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Error Detection

Language Safety

Verification

Abstraction
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Untyped Arithmetic Expression Language

t := – terms
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false – constant false

if t then t else t – conditional

0 – constant zero

succ t – successor

pred t – predecessor
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∪ {succ t1,pred t1,iszero t1 | t1 ∈ Si}

∪ {if t1 then t2 else t3 | t1, t2, t2 ∈ Si}

Let S =
⋃

i Si .

Then, T = S.

karkare, CSE, IITK/B CS618 12/24



Induction on Terms

Any t ∈ T

karkare, CSE, IITK/B CS618 13/24



Induction on Terms

Any t ∈ T

Either a ground term, i.e. ∈ {true,false,0}

karkare, CSE, IITK/B CS618 13/24



Induction on Terms

Any t ∈ T

Either a ground term, i.e. ∈ {true,false,0}
Or is created from some smaller terms ∈ T

karkare, CSE, IITK/B CS618 13/24



Induction on Terms

Any t ∈ T

Either a ground term, i.e. ∈ {true,false,0}
Or is created from some smaller terms ∈ T

Allows for inductive definitions and inductive proofs.

karkare, CSE, IITK/B CS618 13/24



Induction on Terms

Any t ∈ T

Either a ground term, i.e. ∈ {true,false,0}
Or is created from some smaller terms ∈ T

Allows for inductive definitions and inductive proofs.

Three sample inductive properties

karkare, CSE, IITK/B CS618 13/24



Induction on Terms

Any t ∈ T

Either a ground term, i.e. ∈ {true,false,0}
Or is created from some smaller terms ∈ T

Allows for inductive definitions and inductive proofs.

Three sample inductive properties

Consts(t)

karkare, CSE, IITK/B CS618 13/24



Induction on Terms

Any t ∈ T

Either a ground term, i.e. ∈ {true,false,0}
Or is created from some smaller terms ∈ T

Allows for inductive definitions and inductive proofs.

Three sample inductive properties

Consts(t)

size(t)

karkare, CSE, IITK/B CS618 13/24



Induction on Terms

Any t ∈ T

Either a ground term, i.e. ∈ {true,false,0}
Or is created from some smaller terms ∈ T

Allows for inductive definitions and inductive proofs.

Three sample inductive properties

Consts(t)

size(t)

depth(t)

karkare, CSE, IITK/B CS618 13/24



Consts

The set of constants in a term t.

karkare, CSE, IITK/B CS618 14/24



Consts

The set of constants in a term t.

Consts(true) = {true}

karkare, CSE, IITK/B CS618 14/24



Consts

The set of constants in a term t.

Consts(true) = {true}

Consts(false) = {false}

karkare, CSE, IITK/B CS618 14/24



Consts

The set of constants in a term t.

Consts(true) = {true}

Consts(false) = {false}

Consts(0) = {0}

karkare, CSE, IITK/B CS618 14/24



Consts

The set of constants in a term t.

Consts(true) = {true}

Consts(false) = {false}

Consts(0) = {0}

Consts(succ t) = Consts(t)

karkare, CSE, IITK/B CS618 14/24



Consts

The set of constants in a term t.

Consts(true) = {true}

Consts(false) = {false}

Consts(0) = {0}

Consts(succ t) = Consts(t)

Consts(pred t) = Consts(t)

karkare, CSE, IITK/B CS618 14/24



Consts

The set of constants in a term t.

Consts(true) = {true}

Consts(false) = {false}

Consts(0) = {0}

Consts(succ t) = Consts(t)

Consts(pred t) = Consts(t)

Consts(iszero t) = Consts(t)

karkare, CSE, IITK/B CS618 14/24



Consts

The set of constants in a term t.
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Consts(0) = {0}
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Consts(iszero t) = Consts(t)

Consts(if t1 then t2 else t3) = Consts(t1)
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size(0) = 1

size(succ t) = size(t) + 1

size(pred t) = size(t) + 1

size(iszero t) = size(t) + 1
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The maximum depth of the abstract syntax tree of a term t.

Equivalently, the smallest i such that t ∈ Si .

depth(true) = 1

depth(false) = 1

depth(0) = 1

depth(succ t) = depth(t) + 1

depth(pred t) = depth(t) + 1

depth(iszero t) = depth(t) + 1

depth(if t1 then t2 else t3) = max(depth(t1) + depth(t2)

+ depth(t3)) + 1
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A Simple Property of Terms

The number of distinct constants in a term t is no greater

than the size of t.
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A Simple Property of Terms

The number of distinct constants in a term t is no greater

than the size of t.

|Consts(t)| ≤ size(t)

Proof: Exercise.
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The Set of Values

v := – values

true – value true

false – value false

0 – value zero

succ v – successor value
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Small-step Operational Semantics (contd. . . )

t → t
′ denotes “t evaluates to t

′ in one step”
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iszero (succ v) → false
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Normal Form

A term is t in normal form if no evaluation rule applies to it.

karkare, CSE, IITK/B CS618 22/24



Normal Form

A term is t in normal form if no evaluation rule applies to it.

In other words, there is no t
′ such that t → t

′.
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Evaluation Sequence

An evaluation sequence starting from a term t is a (finite or

infinite) sequence of terms t1, t2, . . ., such that

t → t1

t1 → t2

etc.
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Stuck Term

A term is said to be stuck if it is a normal form but not a

value.
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Stuck Term

A term is said to be stuck if it is a normal form but not a

value.

A simple notion of “run-time type error”
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