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1 Last Lecture Recap

Let ψ(x, y) =
(

p(x)
q(x) , y u(x)v(x)

)
be an endomorphism on E(Fp).

Definition 1.1 Degree of the endomorphism ψ, deg(ψ), is defined as max(deg(p),deg(q)).

Definition 1.2 Endomorphism ψ is said to be separable if p′q− pq′ is not identically zero.

The following theorem was then proved in the last lecture,

Theorem 1.1 Let ψ(x, y) =
(

p(x)
q(x) y u(x)v(x)

)
be any separable endomorphism. Then,

|ker(ψ)| = deg(ψ)

Let E[n] ⊆ E(Fp) be the set of points P in E(Fp) such that nP = 0. Then, it was shown
that,

E[n] ∼= Zn ⊕ Zn, p 6 | n

2 The Weil Pairing

Let η be a primitive nth root of unity (η ∈ Fp), there is a function

en : E[n]× E[n] → {1, η, . . . , ηn−1}

called the Weil Pairing such that,

1. en is bilinear. This means that

en(P + S,Q) = en(P,Q)en(S,Q)

and
en(P, S +Q) = en(P, S)en(P,Q)

∀P,Q, S ∈ E[n]

2. If en(P,Q) = 1 for all Q, then P = ©. Similarly, if en(P,Q) = 1 for all P , then
Q = ©
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3. en(P, P ) = 1,∀P ∈ E[n]

4. en(P,Q) = e−1
n (Q,P )

5. For any automorphism φ of Fp, if φ(A) = A and φ(B) = B, then φ(en(P,Q)) =
en(φ(P ), φ(Q))

6. For any endomorphism ψ of E(Fp), en(ψ(P ), ψ(Q)) = en(P,Q)deg(ψ)

3 Hasse’s Theorem

Theorem 3.1 Let E be an elliptic curve over the finite field Fp. Then the order of E(Fp)
satisfies,

|p+ 1−#E(Fp)| ≤ 2
√
p

Proof: Consider the action of endomorphism ψ on E[n] (p 6 |n and E[n] ∼= Zn⊕Zn). There
exists two points T1, T2 ∈ E[n] such that,

E[n] : (Zn)T1 + (Zn)T2

Let αT1 + βT2 ∈ E[n].
ψ(αT1 + βT2) = αψ(T1) + βψ(T2)
Let ψ(T1) = aT1 + bT2 and ψ(T2) = cT1 + dT2

If we view αT1 + βT2 as vector

[
α
β

]
, then

ψ

[
α
β

]
=

[
a b
c d

] [
α
β

]
(mod n)

Let

Mψ
n =

[
a b
c d

]
We have from the Weil Pairing Property 6,

en(T1, T2)deg(ψ) = en(ψ(T1), ψ(T2))
= en(aT1 + bT2, cT1 + bT2)
= en(aT1, cT1)en(aT1, dT2)en(bT2, cT1)en(bT2, dT2) [Property (1)]
= en(T1, T1)acen(T1, T2)aden(T2, T1)bcen(T2, T2)bd [Property (1)]
= en(T1, T2)ad−bc [Property (3)

and (4)]

Therefore,
deg(ψ) = (ad− bc) = |Mψ

n |(mod n) (1)

Letting ψ = φp − 1, we get,
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|Mφp
n | = p(mod n)

|M1
n| = 1(mod n)

Now, M rφp+s
n = M

rφp
n −M s

n = rM
φp
n − sI for (r, s) = 1

Claim 3.1 Given M and N are two 2× 2 matrices, then

|αM + βN | = α2|M |+ β2|N |+ αβ(|M +N | − |M | − |N |)

Using claim 3.1,

|rMφp
n − sI| = r2p+ s2 − rs(|Mφp

n − I| − p− 1)
= r2p+ s2 − rs(|E(Fp)| − p− 1)

Let |E(Fp)| = p+ 1 + a.
Therefore, |rMφp

n − sI| = r2p+ s2 − rsa.
¿From equation 1,

deg(rφp − s) = |rMφp
n − sI| = r2p+ s2 − rsa(mod n)

However,

deg(rφp − s) ≥ 0
⇒ r2p+ s2 − rsa ≥ 0
⇒ x2p− ax+ 1 ≥ 0 where x = r

s i.e x ∈ Q
⇒ x2p− ax+ 1 ≥ 0 for all x reals, since Q is dense in R
⇒ a2 − 4p ≤ 0
⇒ a ≤ 2

√
p

⇒ |p+ 1−#E(Fp)| ≤ 2
√
p

Hence proved.
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