<''< 1)()"3# ")1&15

:2' 38!/' "'((3 )(('<)3&'", )(?")'1 3 #3*H 8!%*< $!# !%# )<'*&)&, C5

.1 T2, T3 3#'  !?#)(' (%"&)?") 3&)!* &'#(1 48, 1)(?") )&, !$ C6 &2' *%(8'# !$

")*'3#", )*<'?'*<'*& $!#(1 q )* T1  3* 8' 3& (!1& (lg d+ 2)5 I'?'3&)*+ &2)1

3#+%('*& =#& T2 3*< T3 ?#!/'1 &23& rank(C) = O(lg d)5 C*&'#'1&)*+",9 &2'

 !(8)*3&!#)3" ?#! '<%#' )* &2' ?#!!$ !$ 7'((3 J5J 3"1! 1%++'1&1 3* )<'*&)&,

&23& 3 2)'/'1 &2)1 #3*H 8!%*<5 C& =31 K#1&  !*1&#% &'< 8, L3,3" M N30'*3



 !" #$%%"&'( )* &!" +, -.

 !

 !"#$

C(x1, . . . , xr) :=
∏

b1,...,br−1∈F2

b1+···+br−1≡1

(b1x1 + · · ·+ br−1xr−1)

+
∏

b1,...,br−1∈F2

b1+···+br−1≡0

(xr + b1x1 + · · ·+ br−1xr−1)

+
∏

b1,...,br−1∈F2

b1+···+br−1≡1

(xr + b1x1 + · · ·+ br−1xr−1) %&'"(

)* +,- ./ 0//- *1,*2 34/5 F22 C 60 , 06789/ ,-: 76-67,9 ΣΠΣ ;/53 +65+<6* 3=

:/>5// d = 2r−2
?6*1 k = 3 7<9*6896+,*63- */570 ,-: rank(C) = r = lg d+2'

 ! "#!#$%&' @1/ ,.34/ :/0+568*63- >64/0 , =,65 0-,8013* 3= *1/ >/-/5,9

5,-A .3<-:' B35 , 76-67,92 06789/ ΣΠΣ(n, k, d) 6:/-*6*C C = T1 + · · ·+ Tk2

?/ -//: *3 +3-06:/5  !"#$%&'()* I = (ℓ1, . . . , ℓk−2)2 ?1/5/ =357 ℓi 3++<50 6-

Ti' C 73:<93 I *1/- >64/0 <0 ID7,*+16->0 ./*?//- Tk−1, Tk' )= ?/ 933A ,*

0<+1 7,*+16->0 73:<93 0/4/5,9 96-/,59C %+&','+&'+- =357D6:/,90 IE0 *1/- ,

>/-/5,96;,*63- 3= F/77, &'& 0,C0 *1,* *1/5/ +,- ./ ,* 730* O(lg d) 6-:/8/-D

:/-* =357D6:/,90' G6-+/ /,+1 =357D6:/,9 I 6*0/9= +3-*,6-0 (k− 2) 6-:/8/-:/-*

=35702 *160 0<>>/0*0 ,- 34/5,99 5,-A .3<-: 3= O(k lg d)' @160 8533= 6:/, ?1/-

=357,96;/: >/*0 6-*3 0/4/5,9 853.9/702 .<* +,- ./ 0,94,>/: *3 ,"!.' , 5,-A

.3<-: 3= k3 lg d' @1/ 16>1/0* 5,-A %76-67,92 06789/( 6:/-*6*6/0 A-3?- ,5/

+3-0*5<+*/: <06-> HI<,*63- &'"2 ,-: 1,4/ 5,-A Ω(k lg d)' @1<02 *1/5/ 60 ,

096>1* >,8 6- 3<5 <-:/50*,-:6-> 3= 5,-A'

 !" # $%&' ()*&+ ),-. $-%/0

@1/ 16>1 5,-A 6:/-*6*6/0 *1,* ?/ 0,? 6- *1/ 9,0* 0/+*63- ,5/ 34/5 J/9:0 ?6*1

+!+/'"! +1,5,+*/560*6+' K1/- 3-/ *56/0 *3 +3-0*5<+* ΣΠΣ(n, k, d) 6:/-*6*6/0

34/5 ;/53 +1,5,+*/560*6+ J/9:02 0,C 5,*63-,902 3-/ =//90 *1,* -3 7,**/5 13?

9,5>/ :/>5// d 602 *1/ 5,-A >53?0 3-9C 96A/ k' )* ?,0 J50* +3-L/+*<5/: .C M465

N G1869A,  "O# *1,* *1/ 5,-A 3= 76-67,9 06789/ ΣΠΣ(n, k, d) 6:/-*6*6/0 34/5

;/53 +1,5,+*/560*6+ J/9:0 013<9: ./ 3-9C O(k)' P ?/,A =357 3= *160 +3-L/+*<5/

?,0 013?- *5</ .C Q,C,9 N G,5,=  !R#' @1/C 8534/: , 5,-A .3<-: 3= kk
34/5

*1/ 5/,90 %R(' )* 60 -3* *5646,9 /4/- =35 =,-6- k = 3' G3 ?/ >64/ ./93? *1/

8533= =35 *1,* +,0/ ,-: *1/- 3-9C 0*,*/ 6*0 >/-/5,96;,*63-'

F/* C = T1 + T2 + T3 = 0 ./ , 76-67,92 06789/ ΣΠΣ(n, 3, d) 6:/-*6*C

34/5 R' G<8830/ 6* 1,0 5,-A (r + 1)' K/ 6:/-*6=C /4/5C 96-/,5 =357 ℓ 6- C
?6*1 *1/ +355/083-:6-> 836-* 6- R

r
' @160 =357D*3D836-* +355/083-:/-+/ 60

L<0* >36-> *3 *1/ ,"!0'1-%.' 08,+/2 53<>19C2 , =357 (a1x1 + · · ·+ ar+1xr+1)



 !"#$% &' ((  !" "# $% $&'()*%

 !

 ! "#$$%& '( ')% $( *'

(

a1

ar+1
, . . . , ar

ar+1

)

 * R
r
+ ,) ! "#$$ *- - .%! /! !%'!

(0 $( *'! A1, A2, A3 1(22%!$(*& *- '( ')% 3 *%#2 0(2"! (11/22 *-  * T1, T2, T3

2%!$%1' .%34+ 5/2')%2"(2% 0(2 #*4 0(2"! ℓ1, ℓ2 (11/22 *-  * T1, T2 2%!$%1' .%346

C = 0 "(&/3( (ℓ1, ℓ2)6  "$34 *- ')#' ')%2% %7 !'! # 3 *%#2 0(2" ℓ3 ∈ sp(ℓ1, ℓ2)
')#' (11/2!  * T3+ ,) ! "%#*! ')#' #*4  !"# $#!! *- ')2(/-) # $( *'  * A1

#*& # $( *'  * A26 #3!( $#!!%! ')2(/-) # $( *'  * A3+ 84 !4""%'24 ') !

"%#*! ')#' #*4 3 *% $#!! *- ')2(/-) '9( (0 ')% !%'! A1, A2, A3 #3!( $#!!%!

')2(/-) ')% ') 2&: ;/1) !%'! A1, A2, A3 ⊂ R
r

#2% 2#')%2 !$%1 #3 #*& 9% 9 33

!)(9 <%3(96 0(33(9 *- =>?@6 ')#' ')% 2 %7 !'%*1%  "$3 %! r ≤ 3+ ,)% $2((0  !

<#!%& (* # 0#"(/! ')%(2%"  *  *1 &%*1% -%("%'24 A $% &#'(#)*+,  ,! (-#.)#/+

 !"#$"% &'( )*+,-"./"$012,,234' +!&#" , 0"!(# "1/2#) .3 "."*4.  !"#,)

5.!"(' S !" (-# 5 ,"# R
2
6 (-#)# , 7,%' #8!'(' ,  !"# 7-!4- 5,''#' (-).19-

#8,4( % (7. 5.!"(' !" S:

;)..3: ,)% ! "$3% $2((0 <%3(9  ! &/% '( B%334 C!%% ')% !/2.%4 <4 8(29% * D

E(!%2 =FG@H+

I%J*% # 4.""#4(!"9  !"# '( <% # 3 *% 9) 1) 1(*'# *! #' 3%#!' '9( $( *'!

02(" S+ 5(2 1(*'2#& 1' (* #!!/"% ')#' %.%24 1(**%1' *- 3 *% )#! # ') 2&

$( *' 02(" S+ K%' (P, ℓ) <% # $( *' #*& # 1(**%1' *- 3 *% $# 2 ')#' #2% ')%

!"#33%!' *(*L%2( & !'#*1% #$#2' #"(*-!' #33 !/1) $( *'A3 *% $# 2!+

,)% 3 *% ℓ -(%! ')2(/-) #' 3%#!' ')2%% $( *'! (0 S+ I2($ # $%2$%*& 1/3#2

02(" P '( ℓ6 ')%2% "/!' <% '9( $( *'! (* ')% !#"% ! &% (0 ')% $%2$%*& 1/3#2

C(*% " -)' <% %7#1'34 (* ')%  *'%2!%1' (* (0 ')% $%2$%*& 1/3#2 9 ') ℓH+ M#33

')% $( *' 13(!%2 '( ')% $%2$%*& 1/3#2 B6 #*& ')% 0#2')%2 $( *' C+ I2#9 ')%

3 *% m 1(**%1' *- P '( C+ ,)%* ')% & !'#*1% 02(" B '( m  ! !"#33%2 ')#*

')% & !'#*1% 02(" P '( ℓ6 9) 1)  ! # 1(*'2#& 1' (*: N*% 9#4 '( !%% ') !  ! '(

*(' 1% ')#' ')% 2 -)' '2 #*-3% 9 ') )4$('%*/!% BC  ! ! " 3#2 #*& 1(*'# *%&  *

')% 2 -)' '2 #*-3% 9 ') )4$('%*/!% PC+ ,) ! 1(*'2#& 1' (*  "$3 %! ')#' ')%2%

1#**(' <% # *(*L%2( & !'#*1% <%'9%%* $( *'A3 *% $# 2!6 ')/! %.%24 $( *' "/!'

<% #' & !'#*1% 0 02(" %.%24 1(**%1' *- 3 *%6 (2  * (')%2 9(2&!6 %.%24 $( *'

"/!' 3 % (* ')% !#"% 3 *%+ 8/' #! S 9#! *(*A1(33 *%#26 9% J*#334 &%&/1% ')#'

')%2% %7 !'! # 1(**%1' *- 3 *% 9 ') %7#1'34 '9( $( *'!+



 !" #$%%"&'( )* &!" +, -.

 !

 !" #$ %& '()* "& &#+ $,!)-(. $!"$ A1, A2, A3 ⊂ R
r
&'"(-/!0 1+&2 "3!

-0!/"-"4 C (/0 ($$#2! 51&+ )&/"+(0-)"-&/6 "3(" r = 47 8-)* ,&-/"$ p1, p2 1+&2

A1, A2 +!$,!)"-9!.4 (/0 )&/$-0!+ "3! 1&..&:-/%  !"#$% &'  %("!);

P := {sp(p1 − q, p2 − q, q) | q ∈ A1 ∪ A2 ∪ A3}.

<&"-)! "3(" P )&/$-$"$ &1 ,.(/!$ 51&+2(..4 2*+(,)6 -/ "3! $,()! R
4
(/0 (.. &1

"3!2 )&/"(-/ "3! .-/! 51*+(,6 =&-/-/% "3! ,&-/"$ p1; p27 >3! -.(% &1 "3-$ ,!/)-.

&1 ,.(/!$ :&#.0 %-9! #$ ( )&++!$,&/0-/%  !"#$% &' %$"!) L -/ R
3
7 <&: -1 :! .&&*

(" ( $!)"-&/ &1 L )#" '4 ( ,.(/! -/ %!/!+(. ,&$-"-&/; :! $!! |L| /&/?)&..-/!(+
,&-/"$7 @4 >3!&+!2 A7B "3!+! !C-$"$ ( .-/! ,($$-/% "3+&#%3 !C()".4 ":& &1

"3!$! ,&-/"$; :3-)3 2!(/$ "3!+! !C-$"$ ( ,.(/! -/ R
3
)&/"(-/-/% !C()".4 ":& &1

"3! .-/!$ -/ L; :3-)3 D/(..4 2!(/$ "3(" "3!+! !C-$"$ ( 3?E(" -/ R
4
)&/"(-/-/%

!C()".4 ":& &1 "3! ,.(/!$ -/ P 7  !" #$ 0!/&"! "3-$ 3?E(" '4 H (/0 "3! ":&

,.(/!$ -" )&/"(-/$ '4 H1, H27 F(4 H1, H2 (+! (G/! $,(/$ &1 "3! "3+!! ,&-/"$

(p1, p2, q1), (p1, p2, q2) +!$,!)"-9!.47 <&: -1 q1, q2 (+! /&" -/ "3! $(2! Ai "3!/

"3! .-/! =&-/-/% "3!2 5$& H()+&$$I H1, H26 $3&#.0 ,($$ "3+&#%3 ( ,&-/" -/ "3!

"3-+0 $!" Aj7 @#" "3(" -$ -2,&$$-'.! ($ H )&/"(-/$ &/.4 "3! ,.(/!$ H1, H2

1+&2 P 7 >3#$; q1, q2 3(9! "& '! -/ "3! $(2! Ai; $(4 A17 @#" "3!/ .&&* ("

"3! .-/! =&-/-/% q1, p2; -" 3($ "& )&/"(-/ ( ,&-/" 1+&2 A3; $(4 q3; :3-)3 :-..

&1 )&#+$! '! -/ H17 >3! .-/! =&-/-/% q3, q2 5$& H()+&$$I H1, H26 $3&#.0 ,($$

"3+&#%3 ( ,&-/" -/ "3! "3-+0 $!" A2; :3-)3 -$ (%(-/ -2,&$$-'.!7

>3-$ )&/"+(0-)"-&/ $3&:$ "3(" &#+ ($$#2,"-&/ r = 4 )(//&" 3&.0; -/ 1()";
"3! ('&9! )&/"+(0-)"-&/ (,,!(+$ ($ .&/% ($ r ≥ 47 >3#$; r )(/ '! (" 2&$" 37
>3-$ %-9!$ #$ ( +(/* '&#/0 &1 4 1&+ $-2,.! ΣΠΣ(n, 3, d) -0!/"-"-!$ &9!+ +!(.$7
J/"!+!$"-/%.4; "3-$ '&#/0 -$ "-%3" (/0 "3!+! -$ ( ."$/.! 5#,"& "+(/$1&+2("-&/$;

$!! KLMN6 -0!/"-"4 &1 +(/* 4 &9!+ RO

x1x2x3(2y + x1 + x2 + x3)− (y + x1)(y + x2)(y + x3)(y + x1 + x2 + x3)+

y(y + x1 + x2)(y + x2 + x3)(y + x1 + x3) = 0.

 ! "#!#$%&' >3! ('&9! -0!( !C"!/0$ "& 3-%3!+ 1(/-/$; '#" "3! +(/* '&#/0

&'"(-/!0 -$ H:!(*!+I7 F#,,&$! C = T1 + · · · + Tk = 0 -$ ( 2-/-2(.; $-2?
,.! ΣΠΣ(n, k, d) -0!/"-"4 &9!+ R7 J/$"!(0 &1 :&+*-/% -/ R

4
(/0 (,,.4-/%

F4.9!$"!+?P(..(- "3!&+!2 ($ ('&9!; :! /&: 3(9! "& :&+* -/ ( 2#)3 '-%%!+

$,()! &1 R
m
5+&#%3.4 m = kk

6 (/0 #$! ( 3-%3!+?0-2!/$-&/(. %!/!+(.-Q("-&/

&1 F4.9!$"!+?P(..(- "3!&+!2 "3(" $(4$O

()#*$#+ ,'-' 012345 16647 8!, S 9! ( :"$,! )!, &'  &$",) ) (""$"; (" (<"!

) (#! V ⊆ R
n
).#= ,=(, dim(V ) ≥ 2t> ?=!"5 ,=!@! !A$), (t + 1)  &$",) $" S

,=(, ) (" ( t -$B!")$&"(% (<"! ) (#! H ⊂ V ).#= ,=(, |H ∩ S| = t+ 1>



 !"#$% &' ((  !" "# $% $&'()*%

 !

 !"#$ #%&# '(##)*+ t = 1 &,"-$ +)-$. #%$ .#&#$/$*# "0 123-$.#$456&33&)

#%$"4$/78 9* "(4 :&.$ S ). #&;$* #" ,$ #%$ .$# "0 '")*#. :"44$.'"*<)*+ #"

&33 #%$ 0"4/. #%&# &''$&4 )* C7 =%$* dim(V ) = rank(C)> ?%):% ?$ &..(/$

3&4+$ $*"(+%> .&2 kk
> #" <$4)-$ & :"*#4&<):#)"*7 @&2&3 A 1&4&0 BCDE *"? (.$

=%$"4$/ F7G #" )<$*#)02 & .(,.'&:$ "0 V &*< )#.  !"#$%#&'('#)  &*&3"+"(. #"

H &*< )#. H<$:"/'".)#)"*I H1, H2 &,"-$8> &*< 04"/ #%&# <$<(:$ #%$ $J).#$*:$

"0 & 3)*$&4 0"4/ ℓ )* C .(:% #%&# C(/"< ℓ) %&. & /)*)/&3> .)/'3$ &*+5)<$*#)#2

"0 4&*; &# 3$&.# (k−1)k−1
7 =%). +)-$. #%$ '4"/).$< :"*#4&<):#)"* &. C(/"< ℓ)>

&*< %$*:$ #%$ .(,5)<$*#)#2> %&. & ./&33$4 0&*)*7

 !"#$ 9# ?"(3< ,$ )*#$4$.#)*+ #" )/'4"-$ #%$ &,"-$ 4&*; ,"(*<K  L8 #"

"#%$4 M$4" :%&4&:#$4).#): N$3<.>  O8 #" & /"4$ "'#)/&353"";)*+ ,"(*< O(k)7
9# ). ;*"?* #%&# 123-$.#$456&33&) #%$"4$/ F7P ). 0&3.$ )* C

2
 :(,): :(4-$.

+)-$ :"(*#$4 $J&/'3$. BLGE87 !$-$4#%$3$..> )# ). ;*"?* #" %"3< )* #%$ 0"33"?)*+

.$*.$ BOG> OLEK ,'-!) . /)'(! )*$+!0 #1 )#)2"#%3.).0 %#')(& S ') C
3
4 (5!0!

.36.7& !8'&(& . 3')! 65'"5 %.&&!& (50#*95 !8."(37 (6# %#')(& ') S7 =%). )//$5

<)&#$32 +)-$. (. & 4&*; ,"(*< "0 5  (*3);$ 4 ,$0"4$8 0"4 .)/'3$ ΣΠΣ(n, 3, d)
)<$*#)#)$. "-$4 C7 Q*0"4#(*&#$32> & %)+%$45<)/$*.)"*&3 +$*$4&3)M&#)"* "0 #%).

-$4.)"* ). *"# ;*"?*7 R *&#(4&3 :"*S$:#(4$ 0"4 )# ?"(3< ,$K

%&#'"()*+" ,$-$ T$# S ,$ & N*)#$ .$# "0 '")*#. .'&**)*+ &* &U*$ .'&:$

V ⊆ C
n

.(:% #%&# dim(V ) ≥ 3t7 =%$* #%$4$ $J).# (t + 1) '")*#. )* S #%&#

.'&* & t <)/$*.)"*&3 &U*$ .'&:$ H ⊂ V .(:% #%&# |H ∩ S| = t+ 17

 V(44$*#32> & '4""0 $J).#. "*32 0"4 t = 178

 !"#$%&' ()*

W$ ;*"? #%&# <$'#%54 :&.$ "0 X9= %&. <)4$:# 4$3&#)"*. #" /"4$ +$*$4&3 :&.$.

"0 X9=7 Y(# :(44$*#32 ?$ %&-$ 3)##3$ (*<$4.#&*<)*+ "0 <$'#%54 :)4:()#.7 Z"4

$J&/'3$> ?$ <" *"# $-$* ;*"? %"? #" #$.# f1 . . . fm = g1 . . . gm ?%$4$ fi[. &*<

gi[. &4$ /(3#)-&4)&#$ '"32*"/)&3. +)-$* )* 1*337 !8%.) ! 0"4/  &3." :&33$< #%$

&%.0&! 0!%0!&!)(.('#)87 \$4$ ?$ ?)33 <).:(.. #?" .)/'3$ )<$&. #%&# ."3-$ X9=

0"4 :$4#&)* 4$.#4):#$< 0"4/. "0 <$'#%54 :)4:()#.7

.&#(&//*)0#1 23"4$ =%$ N4.# )<$& ). $&.)$.# #" .$$ "* <$'#%54 :)4:()#.

C ?%".$ /(3#)'3):&#)"* +&#$. %&-$ *)$'8! -&4)&,3$.> )7$7 C(x1, . . . , xn) =
M1 + · · · + Mk> ?%$4$ 0"4 &33 i ∈ [k]> Mi = fi,1(x1) · · · fi,n(xn)> ?%$4$ $&:%

fi,j ). & (*)-&4)&#$ '"32*"/)&3 +)-$* )* #%$ .'&4.$ 4$'4$.$*#&#)"* &*< ). "0

<$+4$$ &# /".# d7 !"#$ #%&# H$J'&*<)*+ "(#I Mi )* & ,4(#$ 0"4:$ ?&2 :"(3<

'"#$*#)&332 '4"<(:$ dn
/"*"/)&3. &*< %$*:$ ). *"# 4$:"//$*<$<]

9*#$4$.#)*+32> ^&M A 1%')3;& 0"4/(3&#$< & H:"*#4"33$<I ?&2 "0 <")*+

#%). $J'&*.)"* (.)*+ ,&.): 3)*$&4 &3+$,4&7 =%$)4 )<$& ?&. #" :"/'(#$



 !" #$%%"&'( )* &!" +, -.

 !

fi,1(x1)fi,2(x2) !"# $%% i ∈ [k]& '()* )$+, "! -,).) /"%01"2($%. $. 3)+-"#.

(1 $ 1$-4#$% *$0 (&)& )$+, +")5+()1- (. $ +""#6(1$-) "! -,) 3)+-"#& 7,4. *)

,$3) k 3)+-"#. V := {v1, . . . , vk} (1 $ ./$+) "! 6(2)1.("1 $- 2".- d2
& 8(+9

."2) 2$:(2$% .4;.)- "! V -,$- ,$. %(1)$#%0 (16)/)16)1- 3)+-"#. .$0 -,)0

$#) v1, . . . , vℓ <1 ≤ ℓ ≤ k=& >"* *) !"#2 -,) +(#+4(- C1 !#"2 C ;0 #)/%$+?

(1@ fi,1(x1)fi,2(x2) !"# $%% i ∈ [ℓ] ;0 $  !"#$ 3$#($;%) z1,i& A"# -,) "-,)# iB. 
#)/%$+) fi,1(x1)fi,2(x2) ;0 -,) .$2) %(1)$# +"2;(1$-("1 "! {z1,1, . . . , z1,ℓ} $.

-,) "1) -,$- ):/#)..). vi (1 -)#2. "! {v1, . . . , vℓ}& C- (. )$.0 -" 3)#(!0 -,$-

C(x1, . . . , xn) = 0 (D C1(z1,1, . . . , z1,ℓ x3, . . . , xn) = 0& 7,4. -,(. "1) #"416

#)64+)6 -,) 142;)# "! !$+-"#. (1 )$+, Mi ;0 %&" $- -,) +".- "! (1+#)$.(1@

-,) 142;)# "! 3$#($;%). ;0 O(k)& C! *) #)/)$- -,(. #"416 (n− 2) 2"#) -(2).

-,)1 (1.-)$6 "! MiB. *) *"4%6 ,$3) E4.- %(1)$# !"#2. $16 -,) 142;)# "!

3$#($;%). *"4%6 ;) O(nk)& F. -,) %(1)$# $%@);#$ (1 )$+, #"416 #)G4(#). E4.-

poly(ndk) "/)#$-("1. $16 -).-(1@ -,) H)#"1).. "! -,) +(#+4(- $!-)# -,) %$.-

#"416 (. -#(3($% *) @)- $1 "3)#$%% +"2/%):(-0 "! poly(ndk) I)%6 "/)#$-("1.&

C- +$1 ;) )$.(%0 3)#(I)6 -,$- -,) -)+,1(G4) $;"3) (. $//%(+$;%) (1 .)3)#$%

"-,)# +$.). (1 /$#-(+4%$#J <K= *,)1 C (. $ #"'()*+',+,&"-! !"#24%$ (&)& )$+,

24%-(/%(+$-("1 @$-) Mi ,$. t (1/4-. -,$- $#) /"%01"2($%. (1 6(.E"(1- 3$#($;%).

S1, . . . , St I:)6 .4+, -,$- S1⊔· · ·⊔St = {x1, . . . , xn}& <L= 2"#) @)1)#$%%0 *,)1

C (. $ &%&.%))*'-',/" !"#24%$ (&)& 3$#($;%). x1, . . . , xn 6" 1"- +"224-) *#-

24%-(/%(+$-("1&

 !"#$%&' ()#*+ 7,) .)+"16 (6)$ (. -" +"1.(6)# 6)/-,?4 +(#+4(-. C *,".)

24%-(/%(+$-("1 @$-). E4.- 6" 0%1"!,&2 (&)& C(x1, . . . , xn) = M1 + · · · +Mk 

*,)#) !"# $%% i ∈ [k] Mi = αi · (fi,1(x1) + · · ·+ fi,n(xn))
ei

 *,)#) )$+, fi,j (. $

41(3$#($-) /"%01"2($% @(3)1 (1 -,) ./$#.) #)/#).)1-$-("1 $16 (. "! 6)@#)) $-

2".- d αi ∈ F $16 ei ∈ N& F@$(1 1"-) -,$- M):/$16(1@ "4-N Mi (1 $ ;#4-)

!"#+) *$0 +"4%6 /"-)1-($%%0 /#"64+) 2"#) -,$1

(

n+ei

n

)

2"1"2($%.& C1-)#).-?

(1@%0 $%-,"4@, -,(. +$.) %""9. -" ;) "1 -,) "-,)# ):-#)2) "! -,) M412(:)6

3$#($;%)N +$.) 6(.+4..)6 $;"3) $ #)64+-("1 "! -,) !"#2)# -" -,) %$--)# *$.

@(3)1 ;0 O$:)1$ PQRS& 7,) !"%%"*(1@ %)22$ @(3). -,) 2$(1 -#$1.!"#2$-("1J

,#--* .+/+ 3"' g1(x1), . . . , gn(xn) 4" *&,/-!,-'" 0%+5&%),-+# % 6"2!"" -'

)%#' d7 %/"! - 8"+6 F % 9"!% .$-!-.'"!,#',.: ;$"& 1" .-& .%)0*'" *&,/-!,-'"

0%+5&%),-+# hi,j<# ,& poly(nda) 8"+6 %0"!-',%&# #*.$ '$-'  %! t = (na+ 1)=

(g1(x1) + · · ·+ gn(xn))
a =

t
∑

i=1

hi,1(x1) · · ·hi,n(xn)

>!%% : T) *(%% /#"3) -,(. 4.(1@ -,) !"#2$% /"*)# .)#().J exp(x) = 1 + x +
x2

2!
+ · · ·  *,)#) exp(x) = ex

$16 e (. -,) ;$.) "! 1$-4#$% %"@$#(-,2& U)I1)

-,) 6)@#)) a -#41+$-("1 "! -,) .)#(). -" ;) Ea(x) = 1 + x + · · · + xa

a!
& T)



 !"#$% &' ((  !" "# $% $&'()*%

 !

 !"" #$% &'%  !"#$% # [za] &( %)&*+,& &'% ,(%-,!%.& (/ za
/*(0 + 1("2.(0!+"3

45$%*6% &'+&7

(a!)−1 · (g1(x1) + · · ·+ gn(xn))
a = [za] exp ((g1(x1) + · · ·+ gn(xn)) · z)

= [za] exp(g1(x1)z) · · · exp(gn(xn)z)

= [za] Ea(g1(x1)z) · · ·Ea(gn(xn)z)

8'% 1*(9#,& Ea(g1(x1)z) · · ·Ea(gn(xn)z) ,+. 5% 6!% %9 +$ + #.!6+*!+&% 1("2:
.(0!+" !. z (/ 9%;*%% na3 <%.,%= !&$ ,(%-,!%.& (/ za

,+. 5% ,(01#&%9 52

%6+"#+&!.; &'% 1("2.(0!+" +& t 9!$&!.,& 1(!.&$ α1, . . . , αt ∈ F >*%0%05%* F !$

"+*;% %.(#;'? +.9 52 !.&%*1("+&!(.  % ,+. ,(01#&% β1, . . . , βt ∈ F $#,' &'+&7

[za] Ea(g1(x1)z) · · ·Ea(gn(xn)z)

=
t

∑

i=1

βi · Ea(αig1(x1)) · · ·Ea(αign(xn))

8'!$ ,+. 5% $%%. +$ &'% &'$( ) #* (/ &'% 0#"&!1"!,+&!(. ;+&% (g1(x1) + · · ·+
gn(xn))

a
3 @& !$ *(#&!.% &( 6%*!/2 &'+& +"" &'% #.!6+*!+&% 1("2.(0!+"$ Ea(·) !.

&'% +5(6% $#0 ,+. 5% ,(01#&%9 !. poly(nda) A%"9 (1%*+&!(.$3

B11"2!.; &'!$ "%00+ &( +"" &'% ;+&%$ MiC$ (/ C(x1, . . . , xn) = M1 + · · ·+
Mk=  % ,(.6%*& (#* ;!6%. ,!*,#!& C &( +.(&'%* ,!*,#!& C ′(x1, . . . , xn)  '!,'
!$ + $#0:(/:1*(9#,& (/ #.!6+*!+&%$3 D#,' + C ′

,+. .( 5% &%$&%9 /(* E%*(.%$$

#$!.; &'% .(.,(00#&!.; !9%+ $%%. +5(6%3

8'% &%,'.!F#% (/ G%00+ H3I +"$( +11"!%$ &( + $"!;'&"2 ;%.%*+" ,+$% (/ >s
!$ +.2 ,(.$&+.&?7

C(x1, . . . , xn) =
k

∑

i=1

L
ei,1

i,1 · · ·L
ei,s

i,s

 '%*% &'% Li,jC$ +*% $#0$ (/ #.!6+*!+&% 1("2.(0!+"$= !3%3 /(* +"" i ∈ [k], j ∈ [s]7
Li,j(x1, . . . , xn) = fi,j,1(x1) + · · ·+ fi,j,n(xn)  '%*% fi,j,j′ ∈ F[xj′ ]3

 !"#$ 8'% J@8 +";(*!&'0$ !. &'% +5(6% & ( *%$&*!,&%9 ,+$%$ (/ 9%1&':4
,!*,#!&$ +*% !.'%*%.&"2 + + 5"+,K:5()3 B*% &'%*% 5"+,K:5() J@8 +";(*!&'0$

/(* &'%$% /+0!"2 (/ 9%1&':4 ,!*,#!&$L M#**%.&"2= &'%*% +*% .( 5"+,K:5() J@8
+";(*!&'0$ K.( . /(* +.2 .(.&*!6!+" /+0!"2 (/ 9%1&':4 ,!*,#!&$3

 !"#"$%& '() %#* +,-"$ .,/#*0

N% $+ !. &'% +5(6% $%,&!(.$ &'+& J@8 +";(*!&'0$= +& "%+$& &'% (.%$ ,#**%.&"2

K.( .= +*% F#!&% !.6("6%9 +.9 *%F#!*% !9%+$ /*(0 +";%5*+= ;%(0%&*2 +.9



 !" #$%%"&'( )* &!" +, -.

 !

 !"#$%&'!($ )* +,$) -(!!.  !"-/01$'2 $) -&('$&//2 01-/&$%03 #2 ',0  !%%0 '$!%

45+ ,&) '!  0('&$%  $( 6$' /!70( #!6%3) 8',&' &(0 ,$)'!($ &//2  !%)$30(03

3$9 6/' '! -(!:0;<* =0 7$// %!7 3$) 6)) ,!7 & ',0!(0" /$>0 45+ ∈ 4 7!6/3

$"-/2 /!70( #!6%3) ?@ABC &%3 ',&' & #/& >D#!1 45+ &/E!($'," 7!6/3 $"-/2

0:0% )'(!%E0( /!70( #!6%3) ?FB*

 !"#$%&'$()* (+ , - $) ,. G&#&%0') H 5"-&E/$&II! ?@AB ),!703 ',&'

$. 45+ ,&) & 30'0("$%$)'$ -!/2%!"$&/ '$"0 &/E!($'," ',0%  !"# $ JKL4

8$*0* %!%30'0("$%$)'$ 01-!%0%'$&/ '$"0  /&))< 3!0) %!' ,&:0 -!/2%!"$&/ )$I03

#!!/0&%  $( 6$') 8$*0* P/poly  /&))< %$ ',0 perm .6% '$!% 8$*0* -0("&%0%'

!. & )M6&(0 "&'($1 !. (&'$!%&/)< 3!0) %!' ,&:0 -!/2%!"$&/ )$I03 &($',"0'$ 

 $( 6$') 8$*0* AlgP/poly  /&))<* J!'0 ',&' #!', ',0  /&$") JKL4 6⊆ P/poly
&%3 perm 6∈ AlgP/poly &(0  !%N0 '6(03 '! #0 '(60 #2 O"!)'P -0!-/0* Q! ',0

"&$% &''(& '$!% !. ',0 .!//!7$%E ',0!(0" $) ',&' $' &%'' &"( &% &/E!($',"$ 

 !%N0 '6(0 /$>0 45+∈4 7$', ',0)0 /!70( #!6%3  !%N0 '6(0)*

-/0(10! 2.3. )*+,-. /0 1%234 5$  36/7 ∈ 6 "# '8 9:;6 6⊆ P/poly %$

perm 6∈ AlgP/poly<

6$%%0 => "&#8 +,0 -(!!. $) #2  !%'(&3$ '$!%C )! 70 &))6"0R

S* /!7D30E(00D45+ ∈ 4

@* perm ∈ AlgP/poly

F* JKL4 ⊆ P/poly

T))6"-'$!%) 8S< &%3 8@< $"-/2 ',&'C !%0  &% E60)) &% &($',"0'$  $( 6$'

C &%3 ',0% & '6&//2  ,0 > 7,0',0( C = perm 6)$%E 45+* T) -0("&%0%' !. &%

m×m "&'($1 ,&) 30E(00 mC !%0 !%/2 %003) '! E60)) C !. 30-', O(lgm) &%3
"6/'$-/$ &'$!% .&%$% 2 ?UBC ',0% 3! /!7 30E(00 45+* +,0 -&(' 7,0(0 70  ,0 >

C = perm 6)$%E 45+C & '6&//2 "&>0) 6)0 !. ',0 4%2'2?$4 ( 103$ 4@&!A!1!"B !.

',0 -0("&%0%' .6% '$!%C $*0* perm !. &% m×m "&'($1  &% #0 01-(0))03 &)

',0 )6" !. m -0("&%0%') 0& , !. (m− 1)× (m− 1) )6#"&'($ 0)* V$%&//2C

W* 4

perm ⊆ J4*

J!7 $' $) >%!7% ',&' &))6"-'$!% 8F< $"-/$0) JKL4 ⊆ 4

perm
?@UB* +,$)

'!E0',0( 7$', 3036 '$!% 8W< $"-/$0) ',&' JKL4 ⊆ J4C 7,$ , $) &  !%'(&3$ D

'$!% &) ',0(0 &(0  /&))$ &/ 4!?5%'?1!C?"!%' "0',!3) -(!:$%E JKL4 3$X0(0%'

.(!" J4 ?WYB*

Z%0 "$E,' 7!%30( 7,0',0( ',$) ',0!(0" ,&) &  !%:0()0* T) & )'0- $% ',&'

3$(0 '$!%C $' 7&) ),!7% $% ?@ABR !0 D $E?' '" #?( (@D $D%1B'%E!?1 ?$!"#E "!&

&!$&@!" &%ED1 F!"B "# ' 6/7 #?( ? (@A FD%' '"!?1 "!E ?15%$!"#E< +,0 $30& $)



 !"#$% &' ((  !" "# $% $&'()*%

 !

 ! "##$% " &"'( )*+, -!+ .&/'/ #/'0"+/+ 1 !+  &/  !"#$%" (/2+/( 3% 4-5"+

6 7-8(/'5!+ 9:;<= "+( />"$*" /  &/ 8->/+ ,-',*- C "  &/ '/5*$ -+8 &'#%(?

@&/ ,$"-0 -5  &"  &-5 />"$*" -!+ -5 A/'! -B C -5 " A/'! ,-',*- ? @&*5= &"'(

"$8/3'"-, )*+, -!+5 8->/ 3$",CD3!E FG@ "$8!'- &05H

 !"#$%&'$()* (+ ,#&%-.,(/ 0 12 I5 J/ &">/ 0/+ -!+/( 3/)!'/= 3$",CD3!E

FG@ "$8!'- &05 5//0  ! '/K*-'/ " >/'% 8!!( *+(/'5 "+(-+8 !)  &/ ,-',*- 

)"0-$% "+( &/+,/ 5&!*$(= -+ *- ->/$%= "$5! -0#$% J&"  &" ,-',*- )"0-$%

,"++! ,!0#* /H G -5 -+ /'/5 -+8=  &-5 -+ *- -!+ ,"+ "$5! 3/ #'!>/+ )!'0"$$%=

"5 J/ J-$$ +!J 5&!J )!$$!J-+8 I8'"J"$ 9:<?

I 3$",CD3!E FG@ "$8!'- &0 -5 !+$% "$$!J/(  ! />"$*" / " 8->/+ ,-',*- 

C(x1, . . . , xn) " #!-+ 5 -+  &/ /E /+5-!+5 !)  &/ 8->/+ 2/$( F? @&*5= - 

5//05 '/"5!+"3$/  ! "55*0/  &" 5*,& "+ "$8!'- &0 L*5 M)//(5 -+N xi = fi(y)
(0!( g(y)) )!' "$$ i ∈ [n]= J&/'/ fiO5 "+( g "'/ *+->"'-" / #!$%+!0-"$5 !)

" M50"$$N (/8'// 2ℓ(n)
? 4! /  &"  &/ "$8!'- &0 )//(5  &/5/ #!$%+!0-"$5  !

/>/'% -+#* ,-',*- C(x1, . . . , xn)= !+$% "55*0-+8  &" C &"5 " 5-A/ 3!*+( !)

.J$!81 n? P$/"'$%=  &/  -0/ ,!0#$/E- % !) 5*,& " 3$",CD3!E FG@ "$8!'- &0 -5

(!0-+" /( 3% 2ℓ(n)
= "+(  &/  -0/  "C/+  ! ", *"$$% ,!+5 '*, fiO5 "+( g? @&-5

0! ->" /5  &/ (/2+- -!+ !) " &"!) '*+,% '- $!%!+,('+ .&+$/ )!' "'- &0/ -,

,-',*- 5?

345)$'$() 6272 Q-E " 2/$( F? I )*+, -!+ f : N → (F[y])∗ -5 ,"$$/( "+

!01#!%( (ℓ(n), n)*&+$ -)=

D f(n) ∈ (F[y])n+1
)!' "$$ n > 0?

D f(n) = (f1(y), . . . , fn(y), g(y)) J&/'/  &/ #!$%+!0-"$5 fiO5 "+( g "'/ !)

(/8'// " 0!5 2ℓ(n)
= "+( "'/ "$5! ,!+5 '*, -3$/ -+ poly(2ℓ(n))  -0/?

D Q!' "+% ,-',*- C(x1, . . . , xn) !) 5-A/ " 0!5 n= C(x1, . . . , xn) = 0 -B

C(f1(y), . . . , fn(y)) = 0 (0!( g(y))?

G) J/ ('!#  &/ '/K*-'/0/+ !) /R,-/+ ,!+5 '*, -3-$- %  &/+ 5*,& )*+, -!+5

f = )!' "+% ℓ(n) = Ω(lg n)= ,"+ 3/ /"5-$% 5&!J+  ! /E-5 *5-+8  &/ S,&J"' AD

T-##/$ $/00"? U+  &/ ! &/' &"+( - ,"+ 3/ 5//+= 3%  &/ 0/ &!(5 !) S/, -!+ V=

 &" /R,-/+ !+/5 )!' ℓ(n) = O(n2) /E-5 ? @&/ '/"$$% -+ /'/5 -+8 ,"5/5 )!' *5

"'/ -+ 3/ J//+= "+( 5! J/ J-$$ "$J"%5 "55*0/ ℓ(n) = Ω(lg n) "+( ℓ(n) = o(n)?
@&/ /E-5 /+,/ !) "+ /R,-/+ (ℓ(n), n)D#'8 -00/(-" /$% 8->/5 " 3$",CD3!E FG@

"$8!'- &0 J- &  -0/ ,!0#$/E- % poly(2ℓ(n))? @&*5=  ! ,!0#$/ /$% 5!$>/ FG@

J/ ML*5 N +//( "+ /R,-/+ (O(lg n), n)D#'8? 7/ +!J 5&!J  &" 5*,& " #'8

-0#$-/5 "'- &0/ -, ,-',*- $!J/' 3!*+(5 . &" "'/ 3/%!+(  &/ 5,!#/ !) ,*''/+ 

0/ &!(51?



 !" #$%%"&'( )* &!" +, -.

 !

 !"#$"% &'('  !"#$ %& '()*) +, -. )/0+).' (ℓ(n), n)12*34 5(). '()*) +, -

678'+8+.)-* 298:.96+-8 '(-' +, poly(2ℓ(n)) '+6) 09627'-;8) ;7' (-, .9 0+*07+',

9& ,+<) n4

=*99& >?)'0(@  !" f(n) = (f1, . . . , fn(y), g(y)) #! $% !&'(!%" (ℓ(n), n))*+,-
 !" m := ℓ(n)- .% "/! (%"!+!0"(%, '$0! 12 ℓ(n) = o(n)3 4! /$5! n > 2m- 6!

7!8%! $ *19:%1;($9 qf (x1, . . . , x2m) $0<

qf (x1, . . . , x2m) :=
∑

S⊆[1,2m]

cS ·
∏

i∈S

xi.

6/!+! "/! '1!&'(!%" c=0 $+! *('>!7 0?'/ "/$" "/!: 0$"(02:<

qf (f1(y), . . . , f2m(y)) =
∑

S⊆[1,2m]

cS ·
∏

i∈S

fi(y) = 0.

@/! !A(0"!%'! 12 0?'/ '1!&'(!%" c=0 '$% #! 0!!% #: '1;*$+(%, "/! 7!,+!!

12 "/! $#15! !B?$"(1% (% y $%7 "/! %?;#!+ 12 "/! ?%>%14%0- C?+"/!+;1+!3

"/! *19:%1;($9 qf '$% #! '1;*?"!7 #: 0195(%, $ 0:0"!; 12 poly(2m) 9(%!$+
!B?$"(1%0 (% poly(2m) 5$+($#9!0 15!+ "/! 8!97 F- D$'/ 12 "/!0! !B?$"(1%0 '$%

#! '1;*?"!7 (% "(;! poly(2m) ?0(%, "/! '1;*?"$#(9(": 12 f - @/!+!21+!3 qf

'$% #! '1;*?"!7 (% "(;! poly(2m)-
E14 0?**10! qf '$% #! '1;*?"!7 #: $ '(+'?(" C 12 0(F! n- G: "/! 7!2)

(%("(1% 12 *19:%1;($9 qf 3 (" 2199140 "/$" C(f1(y), f2(y), ..., f2m(y)) = 0- H%
"/! 1"/!+ /$%73 "/! 0(F! 12 "/! '(+'?(" C (0 n $%7 (" '1;*?"!0 $ %1%F!+1

*19:%1;($9- @/(0 '1%"+$7('"0 "1 f #!(%, $ *+,- I!%'! qf (x1, . . . , x2ℓ(n)) (0
$ ;?9"(9(%!$+ *19:%1;($9 '1;*?"$#9! (% poly(2ℓ(n)) "(;! #?" %1" #: n)0(F!7
'(+'?("0-

@/! 4$: qf (0 7!8%!7 $#15! /$0 "/! %('! *+1*!+": "/$" (" '$% #! !A*+!00!7

$0 "/! 2)*6-.).' 12 $ J0;$99K ;$"+(A LMN- @/?0 "/! !A(0"!%'! 12 $% !&'(!%" *+,

f 41?97 %1" 1%9: ,(5! $ J/$+7K *19:%1;($9 qf #?" (%7!!7 *+15! "/! /$+7%!00

12 *!+;$%!%" 2?%'"(1%O

 !"!#!$%!&

 !" #$ %&'()(* (+, -$ ./0)(0$ 1'/2(*/34 (+, /,5+3/34 3503/+& 6/( 78/+505

'52(/+,5'/+&$  !"#$%& !' ()* +,-9 :;<=>?=@AB==C9 @;;C$

 @" #$ %&'()(*$ D+ ,5'(+,E2/F/+& 35030 GE' H5'3(/+ IE*4+E2/(* /,5+3/3/50$

J+ .#!/**01$23 !' ()* 45() +$$"%& 6777 ,!$'*#*$/* !$ ,!89"(%(1!$%&

,!89&*:1(;9 I(&5 C::9 @;;C$



 !"#$% &' ((  !" "# $% $&'()*%

 !

 !" #$ %&'()(*$ +',-./& *,)0' 1,2/34 -.( 54023,6'(/3,7 &0/0'(8,'4$ 9/

 !"#$$%&'() "* +,$ -.+, /''012 3"0'%1+&"') "* 4"*+51!$ 6$#,'"2"(7 1'%

6,$"!$+&#12 8"9:0+$! 4#&$'#$ ;346684<: 5(&04 ;<=>?@: <??@$

 A" #$ %&'()(*$ B080'7./(/8 -0'424 50'7(/0/8$ 9/  !"#$$%&'() "* +,$ -.+,

='+$!'1+&"'12 8"'(!$)) "* >1+,$91+&#&1') ;=8><: -,*270 !: 5(&04 ;C@=

;;D: <??E$

 @" #$ %&'()(*: F$ #$ G,(/&: (/3 F$ FH.0'(2I$ FH0 5,*J/,7.(**J 1,2/303

50'I0K8 7(8KH./& 5',1*07 .4 ./ LM

<

$ 9/  !"#$$%&'() "* +,$ -?+, /'@

'012 479:")&09 "' 6,$"!$+&#12 /):$#+) "* 8"9:0+$! 4#&$'#$ ;46/84<:

5(&04 AC;=A;;: <??D$

 E" N$ %**0/30': O$ O.(,: #$ #(H(P(/: (/3 Q$ Q./(J$ L,/6K,7728(8.-0

('.8H708.K K.'K2.84R B058H '032K8.,/ (/3 4.S0 *,)0' 1,2/34$ 6,$"!A

8"9:0+A 4#&A: <?;T>6<URAD=CE: >;;C$

 D" #$ %&'()(*: L$ V(J(*: (/3 L$ W(X0/($ +Y9#NW .4 ./ +$ /''A "* >1+,:

>E?T<URDC>=D;!: <??A$

 C" Z$ #$ %3*07(/ (/3 G$ [$ Z0/48'($ \./3./& .''032K.1*0 5,*J/,7.(*4

,-0' ]/.80 ]0*34$ 9/  !"#$$%&'() "* +,$ BC+, /''012 /8> 479:")&09

"' 6,$"!7 "* 8"9:0+&'( ;46D8<: 5(&04 !@?=!@@: >;CE$

 ;" Q$ %'-./3 (/3 +$ #2^H,5(3HJ(J$ FH0 7,/,7.(* .30(* 70710'4H.5

5',1*07 (/3 5,*J/,7.(* .30/8.8J 8048./&$ 9/  !"#$$%&'() "* +,$ BC+,

='+$!'1+&"'12 479:")&09 "' /2("!&+,9) 1'% 8"9:0+1+&"' ;=4//8<:

5(&04 C??=C>>: <??D$

 >?" #$ %&'()(* (/3 Q$ Q./(J$ %'.8H708.K K.'K2.84R % KH(47 (8 3058H

I,2'$ 9/  !"#$$%&'() "* +,$ ?E+, /''012 479:")&09 "' 3"0'%1+&"') "*

8"9:0+$! 4#&$'#$ ;3D84<: 5(&04 ED=D@: <??C$

 >>" [$ _,//.K0 (/3 #$ N30*480./$ \*(84 (44,K.(803 ).8H ]/.80 4084 ./ P
d
$

F&$5A /!#,A G&)HA: >@R>>=>A: >;ED$

 ><" #$ _*`40': #$ G('38: Y$ O$ Z.58,/: (/3 L$ V$ Q.4H/,.$ B080'7./.48.K(**J

8048./& 45('40 5,*J/,7.(* .30/8.8.04 ,I 2/1,2/303 30&'00$ ='*A  !"#$))A

I$++A: >?;T!UR>CD=>;<: <??;$

 >!" +$ _,')0./ (/3 [$ a$ O$ #,40'$ % 42'-0J ,I WJ*-0480'4 5',1*07 (/3

.84 &0/0'(*.S(8.,/4$ /$J01+&"'$) >1+,$91+&#1$: A?T>UR>>>=>!@: >;;?$

 >A" +$ _$ _,')0./$ FH0 B047.K K,/P0K82'0$ KA 8"9LA 6,$"!7M 4$!A /:

!@T>UR>=;: >;C!$

 >@" #$ _0/6a' (/3 +$ F.)('.$ % 3080'7./.48.K (*&,'.8H7 I,' 45('40 72*8.6

-('.(80 5,*J/,7./(* ./80'5,*(8.,/ T0X80/303 (148'(K8U$ 9/  !"#$$%&'()

"* +,$ -N+, /''012 /8> 479:")&09 "' 6,$"!7 "* 8"9:0+&'( ;46D8<:

5(&04 !?>=!?;: >;CC$



 !" #$%%"&'( )* &!" +, -.

  

 !"# $% &'()*+,- .% /0+**- 1% 20(34+5+0- (,6 $% 7(085,*95% :, ;+0<=>+*>5,?

(,6 5,>+08<'(>5<, <@ 9=*8(0*+ 4)'>5A(05(>+ 8<'B,<45('* <A+0 C,5>+ C+'6*%

 !"#$% &#'()*% +,-%- DEFGHI!J!K!"E- !LL!%

 !M# N% &O+, (,6 $% 7(<% P+6)Q5,? 0(,6<4,+** A5( 500(>5<,(' ,)43+0*%

+./0 1% #2 &#'()*-23- GLFEHI!GEMK!GJ"- GRRR%

 !D# S% &<T+>+0% . 80<3'+4 <@ Q<''5,+(0 8<5,>*% /'"$% 04*!% 0#2*!56-

JJIG"KGD- !LED%

 !L# N% /A50 (,6 .% UO85'9(% V<Q(''B 6+Q<6(3'+ Q<6+* W5>O G X)+05+* (,6

8<'B,<45(' 56+,>5>B >+*>5,? @<0 6+8>O Y Q50Q)5>*% +./0 1% #2 &#'()*-23-

Y"FJHI!EREK!EYE- GRR"%

 GR# $% Z6+'*>+5, (,6 V% $% 7+''B% [5*+Q(,>* <@ C,5>+ Q<''+Q>5<,* <@ *+>* 5,

'5,+(0 *8(Q+*% &4247-42 1#)$245 #8 04*!"'4*-,9- !DIYMJKYDR- !L""%

 G!# \% /% Z'95+*- V% $% ]0+><05)*- (,6 &% 1% UW(,+8<+'% UB'A+*>+0=2(''(5

>O+<0+4* @<0 Q<48'+T ,)43+0* (,6 X)(>+0,5<,*% :-9,$"*" ; &#'()*4<

*-#245 ="#'"*$6- YJFYHIY"!KYMY- GRR"%

 GG# /% 205?<05+A (,6 $% 7(085,*95% ., +T8<,+,>5(' '<W+0 3<),6 @<0 6+8>O Y

(05>O4+>5Q Q50Q)5>*% ^, >$#,""7-239 #8 *!" ?@*! /22)45 /&0 +6'(#9-)'

#2  !"#$6 #8 &#'()*-23 A+ B&C- 8(?+* JMMKJDG- !LLD%

 GY# /% 205?<05+A- $% 7(085,*95- (,6 $% _% U5,?+0% _(*> 8(0(''+' ('?<05>O4*

@<0 *8(0*+ 4)'>5A(05(>+ 8<'B,<45(' 5,>+08<'(>5<, <A+0 C,5>+ C+'6*% +./0

1% &#'()*%- !LF"HI!RJLK!R"Y- !LLR%

 GE# .% 2(35;<, (,6 P% P(;% /+>+045,5*>5Q +T>0(Q><0* @<0 (`,+ *<)0Q+* <A+0

'(0?+ C+'6*% &#'D-24*#$-,4- GDFEHIE!JKEER- GRRD%

 GJ# U% S(,*+,% . ?+,+0('5;(>5<, <@ ( >O+<0+4 <@ UB'A+*>+0 <, >O+ '5,+*

6+>+045,+6 3B ( C,5>+ 8<5,> *+>% 04*!"'4*-,4 +,427-24E-4- !"I!MJK

!DR- !L"J%

 G"# P% ^48(?'5(;;<- a% 7(3(,+>*- (,6 .% b5?6+0*<,% ^, *+(0QO <@ (, +(*B

W5>,+**I +T8<,+,>5(' >54+ A*% 80<3(35'5*>5Q 8<'B,<45(' >54+% 1% &#'()*%

+69*% +,-%- "JFEHI"MGK"LE- GRRG%

 GM# a% 7(3(,+>*% /+0(,6<45;(>5<,I . 305+@ <A+0A5+W% ^, F)55"*-2 #8 *!" G)<

$#("42 /99#,-4*-#2 8#$  !"#$"*-,45 &#'()*"$ +,-"2," < &#'()*4*-#245

&#'(5"H-*6 &#5)'2- ,)43+0 M"- GRRG%

 GD# V% 7+''B% . 0+*<')>5<, <@ >O+ UB'A+*>+0=2(''(5 80<3'+4 <@ 1% =]% U+00+%

:-9,$"*" &#'()*% ="#'%- !I!R!K!RE- !LD"%

 GL# a% 7(3(,+>* (,6 P% ^48(?'5(;;<% /+0(,6<45;5,? 8<'B,<45(' 56+,>5>B

>+*>* 4+(,* 80<A5,? Q50Q)5> '<W+0 3<),6*% &#'()*4*-#245 &#'(5"H-*6-

!YF!HI!KE"- GRRE%

 YR# .% 7'5A(,* (,6 /% .% U85+'4(,% P(,6<4,+** +`Q5+,> 56+,>5>B >+*>5,?

<@ 4)'>5A(05(>+ 8<'B,<45('*% ^, >$#,""7-239 #8 *!" ??$7 +6'(#9-)' #2

 !"#$6 #8 &#'()*-23 A+ B&C- 8(?+* G!"KGGY- GRR!%



 !"#$% &' ((  !" "# $% $&'()*%

 !

 !"# $% &'(') '*+ $% ,'-.*'% /0)(*012') 2+.*323( 3.432*5 607 +.839 ! :27;

:<234%  !"#$%&%'!(&)  !"#)*+'%,= ">?@AB""CD"!E= @FFG%

 !@# H% &'7*2* '*+ I% ,982)J'% K.3.712*2432: L)':J L0- 80)(*012') 2+.*323(

3.432*5 06 +.839;! '72391.32: :27:<234 M239 L0<*+.+ 308 6'*;2*% N* -.!/

0**1'(23 !4 %5* 67.1 8(($&)  !(4*.*(0* !(  !"#$%&%'!(&)  !"#)*+'%,

9   := 8'5.4 @EFD@O"= @FFE%

 !!# H% ,% &'7*2* '*+ I% ,982)J'% P.:0*437<:320* 06 5.*.7')2Q.+ +.839;!

'72391.32: :27:<234 M239 L0<*+.+ 308 6'*;2*% N* -.!0**1'(23 !4 %5* 6;%5

8(($&)  !(4*.*(0* !(  !"#$%&%'!(&)  !"#)*+'%, 9   := @FFO%

 !R# $% &'(') '*+ ,% ,'7'6% S)':JL0- 80)(*012') 2+.*323( 3.432*5 607 +.839 !

:27:<234% N* -.!0**1'(23 !4 %5* <=%5 8(($&) >,"#!3'$" !( ?!$(1&%'!(3

!4  !"#$%*. >0'*(0* 9?@ >:= @FFO%

 !C# K% T.M2* '*+ ,% U'+9'*% V9.:J2*5 80)(*012') 2+.*3232.4 0W.7 '*(
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