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Overview



Randomness Extraction

▶ Given a weak source of randomness,
can we ”convert” it to a stronger source of randomness ?

X ∈ {0, 1}∞1 1 0 0 0 0 1 1 0 0 1 · · · · · ·

T

1 0 0 1 0 1 1 0 1 0 1 · · · · · · Y = T (X) ∈ {0, 1}∞



Constructive Dimension

▶ Constructive dimension (dim) measures the rate of randomness in a sequence.

For X ∈ Σ∞, dim(X) = lim inf
n

K(X↾n)
n

▶ K(x) : Kolmogorov Complexity of x.

▶ 0 ≤ dim ≤ 1.

1 → High rate of randomness (Random strings)

0 → Low rate of randomness (Eg 0∞).
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Randomness Extraction

▶ Given a low dimension,
can we ”convert” it to a higher dimension ?
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Dimension extraction Fails for Turing Machines

▶ Constructive dimension (dim) : Measures the rate of randomness in a sequence.

▶ Compressing (Turing) to a higher dimension sequence (let alone Random)
is not always possible !

Theorem (Joseph Miller)

There exists an A ≤T ∅′ such that dim(A) = 1
2 , and for every B ≤T A,

dim(B) ≤ 1

2
.
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Finite-state analogue ?

▶ What if we consider finite-state models of computation ?

▶ Finite-state transducers : Transducers (T) which are finite-state computable.

▶ Finite-state dimension (dimFS) : Density of randomness visible to finite-state
automata.
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Randomness Extraction

Question [Jun Le Goh]

Given a sequence with low finite-state dimension,
Can we use finite-state transducers and convert it to
A sequence with higher finite-state dimension ?

X ∈ {0, 1}∞1 1 0 0 0 0 1 1 0 0 1 · · · · · ·

F.S.T

1 0 0 1 · · · · · · Y = T (X) ∈ {0, 1}∞



F.S Compression : Known Results

Theorem (Doty ’08)

For every ε > 0 and every X ∈ Σ∞ with dimFS(X) > 0, there exists Y ∈ Σ∞ s.t

Y ≤FS X, dimFS(Y ) ≥ dimFS(X)

DimFS(X)
− ε, DimFS(Y ) ≥ 1− ε.

▶ Compression to dimFS/DimFS is always possible.



Randomness extraction fails for f.s.d

Theorem

For any s ∈ (0, 1), there exists a binary sequence X ∈ {0, 1}∞ such that

dimFS(X) = s and ∀ binary FSTs T, dimFS(T (X)) ≤ s.

▶ Finite-state compression to a higher finite-state dimension sequence
(let alone Normal) is not always possible !



Finite-state notions of Randomness



Finite-State Transducers

▶ Finite-state transducer (FST) : deterministic
finite-state automaton with an output symbol
per transition.

▶ Output : Concatenation of all emitted strings,
over the run of input sequence on the FST.

q0 q1

0/ϵ

1/1

1/ϵ

0/0



Finite-State Notions of Randomness

▶ A sequence X ∈ Σ∞ is normal if

∀ℓ ∈ N,∀u ∈ Σℓ

lim
n→∞

P (u,X ↾ n) = 2−ℓ

▶ Every finite block u ∈ Σℓ occurs with the expected limiting frequency (2−ℓ).

P (u,w) :=
1

k

∣∣{0 ≤ i < k : w[iℓ : (i+ 1)ℓ] = u}
∣∣, k =

⌊ |w|
ℓ

⌋
,
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Finite-State Notions of Randomness

▶ Normal Sequences : Random to automata !.

▶ Finite-State Dimension : Quantifies rate/density of randomness
visible to finite-state automata.



Finite-State Dimension

Inofrmation Lossless (IL)-FST : FST whose input can be reconstructed from the
output and final state reached on that input.

Definition

If T is an FST and X ∈ {0, 1}∞, then the compression ratio of T on X is

ρT (X) = lim inf
n→∞

|T (X ↾ n)|
n

.

Definition

The finite-state dimension of a sequence X ∈ {0, 1}∞ is

dimFS(X) = inf{ρT (X) | T is an ILFST}.



Finite-State Dimension : Entropy

Definition

For w ∈ Σ∗ with |w| ≥ ℓ, define

Hℓ(w) = − 1

ℓ log |Σ|
∑
u∈Σℓ

P (u,w) logP (u,w).

For X ∈ Σ∞, ℓ ∈ N, define

Hℓ(X) = lim inf
k→∞

Hℓ(X ↾kℓ),

[BHV05] For X ∈ Σ∞,
dimFS(X) = inf

ℓ≥1
Hℓ(X).
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Finite-State Dimension: Examples

▶ For Normal sequences, N = {ni}, f.s.d = 1

▶ For sequences with 2x dilution, X = {ni.ni}, {ni.0}, {ni.ni+1.0.0}
f.s.d = 0.5

▶ For regular sequences, say X = 0∞, f.s.d = 0



Randomness extraction fails for f.s.d

Theorem

For any s ∈ (0, 1), there exists a binary sequence X ∈ {0, 1}∞ such that

dimFS(X) = s and ∀ binary FSTs T, dimFS(T (X)) ≤ s.

▶ Randomness extraction (Finite-state) to a higher finite-state dimension sequence
(let alone Normal) is not always possible !



Proof Outline



Goal

Given s ∈ (0, 1), find an X ∈ Σ∞, such that dimFS(X) = s and

for all F.S.T T , dimFS T (X) ≤ s.



Simpler question

▶ Diagonalise against a fixed Transducer T .

▶ Set s = 1/2.
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Given T , find an X ∈ Σ∞, such that dimFS(X) = 1/2 and

dimFS T (X) ≥ 1/2.
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Incremental Proof outline

▶ Diagnolise against a Fixed length encoder

▶ Diagnolise against a Fixed F.S.T

▶ Diagnolise against all F.S.T s



Diagnolise against a Fixed length encoder

Find an X ∈ Σ∞, such that dimFS(X) = 1/2

and dimFS T (X) ≥ 1/2.

Diagonalisation

▶ Let w be the longest among the outputs.

▶ Say u = 0010 be the corresponding input.

{0, 1}4 Σ∗

0000

0001

0010

...

1110

1111

w1

w2

w3

w15

w16

T



Diagnolise against a Fixed length encoder

Take X by diluting a normal N = r1.r2 . . . with u. |ri| = |u|.

X

T (X)

r1 0010 r2 0010 · · ·

w w · · ·

▶ Equal dilution =⇒ dimFS(X) = 1/2.

▶ w is longest among outputs =⇒ dimFS(T (X)) ≤ 1/2.



Incremental Proof outline

▶ Diagnolise against a Fixed length encoder

▶ Diagnolise against a Fixed F.S.T

▶ Diagnolise against all F.S.T s



Single transducer

▶ Diagonalise against a fixed Transducer T .

▶ Set s = 1/2.

▶ T is an arbitrary F.S.T

Given T , find an X ∈ Σ∞, such that dimFS(X) = 1/2 and

dimFS T (X) ≥ 1/2.



Diagnolise against a single F.S.T

▶ Fix a terminal strongly connected component (S.C.C), enumerate all the cycles.

u1
u2 u3

u4

w1 w2 w3 w4

· · ·

▶ Let βi = |wi|/|ui|.
▶ Let u be the cucle with maximum value of βi. Let w be the corresponding output,
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Diagnolise against a single F.S.T

Attempt : Take X by diluting a normal N = r1.r2 . . . with u.

X

T (X)

r1 u r2 u · · ·

w w · · ·



Diagnolise against a single F.S.T

Take X by diluting a normal N = r1.r2 . . . with uni . |ri| = |uni |.

X

T (X)

r1 v1 un1 r2 v2 un2 · · ·

T (r1) wn1 T (r2) wn2 · · ·

▶ Add (finite) pads vi to bring to cycle u after ri
▶ Ensure limi ni → ∞.



Diagnolise against a single F.S.T

Take X by diluting a normal N = r1.r2 . . . with uni . |ri| = |uni |.

X

T (X)

r1 v1 un1 r2 v2 un2 · · ·

T (r1) wn1 T (r2) wn2 · · ·

▶ (Roughly) Equal dilution =⇒ dimFS(X) = 1/2.



Diagnolise against a single F.S.T

X

T (X)

u1 u2 u3
u u u u

T (u1) . T (u2) . T (u3) wn1

▶ Each ri can be decomposed into cycles.

▶ |w|/|u| is largest =⇒ |T (ri)| ≤ |wni |.
▶ =⇒ dimFS(T (X)) ≤ 1/2.



Incremental Proof outline

▶ Diagnolise against a Fixed length encoder

▶ Diagnolise against a Fixed F.S.T

▶ Diagnolise against all F.S.T s



Diagonalise against all transducers

▶ Diagnolise against all Transducers T .

Find an X ∈ Σ∞, such that dimFS(X) = 1/2 and

for all F.S.T T , dimFS T (X) ≥ 1/2.
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Diagonalise against all transducers

▶ Take an enumeration of F.S.T s T1, T2, . . .

▶ Ensure each transducer occurs infinitely often in the enumeration
(Enumerate {T} × {T}).

▶ At stage i, diagonalise against transducer Ti.
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Diagonalise against all transducers

X

T (X)

. . . ri uni
i · · ·

Stage i

. . . T (ri) wni
i · · ·

▶ Stage i: Diagonalise against Ti.

▶ Ensure ni−1 = o(ni) .



Conclusion

▶ Randomness extraction is not always possible in the finite-state world.

▶ For every s ∈ (0, 1), there exists a sequence X with

dimFS(X) = s

such that no finite-state transducer can increase its finite-state dimension.



Open Problems

▶ Is Doty’s dimFS /DimFS bound the best for all sequences ?

▶ Can Turing machines always increase finite-state dimension ?

▶ Can we diagonalise against dimensions w.r.t all bases b?
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