S-ﬂ_I_ESUL Jj’k‘-b"-]nj _

ol ’jlh& 3e,ne}m}l &tgohiﬁ»hs To fmtﬂ‘t n ake Agu!
Cometly mﬁj disrs in m 700 Gl
o, & lob JIJQL contd e fau‘tﬂeo(.} L
ubiy\% b\va{mﬂlsul hardsane .

~ e hest Prova ﬂc:om}?fufy Ronown 4D :
Expedid tome  exp(0( G lfn) ).

i ﬂﬁmﬂme%J it EV\#(O( ﬁﬂyii-é% h))

- We willl wse 'U.E- m’b\fml L,x_(os, e) s=
Ex’:(c' foj‘x . &jf—o{&j *x) :

[ Pomenance, 1989) : The __gﬁhﬂ’bné nunter fseld aieve
(@MFS) f;au, ijeo'tum( cnh’l;ﬂthj
L, (Y%, 2) .

i \I\H\j 'h'wb fk;b\w‘{ef :f%d?ah Lz[{, c) ¢




S Mnn‘U\ h%hdULS_

&gﬁ ' A hmh‘b@» ) g;,_bhanﬁ ijﬁ a{)é ﬁﬂ/’hﬁwﬂ
&mim ufm ane Sj,
. Jhein i@_ﬁ 5 denld ‘{rj ‘V{w)
= d ) 1l md ] M A8 5-/5r~wﬂ27\3.

'Abjm};tnt‘a EAM :(‘—o-":. (f')[“fj) a!ej/w?hﬁb
ﬂ\t th'?ﬂi)’\ffy «ej' aa“/ﬂh(at fmathiyt]" ﬁé’ﬁﬂhi

j\ﬁ. (Dickwan-A¢ Brase jn )Y lxy) %t , w=Tog .
_ﬂ‘ idea /fB‘L a wtaker fmvlho{)
: Gdern the refime go‘j‘j Ly{t:= ﬂ/‘&jj _
' ‘3’\?—?&& ane M"St‘{j ‘t ;?EJHE,S 2:,1,.1 <}L1<'.H.(f%_
o . .
: P"“j 3._—;::«{ M can 1€ ﬂ]ﬁ!@hﬂ&jﬁ:{ ab i;l_l;;;:i _

 Clealy, Ylag) 2 #17 | 2 ¢ by
U0

v (49 5 (“ty?(ggwifj;r -



"jﬁm {)Mt{ 1 Aemfﬁé nrhé uﬂfh W«
jﬂ@‘, Y .SIraoudh_ﬁt f‘ﬂ too 5,..,#[&97_

[}A m,bﬁ%up/ ; toles atle Yy 4 Lx(ic)) So%
Comtants &, ¢, wilh u*~ L (1% 1<)

'P{( llea\_;-

2 W ‘Bpj W ﬁ(_i_('eb Hu - '&j‘{_l’&j 1)- @*’0{) ' 'Paﬁéjx
Rl B Ll

D ' = L,K(L“i,, il—-) n

<

> e, Jon y= Lk e prabubilidy of
C\/\ubﬁmﬁ\ ) 3-bm'ﬂ~ m & 4 given éj

Wi’“}j) ~ Lﬂa"o{; "'1_"5> -




= 9'11 ﬁqﬂ, %ﬂ{i-ﬂ't_,l ﬂ\({ﬂmm ﬂw. ’tth,e -Z_
cie_};mlb o The {mu-w( A the )l;}w{-q& 2} ’(auml

=i A Time Coh}r’im{:y af L,(ofr.) «<1 w—é?weo{
bu t}i}ﬁnthtwg Al Cbh-bLMt ‘t —au: 6x/ladn£n?£ tg
L.(Aa.
ﬁg. ﬁhn-tb,hﬂ:_ht-:b Mieve ‘tnkua L.'.(L'Jf)t-qﬂ

r} Dgc,'tgﬁ,«.vl,g Ogﬁj o_}:_.&Ti\ b

~\We will S’Z«uﬂ; u;_ﬂ'\. a&’tm“ﬁb Thol are
leffoe than The ’{;’ui'e,'j(me. Oh cesloion }’2

_Pﬁfgﬂhi{% P'JID Amﬂﬁmﬂt (1?15)

— j_?:\_e_g} A To ﬂx#!iort‘ ﬂw [;;Lq-sem;e_ afa#%mff
prime. foctor p .




M.‘ o:u m?l L G }’SCanhﬂhﬂ{ﬂh jfb{hf_' tn:». JC{":)
(bmjj $0)= 4L mod m).

Outhit: Facters n hewnistically in OG- bpn) Tove

i) Rmm‘mﬂj hck x
2) Whte d=1
x=40) 5 y= ££() .
d = f]cﬁ{("['jj l”") -
) X ddn then OUTWT A, <be FAIL .

y=x ; d=1.

}l&-&n}:@lﬁ_ IDI/&* e khﬂgfﬁ% }Mha j(m,'éﬁ ajﬁp\,
!< j 5—4'(1) J;L?Dj B O __}thJDM_ beguchée..

derma; Whb plocy aftn O(F) ileraloms.
13 |
I Cﬂnblole.m ﬂlﬁ )E?uehte_ Efﬂ.(?() Irva. }: }Cl'.fi é:j E _
+ Y protadility of Do deing distinel
¢ ‘%H-ﬂ . ﬁ‘*(f.‘+%-+---+ﬁﬁ e—_:/jg
P = = .



> o )= O(SD ’ Te }:’hdﬂﬂé«&{j D]f'm.
hﬁl’&tm\ A5 fﬂﬂ{. (B?hﬂqalay }mJa;«)

© s, F0<4 <R, A= O() At
(A = 5760 (mod b) .

& = P\ﬂ&b The <, -1 ilonals. 7is }ww{

Lf@&ﬂ"' & Ao = O(\‘F)

= At the (ﬁaj"f"’t)"*ﬂ xﬁ‘bnﬂiiﬁ;x we jei_

o 0ol ion £ G =444 Pod 5

= 1 = S=Ay wonkb

= blay ot the OWp)-7 iloralion i}'}

18

- s, whp A in O(Spbn) Tone.

*ﬁemta% , We Can Ray Z[AJ Thi o{
w't& fmcfta'l-— n.

duccess: Bacit £ Pollind (1980) foctosed Format
umber, fg = 2241 ato primes of




16 X &2 dASIE A, ﬂou)zb on a UNIVAC.
P@QEW[B F—iqhéﬁuﬂt (1974)

| Bt M&}?Pﬂ% ’ﬂ\ﬁ _,!Emanz}mﬂjj D)L (}-1) , }a’l a
J?MHE. gantoﬁ. # }yx ,

M: 0dd >l et a f:%facff (Low'eh..
O\)ilth'f Fﬂﬁ:ta’l..s n .

Y Bon n=-234 .

Rnw{m\qzj lm:k A € Z_/hz
(ot ) ke (m)fe’”,

- 35 o\¢f1jh’x ,Thean OUTRUT 4 .

Msacfbn: 2 distud puiots g [ 3t (bt)

R-swooth bk (g-1) & not-

;EMME: w’\}v n 4> Emo'tﬁ“leo[ n 5(R'£f1n) Z:Faa




M‘Z ' W;\ﬁh n hEncﬁf& R: Yae (Z/n'Z)t
=l bod by O (-0 | K.

.'f::(t, fr (L of the ac (Z42),
XL led 9).

= Whe plD) £ g kEkd).

I Tﬂhi 'tn qh}:.j& ﬁ_k'-l Oﬁﬁﬂl h) 13
O(Egk%y&: ?j( h-f‘r-*ejh).

= Time Overall (doing b jmkﬂ@
= O R4, D

ng' we Pun Thib o 2’]'4%9& (fﬂhgeehouglu)
n, Then the complxity s Oln ).

Suace.sg_: 31’1 GIMPS ( Qnea:t &w&a‘l‘ Mé’)»Sehnﬂ ﬁim&
S&’.AhpmJ ﬂwﬁ 13 MJ&CJ, o ﬁﬂ(hinmj’: Cahléabfzb.

> % ’P\SAJ (}D—D K—(q;{) Should nol; Te Snmzljtl



GE&M:["S Meﬂ\ao{

=T SJ\AE& 'to Uru]f; h= ;’_’—{:-
\I\lﬂ"’kb wt’:ﬂg w%eh a Smc.'ta‘!.og n
1> vy c.gd:t 1o .ﬂ__

- cd = (Y-S

- B‘u\ ah @ pD{A
4 ]
p c2dn & tl Jn & (C—‘D A3 )hﬁég .

— SD; We  <can ﬂ_FThA _C_;%{_ {'y M—f&&ca_

A%g: J) }B‘L xK= _1_ L3
9:‘: (4 ) A Sane Vo
Compde. y=In & OUTPUT@ X)

Dﬁt "mb ’f(ma Cah#&?‘d{)f O h ; mfowa.
M:= Mm?d—i‘ n= Cr.>{

_(ff'ﬁlﬁﬂ«h f/1u‘f’) Made. Tt jﬂm@mﬁ’ /am#am u{ﬂ.




tm:& C«bhbpexi{j 6 ( hvj) .

Suces Dhe fundonitd o of fidig o gt
Cahg’)uu-ﬁnt haiu& lf'L) ﬁ.&ﬂqﬁ’tb An Mﬂﬂ]
&Auo.hcul QﬂgphitAM.

Nso knswn ap Knaidchik’s }mm?é
GS— mﬂfw:n.m,j, S’fa,,fyé Zdew :me 19204

— Comiden. QUX) := X .
al| %A 24y e »1. Q(ﬂ,)----Q(ﬂk) B o
,bc,:ua?xt’- 1’1.

D () = 9 (med )

{\f
(la
S
o~
X
f
B
>
~—
3
g
~-
A
o~
1
iy
e

Mal;g—[caiﬁi\. 6 deluen £ e (1931) .

= Cﬂh}?@ The  contanued :FMLKJL* (3'“}., for
Rfwt): dw= grl L 1

Nt 44 at




—Bt id Rndun, "agai Te cwm}u—.w{nf
Convﬁnjn.ﬁt jﬁﬁj x:[ynxa/y“...-.} give im}mufnj?
ame. o 3n & bnt;)a(’:

G x-ny. , & <2,

= .S.;m{.:, Q.{. s ane #ﬂrhmeﬂt Ene AE}LU; 'Z-o
Quickly Jnd 4 <4, Cchy wt B Ry b
o Puane V.

@8y = (xS =0 el)

Mowisom £ Drillpant’s imblemestaton (112)

g %'t:le& Ab t: wde Q;I.S)'S?uhq ﬂt Gﬁ)imiuﬂ-l
&(wsﬁﬁi oﬁ Jn, (hal are B-2roolh .

bt Non-pquene. N € (N, |
OIAI hﬂt = Fmi#’f’.V\,ﬂ n -
D) Ty oo bod B, Let Ehj_.ﬂ, }9;5{11 Ue agnhﬂf‘
D I:himt. mmlrﬁhb- q{ﬂiﬂ-ﬁmb_q




4 =

njL
o Shggil A B
¥

2 Compule the 2l 5:lQ] @ =0 [ 4%
Jor sme. %z 2025 »t. |5)= B+a.

—

.
) Considen the B+2 vectors 7 R }@iesj_

Corvr}:de, a dubiel TCS »t. the veclos
5?,; IQ;HI.( Sum To O (hed 2) .

D) So, we have: TR 42 « Purt v
QLeT

5%} OUT‘?UT ﬁcl(qr?(,;_ -‘V; V'l.) .
€T

Bﬁ*ﬁ _ﬁ, jQ‘" ?t?f-hf , i?Dj 3 & andom Y ent

Mo ﬂbmiﬂ;«}.«f@j The aﬂgo}aﬂm takes Time
QJ{‘F((F“)'}@JEEH tjegh ) . L»,("f-ﬁ‘”ﬁ)).

.' PA.[Q,; 5 E’B"bhnaﬂ\.] ~ HJ(‘\E“' kﬂ)/ﬁ
¢+ 2 Jhe u&}ﬂj?.al # 45 a\%tn. which we

Ar0



wifl 3€t (B-I-l) Amoolh Q. 's
~ B «ﬁ«?/ty(ﬁ bs)

P jﬁ’&\ﬁ ’th:e. A5 olohimj;,ok {'-\7 ﬂe #ﬁ".&hwﬂ\nﬁ_&s
chedk, ahich REJUNLD B n Jy(S, b,) T,

» Seffng B Lp(xe) i decomes
~ La(x,c)’-.;_m(iﬁqj =4
I
e tahf Uty 5) + 12 g6) oy
. IIJL\C.L ;LB H!Hih?}ﬂ(l 1 ﬂi- A= C= 1/1_ ) 'f‘p‘.‘
% ex [ Jalgn tglyn ) = L (4. 50) .

"B 2 e 2 e totan )=, (44%) D
Sugm: F;= llls+1 Wad &ac.'tmﬂsl &n'{% 'bwn }me&
(13 & 22 JA&I‘B)} a,MarLgT Jﬂm 5?0@1%
Numbess.
C:S’)‘an.. af -..,25'?-?:; byad W::Et:l



&um'hai';- S\&VF_

— |(omenance (1‘!51) bujg&gu. Q b]eﬁvﬂ? .-i:sfﬂa_
1o n{luc&. ’”\6 tma, ’fﬂkfn Le ftii‘ ﬁhﬂﬂnﬂﬁ_{.
Aﬁ% ﬂlﬁ C-:ch. haﬂaﬂ( V). Zzaa
“Hiciu{riimo.”. 3 wan ?Z-E-Mﬂf.?.i éy ()= »~n
where 2 i keht o 1o Jn

_Moclﬁ_%iaaiﬁu;ms !
i) ¥, 'ile, m{)@ut a%w-ﬂu Coh;ijeJ e gjaf
QU = xn Son Nz B [y(, b,)
x's obove [Jn .

2) Cheke  then Shwﬁmﬂﬁ 03 :
Jor [€i<B
\J\lhﬁw ookt ’z”/,l: blaces i féﬂ. lut
Jode A T M ;
thot ane diishle by b . Modify fhe ot {y

™ Yok tse by o highat powen of

2) jh Fﬁ«.u_; AN ‘L'Ie. za't} wAll Vaﬁf_:f_ ;



Andicale, fhe &'s whewe JO(LG1w) €

-'{,b kﬂ’ - bhnﬂ-ub.

B
~ e taken now = 2P ¥ Nyl B
= ’E"%ﬂﬂ'ﬁlﬁ' J;/W(J;\J"a)
~ L& (ﬂ"’:‘,ﬁ) : Lﬂ(l""{; I;:_{—-)j fb"r. B';L\mé‘ifﬁ),

— Yhis jeﬂ h'mih]}el , ok (ﬂ(iﬁ):(?{'f%;fo:
Le(t®) - Lg (£, %)
2 L (4 .1),

for B= L, (3:%)

T4

— We dnop A fo from e Ex/;m_d’ Lesiin
to o 'tit-ﬁgfimmme_ in Te ﬁmgﬂuﬂﬁn
thet can be factoned |

Sucess: donstra & Mannsse (199) Jactmed a
11‘3-«:!/&3{1: RA Mﬁh{& Wbihﬁ' dishifuled
cohwzx'g aen e Snwel.




_J\}MMLUN. %&U e ve (NF.S)

— Pollard (1988) bugjmu uhIng ag_(raﬁuic,
hmmtzﬂ‘- &E-ub o ﬁmc‘.‘ta‘z_, numbers o‘i’ ’lg{&_fmh
rk g wmall ke & laige X

j&nb‘th.a‘, a{e.nzj}m £ M&hﬁSSE.
(190) iwrored it & factred f=2%1
Wlo 3 puimed (?}'-l—?ﬁ‘} disls ) .

j'd%: : QM&JJM{LI'L Sjeve. devises aqna.ﬂiﬁ'fb aﬂ"ﬁe

R
Korm 31 (-nygs) = V- oven 2.

'L{Aing the pom WN: B(8R) > R e conn
nawhizz i oose TTN(“.; “.':&J":) =
N( -y_ (‘H-,;,‘j;ﬁ'\)) = ;L.

i H'h' AJJL—nholE& tjﬂhm&}adv_m:\ i ‘Z(o 3:: fﬂ A
huhtn’}t /S\iﬂi K=R(x)= @["-_J/<{->) whese
¥ S’*Lh AN Mdudw& #ﬁgjhm;ﬂe af o(ﬂfhae
QD). [Use TheDmosth nuntess’ 1 2], ]

A



. j*fqg e tb Q;yw}alm a N:2[Q-"7
‘“’“\H?‘“g mﬂ+a,n(+‘_.+t‘&n<‘l — T\' (ﬂa+ﬂ,|b+_-+ag‘pd)

Bez(fnc
&g OZ) = I (X2 =R &),
“\IFULP. x fib Uj’ Olﬂfzj

lf 2
He notm Mabs ﬁn+q12.3+qi2/j

> (a4 0,%+ qlo(L)-( Byt < + a;_oc"w")r(a,,ﬂ,aw?}aju)
LJLQM. W= 3r\ﬁ- € C .

s Hv}aﬂ To ﬁw\ Two %gmmtb ALY, thal

AL ”Cmﬂhuﬁwt# rvwol i Y

g

g K. .
Foloning .

Du’t}ui”'i
J—) r}i‘fx 1N cktgm.& ‘ij M= LV\%{J _
ﬁmk;he}; N Al {,a,b& ~ ,bay
= MJ\“‘ C 34 V"lﬁH‘l'u-'F Cm+S,. Cmio!eﬁ.

) 1= Ay A etcate €2




2) Foadn g(’*) L‘]__Lj
il “S'ﬁanB‘I«S' ﬁ\ﬁn we ntﬂ“L n O
j-Y Flfk NN 'fm:{'g:z. A% J} )
) NDW £ s Mlua.{rg(. : Conpi den ﬁe. wden
Seld QDA77 = G, *
= f@(oﬁ &2) = 0[ -
. \p\k’. fmvﬂ, A ’\ﬁhnﬁﬂh);y{ﬂbm ?:a :th #\L
[{ih o L) — ZnZ. ,
P: X > m
g \A)E‘. £\n~n:. a N An @\(’()}
N: Q) — &

&ﬂ'l'"'*”ﬂcq"(l-l — 10 (qﬂ+“r?+-—-+“of1 POH)
ﬂéc.r j'(?')=0

4—) Si&uiwg_: ?fah a &m:ﬂuﬂ% fsi]n&eh (“;J); Jma‘
L <l bher ﬁ,‘éu} st Aolh
_ (a-bm) & N(cbs) one _y—z!’l"laﬂﬂu.
({en mf%.?&h 1) |( {fm”fh!, in 2 [x])
[o Nabd= £ 5(5)= St )




[ > abo fulow A The hing of Ah?%ehb
O, of K, dnlo prime ideals @ .20, .
Phwthen, Niada) = T g if @ aZi<]
Ao wlhich cae EALL [E ca-"l,’lfb}oaw'b To a }Mqa 9. .
n fm.{,t Evehy f:»)ume. A.:A{ﬂ.é ¢ / @-t )
A -1 cmeb};w\e.nce_ wilh a prime q
fcfl.t"ﬂ: st -—f)h"g‘m-()wﬂ: =

5') Mﬂlj;u.]ﬂ hﬂo\uci_( " F}]ncl U.IE-“. .&."':-
M @bm) = vV i 7 £

atbe i

0«410() = YL in 2Ll«].

ade

¢) OUTPUT g (-1, W) .

\Pihﬁij5 [.'{ :

— NS heac\b ﬁa —ﬂ\a a@&mﬁ% ﬁ.odwﬂ.{-ﬁ'm

bﬁﬁ’n 'ﬁn ﬁ\t Couhbe. — fa,bt A.h‘%%/hjht% l“"lu‘ét
hﬁﬂmmﬁ 5&{.1: Oveh ﬂ: i Q ﬂ:.ul l:htmag.%'




il jLE'L ’tme Cﬁy,\l,ﬂzﬂlj gj» NES i» Jﬂhjhﬂﬁél éy

uz-ro(ﬂ - 9w o(1)

Going Mo neducti
— So, we Alad ﬂpju:::. &95.

— Jhe M\‘fagvb (-Lh) N (a-1«) 2

(&bh) ‘Zr-aij‘ % und, oA

7 d+l I 2/d

B A mupbern < u‘m Hd b _Y=dioolh h!n.ﬂ’u
};mbawﬁj Mma n = &j (k)
&j dﬂ 1/‘)/_@3“ :

/

— ,)0 Hﬂﬁim]}{ ’ﬂ',e. l’*’""”*{’{&'Tj We. h’;him?ga
n= 3+ + (). &314" .
= 4= "IZ‘?"Su"‘ > n" ,2=J2903hh .

— Yo 3;5 the b‘i“mw V1A ma._'bulx neduc m'«j
we need #u y = T Y
7'903 PJ_E:jh.. = N = e"ﬁ ""~/£0ij3 " .



~ A (f;og n)v}' (J}_ eﬂj’eﬂj n)ﬂ g
2 yz W x L(B, Na5)

> N tme complenily i L,,'(';'?‘f@%_).
Jhe clﬂfme. = (3{03 n/&j%n)w-

Ye aﬁgaﬂmic. DGS[HMI@

() ZL) s powibly wt O .
jLuLz,} Y may aib exXil dn Z[’(l
and thew DY) does hot make 2empe.
> Yae O , £(d)-a c Z[).

(D) Ir ac O , the exfoneil of & wnl every
brine. @ 4 LLa) may le even withoit
1.8 {I*‘&NS a _}g_ﬂluq}m& .




> 3& Aot (rod ) 3 a Muare S
M anddm, O(Eg n) I:?MH&&* Pall«<), Then
bJL|7 (C{—[r"() b ! )va[c:vu& A @ (u}ﬁaﬂnle)_

(.{\0 Ok ’t\qb j_hmﬁ-é_ hahj Un it L(qu:kf z
We need Adeslify Them.
> G /G| < 2.

- }L%J me,se!,ﬁ.m hup—.{ﬂh_ ﬁm&&j 'takﬁb Canl @L
ol the olabudions (hewristicall, ).

S'-A(.q‘ij'- imgab‘t' ﬂuh‘lﬂhb _'Saﬁfmeo{ RN 63 NES .
Ji)), b | (3%?-4&35‘5 humfer) |



