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ABSTRACT
Self-triggered implementations of controllers have been pro-
posed as an alternative to traditional time-triggered imple-
mentations. In a self-triggered implementation, the control
task computes the actuator signal as well as a triggering
time that specifies the next time instant at which the con-
trol task should be run. Self-triggered implementations have
the potential to decrease communication costs and CPU re-
quirements over time-triggered ones, e.g., by running the
steady-state plant in open loop for long intervals if there
is no disturbance. We show that commonly claimed gains
for self-triggered implementations are too optimistic. The
analysis of most self-triggering algorithms ignore the exe-
cution times for computing the trigger times. We show,
using implementations of several self-triggering algorithms
proposed in the literature on common embedded platforms,
that the execution time to compute the trigger time can
be non-negligible compared to the trigger times, and may
even be higher than the trigger time itself, rendering a naive
implementation infeasible.

We propose a hybrid implementation scheme for self-
triggered control using state quantization and memoization
of trigger times in a cache. We perform trigger-time com-
putation tasks with low priority, and fall back on a time-
triggered implementation when the trigger time computa-
tions are not guaranteed to finish in time (but use the com-
puted results to update the cache). Our implementation
achieves communication costs similar to self-triggered im-
plementations and computation costs close to time-triggered
implementations, while providing a bound for the region of
practical stability.

Categories and Subject Descriptors
D.2.10 [Software]: Software Engineering—Design-
Methodologies
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1. INTRODUCTION
Self-triggered implementations of digital controllers

have been proposed recently as a computation- and
communication-efficient technique for the software realiza-
tion of a control law [26, 17, 19, 27, 18, 20, 4, 6]. In a
self-triggered implementation, the control task computes, in
addition to the actuation signal, the next instant of time
at which the control law should be recomputed (the trigger
time). In between the control updates, the actuation signal
is held constant and the plant evolves in open loop. The
appropriate choice of trigger time ensures that the resulting
system is still stable and has required performance.

Self-triggering is an attractive technique for integrated ar-
chitectures of cyber-physical systems, in which multiple con-
trol loops and non-critical applications share the same re-
sources (CPU or communication network) [21]. Unlike the
traditional time-triggered approach, where the control com-
putation is performed periodically with a fixed period, it has
the potential of making many fewer computations and lower
use of the communication bandwidth. This is because the
period in a time-triggered approach is chosen under a worst-
case assumption, and control computations are performed at
this rate even when the plant is in steady state and there
are no disturbances [8]. Unlike event-triggered approaches
[7, 25, 12], in which the state of the plant is continuously
monitored using dedicated hardware to detect an event that
triggers control re-computation, self-triggered approaches do
not require the computation costs or extra hardware for con-
tinuous sensing. Indeed, simulations of some benchmark
control systems demonstrate that self-triggered implemen-
tations can provide significant savings in both computation
and communication [18, 20, 4, 6].

We show in this paper that savings estimates claimed for
self-triggered implementations are somewhat optimistic. In
most simulations of self-triggered implementations, it is as-
sumed that the execution time required to compute the trig-
ger time is negligible. We show that this assumption is not
realistic for a number of common embedded platforms, and
that the time required to compute the trigger time can in-
deed be more than the trigger time itself, making a direct
implementation infeasible.

We propose an implementation scheme for self-triggered
controllers using memoization of trigger times. We demon-
strate that our implementation can provide similar savings
in communication bandwidth as the naive self-triggered im-
plementation, while keeping computation costs low. We
maintain a memoization region: a subset of the state space
around a given operating point for the controller. We quan-



tize the memoization region into a grid of chosen precision,
and compute the trigger times for states on the grid on de-
mand. To compute the trigger time of a state ξ, we compute
its quantization on the grid and see if the trigger time has
been cached from a previous computation. If so, we return
the pre-computed value. If not, instead of computing the
trigger time with the same priority as the control task, we
schedule it as a background task of lower priority, and fall
back on a time-triggered implementation in case it is not
computed in time. If the operating point is fixed, the entire
memo table can be pre-computed and there is no runtime
overhead. However, in many cases the operating points can
change dynamically and may not be known statically, or the
space required to keep the entire grid may be too high. In
these cases, we compute the entries of the memo table in-
crementally and on demand, falling back on a time-triggered
implementation if the computation does not finish in time.

Memo table based implementations for explicit model pre-
dictive control have been suggested before [9, 3], where the
control signals for a compact state space, computed by solv-
ing an optimization problem, are stored in a lookup table for
fast actuation. We show memo tables allow fast implementa-
tion of self-triggered controllers as well, even with dynamic
computations in case it is not feasible to pre-compute the
entire table.

The quantization of states in computing trigger times in-
troduces an error in the implementation of the controller,
since the trigger time may not be computed for the given
state, but for its approximation on the grid. We show how
we can bound the effects of this error, and provide a bound
on the practical stability of the controlled system [16, 22,
5] based on results on self-triggered controllers for control
systems with bounded disturbances [4]. While we focus on
trigger times, quantization and memoization can also be ap-
plied to the computation of the control law, and a similar
error analysis can be performed. (In our examples, the com-
putation of the control law takes negligible time in compari-
son to the computation of the trigger time, so we focus only
on memoizing trigger times.)

We have developed a framework to evaluate self-triggered
implementations of control systems. Our framework uses
Truetime [10] for the simulation of control applications and
aiT [11] for the computation of worst case execution times.
We evaluate our implementation on the example of a batch
reactor process, a standard linear system benchmark used
in previous papers on self-triggered control [18, 20, 4], and
an example of a jet engine compressor, a standard nonlinear
control benchmark [6]. Experimental results show that our
hybrid implementation attains communication costs close to
that of naive self-triggered implementations, and simultane-
ously reduces computation costs significantly.

2. SELF-TRIGGERED CONTROL
We denote by N, R and R+

0 the set of natural numbers, the
set of real numbers, and the set of nonnegative real numbers,
respectively. We denote by Rn the set of vectors of real
numbers of length n. For a vector x ∈ Rn, we use xi, 1 ≤
i ≤ n, to denote the i-th element of x. We write ‖x‖ for the
Euclidean norm of x, given by ‖x‖2 = x2

1 + x2
2 + . . .+ x2

n.
We denote by Rn×m the set of real matrices with n rows
and m columns. We write In for the n× n identity matrix.
For a matrix X ∈ Rn×m, we write XT for the transpose of
X, λmax(X) and λmin(X) for its maximum and minimum

eigenvalues, respectively, and ‖X‖ for its norm, given byp
λmax(XTX). For a signal u : R+

0 → Rn, the L∞ norm is
denoted by ‖u‖∞ and is given by ‖u‖∞ = supt>0‖u(t)‖.

2.1 Controlled Dynamical Systems
The evolution of a dynamical system with time is captured

by a differential equation:

ξ̇ = f(ξ, υ), ξ(0) = ξ0 (1)

where ξ(t) ∈ Rn denotes the state of the system at time t
and υ(t) ∈ Rm denotes the external input to the system at
time t. The curve ξ : R → Rn is said to be a solution or
trajectory of (1) when there exists a piecewise continuous
input curve υ : R → Rm such that the time derivative of ξ
at time t equals f(ξ(t), υ(t)). The control system is called
linear time invariant if there are matrices A ∈ Rn×n and
B ∈ Rn×m such that

ξ̇(t) = Aξ(t) +Bυ(t), ξ(t) ∈ Rn, υ(t) ∈ Rm. (2)

A controller

υ(t) = k(ξ(t)) (3)

computes the input υ(t) as a function of the state ξ(t). The
goal of controller synthesis is to compute a controller so that
the closed loop system ξ̇ = f(ξ, k(ξ(t))) exhibits some desir-
able properties. Below we define different stability criteria
that are widely used as desirable properties of a closed loop
control system. For more detailed analysis, we refer the
readers to the book by Khalil [13].

The closed loop system is stable with respect to the origin
ξ = 0, if for every b > 0 there exists a a > 0 such that

‖ξ(0)‖ ≤ a ⇒ ‖ξ(t)‖ ≤ b for all t ≥ 0

The closed loop system is called asymptotically stable if it is
stable and a can be chosen so that

‖ξ(0)‖ ≤ a ⇒ ξ(t)→ 0 as t→∞.

If the above condition holds for any a > 0, the closed loop
system is called globally asymptotically stable with respect
to the origin. The closed loop system is called exponentially
stable if there exist positive constants a, c and λ such that
for all ‖ξ(0)‖ ≤ a, ξ(t) satisfies the inequality

‖ξ(t)‖ ≤ c‖ξ(0)‖e−λt, ∀t ≥ 0.

If the above inequality holds for any a, the closed loop sys-
tem is called globally exponentially stable.

The stability of a closed loop control system in the pres-
ence of a piecewise continuous disturbance input d(t) is given
by the concept of input-to-state stability. A closed-loop dy-
namical system with a disturbance input is represented as

ξ̇ = f(ξ, k(ξ(t)), d(t)).

The system is called input-to-state stable (ISS) if there ex-
ists a K∞ function α, and a KL function β,1 such that for

1A continuous function γ : R+
0 → R+

0 , is said to belong to
class K if it is strictly increasing and γ(0) = 0. A K-function
γ is said to belong to class K∞ if γ(s)→∞ as s → ∞. A
continuous function β : R+

0 × R+
0 → R+

0 is said to belong to
class KL if β(r, t) belongs to class K∞ for each fixed t ≥ 0
and β(r, t) is decreasing with respect to t and β(r, t)→ 0 as
t→∞ for each fixed r ≥ 0.



any initial state ξ(0), the state ξ(t) satisfies the following
inequality:

‖ξ(t)‖ ≤ β(‖ξ(0)‖, t) + α(‖d‖∞), ∀t ≥ 0

Sufficient conditions on different stability criteria are given
using Lyapunov functions. A Lyapunov function is a con-
tinuously differentiable function V : D → R, D ⊂ Rn, for
which the following conditions hold:

V (0) = 0, V (ξ) > 0 for all ξ 6= 0.

The derivative of V along the solution of the closed loop
system is given by

V̇ (ξ) =
∂V

∂ξ
f(ξ, k(ξ(t)))

The closed loop system is stable with respect to ξ = 0 if there
exists a Lyapunov function V such that V̇ (ξ) ≤ 0 for all ξ 6=
0. The closed loop system is asymptotically stable with
respect to origin if there is a Lyapunov function V such that
V̇ (ξ) < 0 for all ξ 6= 0. The closed loop system is globally
asymptotically stable if there exists a radially unbounded2

Lyapunov function with V̇ (ξ) < 0. The closed loop system
is exponentially stable if there exists a Lyapunov function
V and a positive constant λ such that

V (ξ(t)) ≤ V (0)e−λt, for all t ≥ 0.

The largest constant that can be used for λ in the above
inequality is called the rate of decay. The closed loop system
is ISS if there exists a radially unbounded Lyapunov function
V and two K∞ functions α1 and α2 such that

V̇ (ξ, d) ≤ −α1(‖ξ‖) + α2(‖d‖) for all ξ, d.

2.2 Self-Triggered Implementation
To implement the control law (3) on a digital computer,

the state of the plant is sampled at a sequence of time in-
stants t0 = 0, t1, t2, . . . The state of the plant at time
instant ti is ξ(ti), and the computed control signal is given
by u(ti) = k(ξ(ti)). The time instant ti is called the trigger
time. The control signal is applied to the plant immediately
after it is available, and is held constant until the next trigger
time ti+1. The control signal computation time is generally
in the microsecond range and can be considered to be negli-
gible. Thus the control signal in the digital implementation
of the system in (1) is given by

υ(t) = υ(ti) for t ∈ [ti, ti+1[ (4)

In a time-triggered implementation, the control engineer
fixes a sampling period T > 0, and selects a periodic se-
quence of trigger times ti = iT , for i ∈ N. For self-triggered
implementations, the sequence {ti}i∈N is computed online.
At time ti, in addition to the control signal, the next time
instant ti+1 when the plant’s state would be sampled is com-
puted based on the current state ξ(ti). This computation is
done based on a rule that is designed to ensure stability and
desired performance of the control system.

We focus on linear control systems and briefly recall the
self-triggered implementation of a linear controller achieving
exponential stability as proposed in [18, 20]. Consider the

2A function F : Rn → R is called radially unbounded if
F (x)→∞ as ‖x‖ → ∞.

linear time-invariant control system (2). The system is ren-
dered closed loop exponentially stable by using a controller

υ(t) = −Kξ(t). (5)

where ξ(t) is the solution of (2) at time t, and matrices A,
B, and K are of appropriate dimensions. The closed loop
system is given by

ξ̇ = (A−BK)ξ (6)

As the closed loop system is stable, there exists a Lyapunov
function

V (ξ(t)) = ξ(t)TPξ(t) (7)

where P is a symmetric positive definite matrix. The ma-
trix P can be obtained by solving the following Lyapunov
equation:

(A−BK)TP + P (A−BK) +Q = 0 (8)

where Q is a given symmetric positive definite matrix.
The Lyapunov function in (7) admits an exponential de-

cay. Let V be a Lyapunov function satisfying (8) and let
λ0 > 0 denote its rate of decay. For self-triggered imple-
mentations, we fix 0 < λ < λ0 and define a function S
upper-bounding the evolution of V :

S(t, ξ(tk)) = V (ξ(tk))e−λ(t−tk). (9)

Thus, at t = tk, we have S(t, ξ(tk)) = V (ξ(tk)) and for
tk < t < tk+1, we have S(t, ξ(tk)) > V (ξ(t)). The constant
λ in the function S specifies the desired performance of the
control system.

The self-triggered implementation has to ensure that the
value of V (ξ(t)) never goes beyond the value of S(t, ξ(tk)).
To ensure this, a triggering function is defined as

h(t, ξ(tk)) = V (ξ(t))− S(t, ξ(tk)) for all t ≥ tk (10)

Triggering happens when h(t, ξ(tk)) = 0. At that moment,
the plant’s state is sampled again. The triggering scheme
ensures that there exists a positive constant τmin such that
for any i, we have τi = ti+1 − ti ≥ τmin. The value of τmin

is effectively computable from the parameters of the control
system and the Lyapunov function (see Theorem 5.1 in [18]).

To implement self-triggered control, the designer fixes two
design parameters: a maximum duration τmax between two
triggering instants that determines how long the system is
allowed to operate in open loop, and a discretization parame-
ter ∆ > 0 that puts a grid on the interval [τmin, τmax]. Then,
a discrete version of the triggering function h from (10) is
defined:eh(n, ξ(tk)) = V (ξ(tk + n∆))− S(n∆, ξ(tk)) (11)

The self-triggered implementation Γl : Rn → R+,
Γl(ξ(tk)) = tk+1 for linear control systems is given by:

tk+1 = max{tk + τmin, tk + nk∆} (12)

nk = max{s ≤ bτmax

∆
c | for all n ∈ [0, s] : eh(n, ξ(tk)) ≤ 0}

Note that the worst case execution time depends on nk and
nk depends on τmax and ∆. The self-triggered implementa-
tion scheme is feasible only if the time required to compute
the trigger time tk+1 is less than tk+1 − tk.



2.3 Problem: Trigger Time Computation
We now illustrate the problem of implementing the self-

triggering scheme defined above through a motivating ex-
ample of a batch reactor process originally described in [24]
and used in [18, 20, 4] as a benchmark. The model of the
plant is given by

ξ̇ =

2664
1.38 −0.20 6.71 −5.67
−0.58 −4.29 0 0.67
1.06 4.27 −6.65 5.89
0.04 4.27 1.34 −2.10

3775 ξ +

2664
0 0

5.67 0
1.13 −3.14
1.13 0

3775 υ.
The feedback controller

υ = −
»
0.1006 −0.2469 −0.0952 −0.2447
1.4099 −0.1966 0.0139 0.0823

–
ξ

renders the system exponentially stable. Let us denote the
worst case execution time (WCET) of the computation of
the trigger time tk+1 by τc. The rate of decay is λ0 = 0.41.
Setting λ = 0.9λ0, we get τmin = 18ms. The authors of [20]
chose τmax = 358ms and ∆ = 10ms. The maximum possi-
ble value for nk is thus 35. With these choices, we imple-
ment the trigger time computation given by (12) using the
discrete triggering function (11) as a C program and cross-
compile it using a GNU-based cross-compiling system. We
then compute the WCET of the trigger time computation
using aiT [11], a state-of-the-art worst case execution time
analysis tool. The WCET of the trigger time is 29.793ms
on a Leon 2 processor, assuming the processor frequency to
be 100MHz (Most of the commercial implementations of
Leon 2 processor have clock frequency below 100MHz [2]).
As we see, the WCET is greater than τmin. This implies
that there may be cases where the controller will produce
the next trigger time at an instant when the trigger time
has already passed. This clearly shows the infeasibility of
the implementation of the triggering rule provided in [20].
(In simulating the performance of their controller, the au-
thors of [20] ignore trigger computation times.)

Note that we cannot increase the value of τmin as it de-
pends on the parameters of the control system, and increas-
ing τmin may cause the self-triggered implementation of the
control system to violate stability requirements. The self-
triggered implementation may be made feasible by decreas-
ing the value of τmax, as τmax is a design parameter and the
worst case execution time is directly proportional to τmax.
Decreasing the value of τmax does not have any effect on the
performance of the control system. However, it causes the
trigger of the controller to occur more frequently than what
the designer in [20] expected, and thus increases communi-
cation between the controller and the actuators (negating
much of the benefits of self-triggering). Thus, the perfor-
mance advantages of self-triggered implementations must be
evaluated taking the computation time for the trigger time
into account.

3. HYBRID IMPLEMENTATION
We now present a hybrid implementation scheme for self-

triggered control systems. Our implementation utilizes a
time-vs-space tradeoff, and memoizes trigger times for fu-
ture reuse. We assume that a fixed-size piece of memory
is available to store the memoization table, which maps a
state of the system (a vector in Rn) to a trigger time. The
memoization table can be accessed using indices computed
from a state as described later.
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Figure 1: Memoization region and table

3.1 Memoized Trigger Time Computation
For the implementation, we fix a memoization region

[−w,w] ⊆ Rn of the control system around the origin. We
want to memoize the computed trigger time for any state
in this region. Since the memoization table is finite, we dis-
cretize the memoization region using a quantization factor
ε ∈ Rn. We describe the choice of ε in Section 3.3. The
memoization region is represented as a multi-dimensional
array, where each element is a trigger time. The number of
entries in the table is given by

N =

nY
i=1

2wi
εi

(13)

As an example, Figure 1 shows an example system with
two state variables and the memoization region [−3, 3] ×
[−2, 2]. The quantization factor ε = (1, 1), that is, each
state is divided into intervals of size one unit. There are
24 different entries in the memoization table, and they are
indexed as shown in the figure, from (0, 0) at the bottom
left corner to (5, 3). The quantized value of a state ξ is
the state corresponding to the closest grid point to its left
and bottom, e.g., the state ξ = (1.3, 1.3) is quantized to

ξ̂ = (1.0, 1.0), with index (4, 3). Note that the difference

between ξ̂(t) and ξ(t) is bounded by the quantization factor

ε, thus ξ̂(t) ≥ ξ(t)− ε.
Algorithm 3.1 shows the pseudo-code for trigger-time

computation with memoization. The function findTrig-

gerTime takes as input the system state ξ(tk) at the kth
sample time tk and returns tk+1, the next time the plant
should be sampled. The memoization table Memo stores trig-
ger times. The function findIndex takes the state ξ(tk) and
returns the index of its discretization, if within the mem-
oization region, or a special value denoting that the cur-
rent state is outside the memoization region. In case the
current state is outside the memoization region, the trigger
time computation is scheduled (line 5). In case the current
state is within the memoization region, the memoization ta-
ble is first checked (line 7). If the trigger time has been
pre-computed, it is returned (line 11). Otherwise, the trig-
ger time computation is scheduled with the discretized state
(line 9). When the computation is done, the memoization
table is updated with the computed value.

The statement

min(τmin, schedule trigger(ξ̂))



Algorithm 3.1: Trigger Time Computation with Memo-
ization.

Input: ξ(tk), the state of the system at time instant tk

Output: tk+1, the next trigger time of the controller
;1

function findDeliveryTime(ξ);2

begin3

〈s1 . . . sn〉 = findIndex(ξ);4

if outsideRange(〈s1 . . . sn〉) then5

return min(τmin, schedule trigger(ξ));6

else7

if Memo[s1 . . . sn] is not found then8

ξ̂ = quantizeState(〈s1 . . . sn〉);9

return min(τmin, schedule trigger(ξ̂));10

else11

return Memo[s1 . . . sn];12

end13

end14

end15

indicates that the task of computing the trigger time is
scheduled as a background task of lower priority than the
control loop. If the task finishes before τmin, its value is re-
turned, otherwise, the plant is sampled again at tk + τmin.
That is, if the background task is not finished in time, the
controller reverts to a time-triggered implementation with
period τmin. On completion of the task to compute the
trigger time, the memoization table Memo is updated with
the computed value (in case the state was within the mem-
oization region). Moreover, in our implementation, when
one trigger time computation is running, no other trigger

task is spawned, and the controller works in a time-triggered
mode using the minimum trigger time τmin as the sampling
period. We call this implementation scheme hybrid.

3.2 Dynamic Choice of Memoization Region
In Section 3.1 we assume that in the steady state the con-

trol system operates at the origin, and we fix the memo-
ization region to be [−w,w] ⊆ Rn. If a control system has
only one operating point, the memoization table can be pre-
computed offline for all the states in the memoization region
around the operating point instead of computing the table
online. However, in reality, a control system may have a
number of operating points, and the system can move from
one operating point to another during its life cycle. All these
operating points may not be known to the designer of the
system a priori. For example, one of the states of the batch
reactor process introduced in Section 2.3 is the temperature
of the reactor. The desired temperature of the reactor is
different during the different reaction phases. It is not pos-
sible to store the memoization table for all operating points
in the memory.

We handle the change in operating point during run-
time by online reconfiguration of a parameter used in Al-
gorithm 3.1. Suppose the operating point changes from ξ1
to ξ2. We assume that the size of the memoization region
remains the same for any operating point. Thus, the memo-
ization region changes from [ξ1−w, ξ1+w] to [ξ2−w, ξ2+w].
Even though there may be an overlap between the old and
new memoization regions, the data in the overlapped re-
gion is not reused, as that data needs to be moved to a
new location in the memoization table, and this operation

may take many CPU cycles. The findIndex function in Al-
gorithm 3.1 depends on an offset vector that maps a state
in the memoization region to a particular position in the
memoization table. When the operating point changes, we
perform the following two actions. First, the memoization
table is cleared. Second, the offset parameter is reconfigured
to reflect the new memoization region.

3.3 Effect of State Quantization
As our memoization based implementation employs quan-

tization of the state of the control system, we need to take
into account the effect on the quantization on the triggering
time. Since the trigger time computation does not have a
closed form formula, correcting the triggering rule to take
into account the quantization error is not straightforward.
Rather, we show how the quantization error influences the
behavior of the closed loop system in the steady state.

To show how the quantization error on the states effect
the overall behavior of a linear control system, we resort
to a result proved by Almeida, Silvestre, and Pascoal [4].
Consider the following linear time-invariant control system:

ξ̇(t) = Aξ(t)+Bυ(t)+δ(t), ξ(t) ∈ Rn, υ(t) ∈ Rm, (14)

where δ(t) is exogenous disturbance with bounded L∞ norm
δb. Note that the system in (14) is obtained by introducing
an additive disturbance term δ(t) in the system in (2). In
the presence of disturbance it is not possible to render the
system (14) asymptotically stable to the origin. Rather, it
was shown in [4] that by appropriately modifying the trig-
gering rule in (10), it is possible to ensure that the system
is exponentially stable with respect to a region around the
origin.

Consider the Lyapunov function in (7). It can be shown
that in the presence of bounded disturbance, the feedback
law in (5) can render the states of the system (2) exponen-
tially in a region defined by

V (ξ(t)) ≤ max{V (ξ(t0))e−γ0(t−t0), Vb}, (15)

where ξ(t0) denotes the initial state of the evolution at time
t0. Note that as t → ∞, V (ξ(t)) is inside a region defined
by Vb. For the system (14), Vb is given by

Vb =
4λ3

max(P )δ2b
(λmin(Q)− γ0λmax(P ))2

, (16)

where P and Q are matrices in the Lyapunov Equation (8).
Now the performance function in (9) need be modified

according to the behavior of V (ξ(t)) in (15). The modified
specification function is given by

S′(t, ξ(tk)) = max{V (ξ(tk))e−γ(t−tk), Vb}, (17)

where 0 < γ < γ0. The triggering function in (10) is now
modified as follows:

h(t, ξ(tk)) = U(t, ξ(t))− S′(t, ξ(tk)), (18)

where U(t, ξ(t)) is given by

U(t, ξ(tk)) = V (ξ(tk)) + µ(t, ξ(tk)), (19)

with µ(t, ξ(tk)) = β(t)(2‖Pξ(tk)‖+λmax(P )β(t)) and β(t) =
δb
σ

(eσ(t−tk) − 1). The value of σ can be chosen as any value

between ‖A‖ and 1
2
λmax(A+AT ).

As shown in [4], the self-triggered implementation in (12)
with the triggering function given in (18) renders the states



of the system (14) in finite time to the set {ξ(t) ∈ Rn :
V (ξ(t)) ≤ Vb}. We call this set the stability region.

We model the quantization error arising from the memo-
ization based implementation of a self-triggered linear con-
trol system as the disturbance δ in (14). For a state ξ(t)
the control signal and the trigger time is computed by its
quantized value ξ̂(t), where ξ(t)− ξ̂(t) = ε̄(t). The computed
control signal is given by

υ̂(t) = −Kξ̂(t) = υ(t) +Kε̄(t).

Plugging the value of the control signal in (2) we get

ξ̇(t) = Aξ(t) +Bυ(t) +BKε̄(t), ξ(t) ∈ Rn, υ(t) ∈ Rm.
(20)

Comparing (20) with (14) we get that the disturbance aris-
ing due to quantization in the states is given by

δ(t) = BKε̄(t). (21)

Suppose we have been given an upper bound V max
b on

Vb as the specification. To find the upper bound of the
quantization factor we proceed as follows: The upper bound
on the L∞ norm of δ(t) is given by

δmax
b =

s
(λmin(Q)− γ0λmax(P ))2

4λ3
max(P )

V max
b . (22)

The upper bound on the quantization factor ε is found by
solving the following optimization problem:

maximize ε1
subject to ‖BKε1[1 1 1 1]T ‖ ≤ δmax

b ,
(23)

where ε̄(t) = ε1[1 1 1 1]T . Here we have chosen the quan-
tization factors in all dimensions to be equal. The opti-
mization problem in (23) is a convex one. The solution of
the optimization problem provides the upper bound on the
quantization factor of the state.

Theorem 1. Consider the linear control system (2) with
stabilizing controller (5) and Lyapunov function V obtained
from (7) and (8). Let V max

b be a given bound on the sta-
bility region. Suppose the controller is implemented using
the hybrid implementation using Algorithm 3.1, using a dis-
cretization ε given by (23). Then, the state ξ is guaranteed
to converge to the set {ξ ∈ Rn | V (ξ) ≤ V max

b }.

3.4 Fixed-point Representation
The trigger time is computed in (12) as a floating point

entity. A single precision floating point value needs four
bytes of space in memory. To save memory, we can store the
trigger time as a fixed-point number. The trigger times are
always positive, thus we do not need to deal with the sign
of a number. The fixed-point representation of a trigger
time is given as a pair 〈n,m〉 consisting of a length n ∈
N, and a length of the fractional part m ∈ N. The length
of the integer part is n − m, if n > m, and 0 otherwise.
To achieve the highest precision for a chosen length m of
the representation, the length of the fractional part m is
chosen such that the maximum trigger time τmax satisfies
2n−m−1 ≤ τmax < 2n−m. In this case, the maximum error in
the fixed-point representation is given by 2−m. For example,
if the range of the trigger time to be represented is given by
[0.020, 0.400] and we choose n = 8, then m = 9 and the
bound on the error in the representation is given by 2−9.

Given a computed trigger time t, its fixed-point represen-
tation can be stored as an integer given by t̂ = b(t × 2m)c.
From the fixed-point representation t̂, the floating point
value et of the trigger time is obtained by et = 2−mt̂. To
use fixed-point representations in Algorithm 3.1, line 9 and
line 11 are adapted appropriately. Note that it is always
safe to use et obtained from the memoization table instead of
using t, as et ≤ t.
4. NONLINEAR SYSTEMS

We now extend the hybrid implementation to self-
triggered implementations of nonlinear control systems.

Triggering Rule. Consider the nonlinear dynamical sys-
tem (1). We recall the setting of [6]. The objective of the
controller is to ensure that an invariant on the state of the
plant, given as the specification, is never violated. Hence-
forth, we will refer to this specification as invariant specifi-
cation. The idea behind a self-triggered implementation is
that at any time instant t, the difference between the cur-
rent state x(t) and the last measured state x(ti) for i ∈ N
is bounded in such a way that the invariant specification on
the closed loop system is not violated. This error is referred
as the measurement error and is given by

e(t) = ξ(ti)− ξ(t) for t ∈ [ti, ti+1]. (24)

The dynamics of the closed loop control system is given by:

ξ̇ = f(ξ, k(ξ + e)). (25)

Now if the control law is designed to render the system (1)
ISS with respect to measurement error, there exists a Lya-
punov function V for the system satisfying the following
inequality:

V̇ ≤ −α1(‖x‖) + α2(‖e‖). (26)

where α1 and α2 are K∞ functions. To maintain stability of
the closed loop system (25), we have to ensure that V̇ < 0.
This can be ensured if the following condition holds:

α2(‖e‖) ≤ κα1(‖x‖), κ > 0. (27)

The triggering strategy in a nonlinear control system is
designed based on the invariant specification on the states
of the system around the equilibrium point. If a Lyapunov
function satisfying the inequality in (26) can be discovered
for the system, then an invariant on the admissible error can
be derived from the invariant on the states using (27). As
shown in [6], these two invariants can be used to derive a
closed form formula z to compute the next sampling time
tk+1 from the sampled state ξ(tk) at the current sampling
time tk.

The self-triggered implementation Γnl : Rn → R+,
Γnl(ξ(tk)) = tk+1 for nonlinear control systems is given by:

tk+1 = z(ξ(tk)). (28)

Hybrid Implementation. Given the triggering rule (28),
the hybrid implementation is similar to the implementation
of linear controllers, where we discretize the state space and
memoize computed trigger times.

Since there is a closed form formula to compute the trig-
gering time, we can correct the triggering times by tak-
ing into account the maximum possible error introduced by
quantizing the states. To find the maximum possible error



introduced in the trigger time, we solve the following opti-
mization problem:

maximize τe
Subject to τ = z(ξ) τ̂ = z(ξ̂)

τe = τ − τ̂
ξ − ξ̂ ≤ ε ξ ≥ ξ̂.

(29)

In this optimization problem, ξ denotes the sampled state
and ξ̂ denotes the quantized state obtained from ξ. We
denote by τ and τ̂ the trigger time computed based on ξ
and ξ̂ respectively. We maximize τe, the difference between
τ and τ̂ , subject to additional constraints that the difference
between ξ and ξ̂ is bounded by the quantization factor ε and
ξ ≥ ξ̂.

For a given state ξ(tk), if the maximum value of τe is
obtained as τmaxe then the triggering time is computed by
the following modified form of (28):

tk+1 = z(ξ̂(tk))− τmaxe . (30)

Note that unlike linear control systems, the control signal
in a nonlinear control system is computed based on ξ(tk)

instead of ξ̂(tk).

5. EXPERIMENTS
Experimental Setup. In our experiments we have used
the Truetime simulator [10] to implement the control tasks
for our example control systems and simulate the systems
under different conditions. We choose PowerPC MPC5xx [1]
and Leon2 [2] processors as the two target platforms on
top of which the embedded control applications are built.
The PowerPC MPC5xx is widely used in Delphi Corpora-
tion and Robert Bosch GmbH to develop engine controllers.
The Leon 2 processor was developed by European Space
Research and Technology Centre to be used for European
space projects. The worst-case execution times [28] for con-
trol computation and trigger time computation on the target
processors have been obtained using the worst-case execu-
tion time analysis tool aiT [11]. The control computations
and trigger time computations are implemented in C, and
then cross-compiled for respective processors using GNU-
based cross compilation systems. The worst-case execution
times are computed by aiT based on the compiled binary
code. The computation of trigger time involves computa-
tion of square root function and exponential function. We
implement the square root computation using the Babylo-
nian method [14]. The exponential function is computed by
expanding it as a Taylor series.

We report CPU times and communications costs. Given
a time interval, CPU times are reported as the total CPU
time required by all control tasks over the time interval. The
communication cost is the number of control tasks run over
a time interval. This captures the cost of communication,
since each control task requires transmitting the plant state
from the sensors to the controller and the actuation signal
from the controller to the actuators.

5.1 Examples
We demonstrate our results on a benchmark linear control

system: a batch reactor processor, and a benchmark nonlin-
ear control system: a jet engine compressor.

Linear System: Batch Reactor Process. First, we
present our results on the batch reactor process from Sec-

tion 2.3. The Lyapunov function for the closed loop sys-
tem has been computed using (8) with Q = I4. With this
choice of Q, we have λmax(P ) = 1.2185 and λmin(Q) = 1.
The other parameters are chosen in accordance with [4]:
τmin = 39.8ms, τmax = 720ms, ∆ = 10ms, γ0 = 0.08207,
γ = 0.008207. We compute the values of τmax on both
PowerPC and Leon2 processors to ensure that the trigger
computation time τc does not exceed the minimum trigger
time τmin. The values of modified τmax are 510ms and 270ms
on PowerPC and Leon2, respectively.

Suppose we want the state of the system to converge in a
stability region V max

b of size 0.5 when the system is free from
any external disturbance. The upper bound on the quanti-
zation factor can be found to be 0.04346 by first finding the
value of δmax

b for V max
b = 0.5 using (22), and then solving

the optimization problem in (23). We choose the quanti-
zation factor to be 0.04 in each dimension. We store the
trigger times in the memoization table as a 8-bit fixed-point
number. The fixed-point representation is given by 〈8, 8〉, as
0.5 < τmax < 1. The trigger time retrieved from the mem-
oization table may by at most 2−8 less than its computed
value. We choose the memoization region to be [−0.5, 0.5]
in each dimension. With the quantization factor to be 0.04,
the number of entries in the memoization table is computed
by (13) to be 390625. As each entry of the memoization
table takes 1 byte, the memoization table requires at most
381.47KB. Note that if this amount of memory is not avail-
able, we have two options. First, we may increase the value
of the quantization factor which in turn increases the bound
on the size of the stability region. Second, we may shrink
the memoization region without changing the quantization
factor. The second option ensures that the specification on
the size of the stability region is met, but we memoize trigger
time for the states in a narrower region, thus the computa-
tion time grows.

We compare three different implementations for the batch
reactor processor: (i) a time-triggered implementation using
the sampling period τmin, (ii) a self-triggered implementa-
tion using the triggering rule (12), where the triggering func-
tion is given by (18). The maximum trigger time τmax is up-
dated to ensure that the computation of the trigger time is
guaranteed to be finished before the minimum trigger time
τmin (τmax = 510ms for PowerPC and τmax = 270ms for
Leon2 processor), and (iii) our hybrid implementation, with-
out decreasing the maximum trigger time (τmax = 720ms).
We fall back to the time-triggered implementation using trig-
ger time τmin when the trigger time computation takes more
than τmin time.

We simulate the self-triggered batch reactor process on
three scenarios: (a) the system is free from any external dis-
turbance (Disturbance free), (b) the system is subjected to
a periodic external disturbance signal of pulse shape with
amplitude 8, period 800 samples, pulse width 40 samples,
zero phase delay, and sample time 10ms. (Disturbance sce-
nario 1), and (c) the system is subjected to a normally dis-
tributed random disturbance signal with mean 0, variance
1, and sample time 1ms (Disturbance scenario 2).

The evolution of the state of the batch reactor process
with initial state 〈2, 2, 2, 2〉 is shown in Figure 2 for the case
when no external disturbance is present. While the state
of the time-triggered implementation and the self-triggered
implementation eventually go to the origin, the state of the
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Figure 2: Evolution of states of a batch reactor process from initial state 〈2, 2, 2, 2〉 for (a) time-triggered (TT),
(b) self-triggered (ST), and (c) Hybrid implementation

Implementation Disturbance Free Disturbance Scenario 1 Disturbance Scenario 2
PowerPC Leon2 PowerPC Leon2 PowerPC Leon2

TT 0.164s 0.226s 0.164s 0.226s 0.164s 0.226s
ST 167.514s 342.554s 167.188s 341.117s 167.691s 342.541s

Hybrid 0.959s 1.824s 4.039s 7.336s 31.322s 57.360s

Table 1: CPU time required for different implementations of the controller of the batch reactor process
running for 2000s

hybrid implementation eventually enters the region defined
by V max

b and remains there forever.
Table 1 and Table 2 show the CPU time and communi-

cation cost for different implementations of the controller
for the batch reactor process for 2000s runtime. From Ta-
ble 1, we see that the naive self-triggered implementation
takes significantly more CPU time in comparison to the
time-triggered implementation. The hybrid implementation
brings the required CPU time close to that of the time-
triggered implementation. Table 2 shows that the number
of communications from the plant to the controller improves
significantly in self-triggered implementations, as claimed
in the existing literature on self-triggered control systems.
The Hybrid implementation maintains similar communica-
tion cost as the naive self-triggered implementations. For
self-triggered implementation, the number of communica-
tions is always more for Leon2 processor, as τmax for Leon2
is less than that for PowerPC. For Hybrid implementation,
the number of communications is more for Leon2 processor
than that for PowerPC as the trigger time computation takes
more time with the Leon2 processor than with the PowerPC
processor and the system remains in time-triggered mode
when the trigger time computation is running.

Figure 3 shows how the CPU time required for the con-
troller of the batch reactor process for different implemen-
tations using Leon2 processor vary for different duration of
runtime between 500s and 5000s when there is no external
disturbance acting on the system. The figure shows that
the naive self-triggered implementation always takes signif-
icantly more computation time than the time-triggered im-
plementation. However, our hybrid implementation is al-
ways close to the time-triggered implementation in terms of
computation time, and as time progresses and the memo-
ization table gets filled up with trigger times, the difference
between the computation time for our hybrid implementa-
tion and that of the time-triggered implementation slowly
decreases.
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Figure 3: CPU time required for batch reac-
tor process for different implementations using the
Leon2 processor for different running times in the
disturbance-free scenario

Nonlinear System: Jet Engine Compressor. We il-
lustrate our experimental results on nonlinear self triggered
control systems using the standard benchmark of a jet engine
compressor. The model of the system originally appeared
in [15]. In [6], it was adapted to translate the desired equi-
librium point to the origin as follows:

ξ̇1 = −ξ2 −
3

2
ξ21 −

1

2
ξ31

ξ̇2 =
1

β2
(ξ1 − u) (31)

where ξ1 and ξ2 denote the mass flow and pressure rise in
the compressor respectively. The symbol β is a constant



Implementation Disturbance Free Disturbance Scenario 1 Disturbance Scenario 2
PowerPC Leon2 PowerPC Leon2 PowerPC Leon2

TT 50251 50251 50251 50251 50251 50251
ST 5731 7422 14735 15786 5974 7422

Hybrid 5868 5891 15847 15868 6932 7343

Table 2: Communication cost for different implementations of the controller of the batch reactor process
running for 2000s

positive parameter. The output of the controller u denotes
the throttle mass flow.

A control law u = k(ξ1, ξ2) was designed in [6] to ren-
der the system in (31) globally asymptotically stable. The
control law is given by:

u = ξ1 +
β2

4
(z(ξ21 + 1) + 3ξ21y + ξ31 + ξ1 + 3y) (32)

where y = (3ξ21 + 2ξ2 − ξ1)/(ξ21 + 1) and
z = 2ξ1y(y − 3) + ξ21(4y − 6). By substituting u with
its corresponding expression, the closed loop system
becomes

ξ̇1 = −1

2
(ξ21 + 1)(ξ1 + y)

ξ̇2 = −(ξ21 + 1)y (33)

The following ISS Lyapunov function is provided in [6]

V = 1.46ξ21 − 0.35ξ1y + 1.16y2,

which is computed using SOStools [23]. Using this Lyapunov
function, this can be shown that the state of the closed loop
system ξ = (ξ1, y)T and the measurement error on the state
e = (e1, e2)T are related by the following inequality:

0.90‖e‖2 ≤ 0.74ν2‖ξ‖2

Now based on the specification that the state ξ is contained
in the invariant set {ξ ∈ Rn|V (ξ) = 27.04}, the following
formula is provided in [6] to compute the trigger time:

tk+1(ξ(tk)) =
29ξ1(tk) + ‖ξ(tk)‖2

5.36‖ξ(tk)‖ξ1(tk)2 + ‖ξ(tk)‖2 τ
∗,

where τ∗ = 7.63ms for ν = 0.33.
The operating point of the jet engine is ξ1 = 0, ξ2 = 0.

The state ξ1 is mass flow, which is a positive quantity.
The state ξ2 is pressure rise, which may be both positive
and negative. We choose the memoization region to be
〈ξ1 ∈ [0, 0.5], ξ2 ∈ [−1, 1]〉. The minimum trigger time
τmin = τ∗ = 7.63ms. We choose the maximum trigger time
τmax = 250ms, and store the trigger times in the memo-
ization table as a fixed-point number with representation
〈8, 10〉. This enables us to store the trigger time in 1
byte. We assume that we have 256KB memory available
to store the memoization table. With this amount of mem-
ory, the quantization factor can be chosen to be 0.002 in
each dimension, using (13). For this quantization factor,
we solve the optimization problemn (29) to find out the
value of τmaxe . The optimization problem is not convex
and we solve the problem numerically by dividing the region
〈ξ1 ∈ [0, 0.5], ξ2 ∈ [−1, 1]〉 into a grid with precision 0.0001
and exhaustively searching all the points on the grid. We
find that the value of τmaxe for the values of ξ1 in the range
[0, 0.25] is fairly high (greater than the minimal trigger time
7.63ms). We shift the memoization region in the ξ1 direction

to exclude the region from the memoization region. Thus
our memoization region is 〈ξ1 ∈ [0.25, 0.75], ξ2 ∈ [−1, 1]〉.
In the memoization region, τmaxe is 6.634ms.

We consider two scenarios to compare the performance of
the hybrid implementation with the time-triggered and self-
triggered implementations without memoization. In both
scenarios we consider the evolution of the system for 2000s
in the presence of external disturbances. In the first sce-
nario, the disturbance signal is a periodic pulse signal with
amplitude 8, period 400 samples, pulse width 40 samples,
zero phase delay and sample time 10ms. In the second sce-
nario, the disturbance is a normally distributed random sig-
nal with mean 1, variance 1, and sample time 1ms. We do
not show results for the scenario when no external distur-
bance is present, as the memoization-based implementation
does not provide any benefit due to not including a region
around the origin (ξ1 is in the range [0, 0.25]). Table 3 shows
the CPU time and the communication cost for the two pro-
cessors for different implementations of the controller for
runs of length 2000s. The results show that a self-triggered
implementation without memoization itself gives significant
savings on both the CPU time and number of communica-
tions. However, with memoization, we can gain even more
in CPU time with a slight increase in the number of com-
munications. The number of communications increases in
the hybrid implementation as we need to decrease the trig-
ger time to correct any error arising due to quantization of
states in the trigger time computation. On both processors,
the time to compute the trigger time is always less than the
minimum trigger time τmin. Thus the hybrid implementa-
tion never falls back to the time-triggered implementation,
and the number of communications for both the processors
are the same.

Figure 4 shows how the CPU time required for jet en-
gine compressor for different implementations using Pow-
erPC processor vary in the disturbance scenario 2 for dif-
ferent duration of runtime between 500s and 5000s. The
figure shows that the savings in CPU time grows with time
from the time-triggered implementation to self-triggered im-
plementation without memoization, and also from the self-
triggered implementation without memoization to the hy-
brid implementation. As time progresses, more and more
trigger times are memoized, and the ratio of cache hit to
cache miss also increases. Thus the CPU time requirement
keeps on decreasing with time for the hybrid implementa-
tion.
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Implementation Disturbance Scenario 1 Disturbance Scenario 2
Computation Commu- Computation Commu-

PowerPC Leon2 nication PowerPC Leon2 nication
TT 1.094s 1.732s 262122 1.094s 1.732s 262122
ST 0.338s 0.473s 18729 0.303s 0.422s 16447

Hybrid 0.190s 0.315s 19009 0.117s 0.211s 16464

Table 3: CPU time and communication cost for different implementations of the controller of the jet engine
compressor running for 2000s
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Figure 4: CPU time required for the jet engine
compressor for different implementations on the
PowerPC processor for different running times for
disturbance scenario 2
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