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The Game

The Game

Cops and Robbers is a game played on a reflexive graph.

There are two players, a set of cops and a single robber.

The game is played over discrete time steps, with the cop
going first at round 0. The cops and robbers occupy vertices,
and in each round, can move to an adjacent vertex.

The cops win, if after some countable number of rounds, one
of them can occupy the same vertex as the robber.

The cop number of a graph is the minimum number of cops
required to ensure victory. It is denoted as c(G ). If c(G ) = k ,
we say G is k-cop-win. In the special case k = 1, we say G is
cop-win, and if k > 1 then G is robber-win.
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Notation

Notation

For a vertex v we define its neighbour set N(v) to be the set
of vertices adjacent to v . The closed neighbour set N[v ] is
given by N(v) ∪ {v}.
Corners are vertices, say x with property that there is some
vertex y such that N[x ] ⊆ N[y ].

A set S of vertices is a dominating set if every vertex not is S
has a neighbour in S . The domination number of G, written
γ(G ) is the minimum cardinality of the dominating set. We
have c(G ) ≤ γ(G ).
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Notation

Notation

The distance between u and v , written as d(u, v) is the
length of the shortest path connecting u and v .

The diameter of a connected graph G , written as diam(G ) is
the supremum of all distances between pairs of vertices.
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Conneted Graphs

Connected Graphs

Lemma

If G is the disjoint union of G1 and G2 written G1 + G2, then

c(G1 + G2) = c(G1) + c(G2)

The above lemma lets us restrict our attention to connected
graphs.
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Bounds

Trees

Lemma

A finite tree is cop win.

Proof.

Proof by construction.
Place the cop on an arbitrary vertex. The strategy of the cop is to
just move towards the robber, since there is a unique path between
the cop and the robber. This way, d(C ,R) never increases.
Eventually, the robber will have to move to an end-vertex. After
that, the distance decreases by 1 every step.
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Bounds

Lower Bounds

Lower Bounds

Aigner and Fromme:

Theorem

If G has girth atleast 5, then c(G ) ≥ δ(G )

Generalization by Frankl:

Theorem

For a fixed integer t ≥ 1, if G has girth atleast 8t − 3 and
δ(G ) > d, then c(G ) ≥ δ(G )t
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Bounds

Upper Bounds

Upper Bounds

Simple Upper Bound

Theorem

If G is a graph of order n, then

c(G ) ≤ O

(
n
loglogn

logn

)

Lu, Peng

Theorem

c(G ) = O

(
n

2(1−o(1))
√
log2n

)

Conjectured Upper Bound: O
(
n

1
2

)
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Retracts

Definition

Retracts

Let H be an induced subgraph of G formed by deleting one
vertex. We say that H is a retract of G if there is a
homomorphism f from G onto H so that
(∀x ∈ V (H)), f (x) = x .

For example, graph formed by deleting an end-vertex, or
removing a corner.
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Retracts

Cop Number of Retracts

Cop Number of Retracts

Theorem

If H is a retract of G , then c(H) ≤ c(G ).

Proof.

Consider two parallel games, one in G and one in H. Due to the
fact that H is an induced subgraph, the game in H may be
considered as being played in G .
The strategy in G might not be sufficient to capture the robber in
H, for example the robber may need to leave H to be captured in
G.
We therefore consider the following shadow strategy. Let the cops
play according to the strategy in G , and in H, the cops play as the
images of cops in G , or in other words, if in G a cop moves from u
to v , then in H the cops move from f (u) to f (v). This strategy is
a winning strategy.
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Retracts

Cop Number of Retracts

Cop Number of Retracts

Proof.(cont.)

Let the cops play in G with R resricted to H. If the cops are about
to win in G , the vertex of R and each one of its neighbours are
joined to some cop, and thus are joined to cops in H too, and the
robber loses in the next round.

Corollary

If G is cop-win, then so is each retract of G.
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Characterization

Dismantalable

A graph is dismantalable if some sequence of deleting corners
results in the graph K1.

For example, each tree is dismantalable: delete the
end-vertices repeatedly.
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Characterization

Corners

Lemma

If G is cop-win, then it contains atleast one corner.

Proof.

Consider the last but one move of the cop. The cop needs to be
joined to the robber, else the robber could stay in the same spot.
Further, every vertex adjacent to the robber must also be joined to
the cop. Hence, the vertex the robber occupies is a corner,
dominated by the vertex occupied by the cop.
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Characterization

Cop-win and Dismantlability

Theorem

A graph is cop-win if and only if it is dismantlable

Proof.

The forward direction: Proof by induction on the order of G . By
the above lemma, each cop-win graph contains a corner u
dominated by some vertex v . Form G − u and note that it is a
retract, which, as proved above is cop-win. The base case is trivial
as G ∼= K1.
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Characterization

Cop-Win and Dismantlability

Proof.(cont.)

Suppose G is dismantlable. We use induction on order to show it
is cop-win. The base case, G ∼= K1. Suppose G is dismantlable of
order n+1. Then, G contains some corner u, dominated by v , and
G − u is dismantlable.
By the induction hypothesis, G − u is cop-win. We adopt the
shadow strategy again to win on G . The only change is that
whenever the robber is on u, the cop moves according to his
strategy on G − u as though the robber is on v . Now the cops
eventualy either capture the robber itself on v , or the robber is on
u, and cop on v , and he wins in the next turn.
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No-Backtrack Strategy

Cop-Win Ordering

Cop-Win Ordering

A graph is dismantlable if we can label the vertices by positive
integers [n] in such a way that for each i < n, the vertex i is a
corner in the subgraph induced by {i , i + 1, ...., n}. Such an
ordering is called a cop-win ordering.

Graph orderings are not usually unique.
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No-Backtrack Strategy

The Strategy Setup

The Strategy Setup

Define Gi := graph incuded by the vertices {n, n − 1...., i}.
Clearly, G1 = G and Gn is just the vertex n.

Let fi : Gi → Gi+1 be the retraction map from Gi to Gi+1. It
maps i to a vertex that covers i .

Define F1 to be the identity map, and for 2 ≤ i ≤ n define

Fi = fi−1 ◦ .... ◦ f2 ◦ f1

We have that Fi (x) and Fi+1(x) are either equal or are joined.

If the robber is on vertex x in G , we thinking of Fi (x) as the
shadow of the robber on Gi .
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No-Backtrack Strategy

The Strategy

The Strategy

The cop begins on the vertex n, which is the shadow of the
robber’s position under Fn.

Suppose that the robber is on u, and the cop is on the
shadow of the robber in Gi , equaling Fi (u). If the robber
moves to v , the cop moves to the image Fi−1(v) of the
robber in the larger graph Gi−1.
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No-Backtrack Strategy

Proof of Strategy

Proof of Strategy

Theorem

The No-Backtrack strategy results in a capture in atmost n moves.

Proof.

The proof follows by induction on n, with the base case being
trivial. Suppose the robber has captured Fi (u) for some i ≤ n
where u is the present position of the robber. Suppose the robber
moves to v . We only need to show that Fi (u) is equal to or joined
to Fi−1(v), thus completing the induction step.
If Fi (u) = Fi−1(u) then Fi−1(v) is joined to or equal to Fi (u). In
the other case, we must have that Fi (u) is joined and not equal to
Fi−1(u). But then, Fi−1(u) is the corner removed from Gi−1 to
form Gi , which implies that N[Fi−1(u)] ⊆ N[Fi (u)] and so again,
Fi−1 is joined to or equal to Fi (u). In each step, the robber’s
image may be caught with just one move. Hence, the actual
robber will be caught in atmost n moves.
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