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NUMBERS

©0,1,-26 3 1713, ...
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NUMBERS

©0,1,-26 3 1713, ...

@ There are several types of numbers that we generally encounter.
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NATURAL NUMBERS

0,1,23,4,5,6,7,8 9,10, 11, ...
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NATURAL NUMBERS

0,1,23,4,5,6,7,8 9,10, 11, ...

o Closed under addition and multiplication.
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NATURAL NUMBERS

0,1,23,4,5,6,7,8 9,10, 11, ...

o Closed under addition and multiplication.

@ Not closed under subtraction.

MANINDRA AGRAWAL (IIT KANPUR) STRANGE NUMBERS



INTEGERS

.o, =b, —4,-3,-2,-1,0,1,2 3,4,5, ...
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INTEGERS

.o, =b, —4,-3,-2,-1,0,1,2 3,4,5, ...

o Closed under subtraction also.
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INTEGERS

.o, =b, —4,-3,-2,-1,0,1,2 3,4,5, ...

o Closed under subtraction also.

@ Not closed under division.
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RATIONAL NUMBERS

All numbers of the form £ where a and b are integers and b # 0.
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RATIONAL NUMBERS

All numbers of the form £ where a and b are integers and b # 0.

@ Closed under division by non-zero numbers.
o Called a field.
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RATIONAL NUMBERS

All numbers of the form £ where a and b are integers and b # 0.

@ Closed under division by non-zero numbers.
o Called a field.

@ Does not contain m = 3.1415 - - -
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REAL NUMBERS

All numbers of the form a.did>dsdy - - - where a is an integer and dy, db,
ds, dg, ... is a possibly infinite sequence of digits.
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REAL NUMBERS

All numbers of the form a.did>dsdy - - - where a is an integer and dy, db,

ds, dg, ... is a possibly infinite sequence of digits.

e Contains numbers such as m, golden ratio.

@ Still closed under all the basic operations.
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OUTLINE

© ESSENTIAL PROPERTIES OF NUMBERS
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IDENTIFYING NUMBERS

@ Symbols used to represent numbers cannot always identify numbers:

0+2 =
1x3 = 4
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IDENTIFYING NUMBERS

@ Symbols used to represent numbers cannot always identify numbers:

0+2 =1
1x3 = 4

o Different symbols may also represent numbers:

A+A = &
*+A = %
ik = Kk
A A A

MANINDRA AGRAWAL (IIT KANPUR) STRANGE NUMBERS BII, SINGAPORE 2007 10 / 33



IDENTIFYING NUMBERS

e “Addition” and “multiplication” operations are required for

identifying numbers.
e With respect to these operations, numbers should satisfy certain

properties.
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IDENTIFYING NUMBERS

e “Addition” and “multiplication” operations are required for

identifying numbers.
e With respect to these operations, numbers should satisfy certain

properties.
e What properties should the numbers satisfy?
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IDENTIFYING NUMBERS

e “Addition” and “multiplication” operations are required for
identifying numbers.

e With respect to these operations, numbers should satisfy certain
properties.

e What properties should the numbers satisfy?

@ It should be a minimal set of properties that are essential for our
understanding of numbers.
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ADDITION

@ Numbers should be closed under addition.
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ADDITION

@ Numbers should be closed under addition.

@ There should be an identity of addition, i.e., number 0: for every
number a, a+ 0 = a.
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ADDITION

@ Numbers should be closed under addition.
@ There should be an identity of addition, i.e., number 0: for every
number a, a+ 0 = a.

@ It is useful to have negative numbers, i.e., for every number a there
should be a number b such that a+ b= 0.
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MULTIPLICATION

@ Numbers should be closed under multiplication.
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MULTIPLICATION

@ Numbers should be closed under multiplication.

@ There should be an identity of multiplication, i.e., number 1: for
every number a, ax 1 = a.
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MULTIPLICATION

@ Numbers should be closed under multiplication.
@ There should be an identity of multiplication, i.e., number 1: for
every number a, ax 1 = a.

o It is useful to have closure under division, i.e., for every number a
except 0, there should be a number b such that ax b= 1.
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MULTIPLICATION

@ Numbers should be closed under multiplication.
@ There should be an identity of multiplication, i.e., number 1: for
every number a, ax 1 = a.

o It is useful to have closure under division, i.e., for every number a
except 0, there should be a number b such that ax b= 1.

e Multiplication should distribute over addition, i.e., for every a, b and
c,ax(b+c)=axb+axc.
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ARE THERE OTHER KIND OF NUMBERS?

o If a set of “elements” admits two “operations” satisfying the above
properties, these “elements” can be called numbers.

@ And the two “operations” can be called addition and multiplication
respectively.
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ARE THERE OTHER KIND OF NUMBERS?

o If a set of “elements” admits two “operations” satisfying the above
properties, these “elements” can be called numbers.

@ And the two “operations” can be called addition and multiplication
respectively.

@ Do there exist such “elements” and “operations”?
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ARE THERE OTHER KIND OF NUMBERS?

If a set of “elements” admits two “operations” satisfying the above
properties, these “elements” can be called numbers.

And the two “operations” can be called addition and multiplication
respectively.

@ Do there exist such “elements” and “operations”?

o Even if they do, are they of any use?
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YESs!

@ There are many “strange” ways of defining numbers, addition and
multiplication.
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YES!

@ There are many “strange” ways of defining numbers, addition and
multiplication.

@ Some of these strange numbers play a fundamental role in solving
both practical and theoretical problems:
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YES!

@ There are many “strange” ways of defining numbers, addition and
multiplication.

@ Some of these strange numbers play a fundamental role in solving
both practical and theoretical problems:

> All the data stored in a CD/DVD is in the form of strange numbers.
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YES!

@ There are many “strange” ways of defining numbers, addition and
multiplication.

@ Some of these strange numbers play a fundamental role in solving
both practical and theoretical problems:
> All the data stored in a CD/DVD is in the form of strange numbers.

» A lot of properties of integers can be understood using strange
numbers!
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OUTLINE

© NUMBERS OF STRANGE KIND: FINITE FIELDS
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RESIDUES

o Fix r to be a positive integer, r > 0.

o Consider the set R, of numbers 0, 1, ..., r — 1.
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RESIDUES

o Fix r to be a positive integer, r > 0.
o Consider the set R, of numbers 0, 1, ..., r — 1.

@ Define addition operation & on these numbers as:
a®b=a+ b(modr),

where ¢ (mod r) is the residue of ¢ on division by r.
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RESIDUES

o Fix r to be a positive integer, r > 0.
o Consider the set R, of numbers 0, 1, ..., r — 1.

@ Define addition operation & on these numbers as:
a®b=a+ b(modr),

where ¢ (mod r) is the residue of ¢ on division by r.

e Similarly, define multiplication operation ® as:

a®@b=axb(modr).
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RESIDUES

Fix r to be a positive integer, r > 0.

Consider the set R, of numbers 0, 1, ..., r — 1.

Define addition operation ¢ on these numbers as:
a®b=a+ b(modr),

where ¢ (mod r) is the residue of ¢ on division by r.

Similarly, define multiplication operation ® as:

a®@b=axb(modr).

It is easily seen that these operations, on set R,, satisfy all the
required properties except closure under division.
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EXAMPLE: Ry

01®6=0,505=3,6PH3=2etc.
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EXAMPLE: Ry

01®6=0,505=3,6PH3=2etc.
02®6=550®3=14%4=2etc.
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EXAMPLE: Ry

0136=0,5065=3,6H3=2etc.
02®6=55®3=144=2 etc.
01d6=0,205=0 304=0; so “negative” numbers do exist!
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FiNIiTE FIELDS

@ Suppose r is a prime number.

@ Then, closure under division also holds!!
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FINITE FIELDS

Suppose r is a prime number.
@ Then, closure under division also holds!!
Why?

e Consider any non-zero number a from R,.
e Consider a®1,a®2,...,a®(r—1).
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FINITE FIELDS

Suppose r is a prime number.

@ Then, closure under division also holds!!
Why?

e Consider any non-zero number a from R,.
Consider a® 1, a®?2, ..., a® (r —1).

None of the a® i is zero since a® i = a* i (mod r) and r is a prime
greater than a and J.

Therefore, a @ i different for different 1.
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FINITE FIELDS

Suppose r is a prime number.
@ Then, closure under division also holds!!
Why?

e Consider any non-zero number a from R,.

e Consider a®1,a®2,...,a®(r—1).

@ None of the a ® i is zero since a® i = ax* i (mod r) and r is a prime
greater than a and J.

@ Therefore, a ® i different for different /.

@ Since there are r — 1 numbers of the form a ® i and r — 1 non-zero

numbers in R,, there must be an / such that a® i = 1.
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EXAMPLE: Ry

01®1=1,2®4=1,3®5=1,66=1.
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EXAMPLE: Ry

01®1=1,2®4=1,3®5=1,66=1.

@ So closure under division holds: for example, % = 0.
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FINITE FIELDS

@ The set R, for prime r is called a finite field.
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FiNIiTE FIELDS

@ The set R, for prime r is called a finite field.

o Finite fields are very useful.
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FINITE FIELDS

@ The set R, for prime r is called a finite field.
o Finite fields are very useful.

@ For example, in coding theory, finite fields are extensively used:
Reed-Solomon codes are based on finite fields.

@ These codes are used in storing data on a CD/DVD.
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A REED-SoLOMAN CODE

@ Suppose input number is 245.
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A REED-SoLOMAN CODE

@ Suppose input number is 245.
o Let P(x) = 2x? @ 4x @ 5 treating P as polynomial over Ry.
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A REED-SoLOMAN CODE

@ Suppose input number is 245.

Let P(x) = 2x? @ 4x @ 5 treating P as polynomial over Ry.
We have P(0) =5, P(1) =4, P(2) =0, P(3) =0, P(4) = 4,
P(5) =5, and P(6) = 3.

@ Code the number 245 as the number 5400453.
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A REED-SoLOMAN CODE

@ Even if the number 5400453 gets corrupted in two digits, we can
recover the number 245.

@ For example, 245 can be recovered from 541056 or 240013.
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A REED-SoLOMAN CODE

@ Even if the number 5400453 gets corrupted in two digits, we can
recover the number 245.

e For example, 245 can be recovered from 541056 or 240013.

@ This is due to a property of polynomials over fields:

If we start with any other number than 245 and construct
the code for that, then it will agree with the code for 245 at

a maximum of two digits.

BII, SINGAPORE 2007 23 / 33
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A REED-SoLOMAN CODE

Even if the number 5400453 gets corrupted in two digits, we can
recover the number 245.

For example, 245 can be recovered from 541056 or 240013.

This is due to a property of polynomials over fields:

If we start with any other number than 245 and construct
the code for that, then it will agree with the code for 245 at
a maximum of two digits.

@ So a corrputed codeword will match the right codeword at 5 digits
while it can match any wrong codeword at a maximum of 4 digits.

MANINDRA AGRAWAL (IIT KANPUR) STRANGE NUMBERS BII, SINGAPORE 2007 23 / 33



FINITE RINGS

@ The set R, for composite r is called a finite ring.
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FINITE RINGS

@ The set R, for composite r is called a finite ring.

@ These “numbers” are also very useful.
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FINITE RINGS

@ The set R, for composite r is called a finite ring.

@ These “numbers” are also very useful.

For example, a fundamental problem in number theory is to find out if
a given integer n is prime.

To decide this, we study the properties of the finite ring R,,.
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OUTLINE

@ NUMBERS OF STRANGER KIND: EXTENSION RINGS
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PorLyNoMIALS OVER RINGS

@ A polynomial in x over R, is an expression of the form
adxd @ ad_lxdfl D---Dax P ag

where a; € R,,.

@ x is a variable.

@ d is the degree of the polynomial.
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PorLyNoMIALS OVER RINGS

A polynomial in x over R, is an expression of the form
adxd @ ad_lxd*1 D---Dax P ag

where a; € R,,.
@ x is a variable.
@ d is the degree of the polynomial.
o We will use the notation

to shorthand the polynomial.
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FINITE EXTENSION RINGS

o Fix a degree d polynomial:

P=x®ag1x 1@ ®ax® ao.

o Let R, p be the set of all polynomials in x over R, of degree less than
d.
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FINITE EXTENSION RINGS

o Fix a degree d polynomial:

P=x®ag1x 1@ ®ax® ao.

o Let R, p be the set of all polynomials in x over R, of degree less than
d.

o Define addition of elements of R, p as:

d—1 ) d-1 ) d—1 )
Z bix' ®© Z cix' = Z(b; D C,')X'
=0 i=0 i=0
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FINITE EXTENSION RINGS

o Fix a degree d polynomial:

P=x®ag1x 1@ ®ax® ao.

o Let R, p be the set of all polynomials in x over R, of degree less than

d.
o Define addition of elements of R, p as:
-1 d-1  d-1
Z bix' ® Z cix' = Z(b; D C,')X'
i=0 i=0 i=0

o Define multiplication of elements of R, p as:

d— d—1d-1
Z Zc,x —ZZb@)c i+
i=0 i=0 j=0
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EXAMPLE: R7,s_4

@ The members of R; ,s_; are all degree zero, one, or two polynomials,
a total of 73 = 343 polynomials.
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EXAMPLE: R7,s_4

@ The members of R; ,s_; are all degree zero, one, or two polynomials,
a total of 73 = 343 polynomials.

o 22®x)D(5x>D3x®1) =02 @ 4x P 1.
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EXAMPLE: R7,s_4

@ The members of R; ,s_; are all degree zero, one, or two polynomials,
a total of 73 = 343 polynomials.

o 22®x)D(5x>D3x®1) =02 @ 4x P 1.

o 22 x)®(Bx*®3xd1) =3x"26x3 0 2x2 D53 B3> P x =
3x* @ 4x3 & 5x% B x.
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EXAMPLE: R7,s_4

@ The members of R; ,s_; are all degree zero, one, or two polynomials,
a total of 73 = 343 polynomials.

o 22®x)D(5x>D3x®1) =02 @ 4x P 1.
o 22 x)®(Bx*®3xd1) =3x"26x3 0 2x2 D53 B3> P x =
3x* @ 4x3 & 5x% B x.

@ The result is not an element of R; ,s_; since its degree is more than 2.
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FINITE EXTENSION RINGS

e To define multiplication correctly, we reduce the result by the
polynomial P and take the remainder.

MANINDRA AGRAWAL (IIT KANPUR) STRANGE NUMBERS BII, SINGAPORE 2007 29 / 33



FINITE EXTENSION RINGS

e To define multiplication correctly, we reduce the result by the
polynomial P and take the remainder.

e For example, in R7 ,3_; instead of

2x°ex)2Bx*®3x®1) =3x*" D a3 o5x> @ x.

we define

22 x)@(Bx°®3xD1) =3x D 4D 52O x =5x° D 4x D 4.
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FINITE EXTENSION RINGS

e To define multiplication correctly, we reduce the result by the
polynomial P and take the remainder.

e For example, in R7 ,3_; instead of
2x°ex)2Bx*®3x®1) =3x*" D a3 o5x> @ x.
we define

22 x)@(Bx°®3xD1) =3x D 4D 52O x =5x° D 4x D 4.

e Now we can treat polynomials in R, p as “numbers” with their
addition and multiplication operations satisfying usual properties.
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FINITE EXTENSION RINGS

e To define multiplication correctly, we reduce the result by the
polynomial P and take the remainder.

e For example, in R7 ,3_; instead of
2x°ex)2Bx*®3x®1) =3x*" D a3 o5x> @ x.
we define

22 x)@(Bx°®3xD1) =3x D 4D 52O x =5x° D 4x D 4.

e Now we can treat polynomials in R, p as “numbers” with their
addition and multiplication operations satisfying usual properties.

e R, p is called a finite extension ring.
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PrRiMALITY TEST USING FINITE EXTENSION RINGS

o Given a number n, we wish to know if it is a prime number.

@ The number n may be a very large number, say 200 digits long!
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PrRiMALITY TEST USING FINITE EXTENSION RINGS

o Given a number n, we wish to know if it is a prime number.
@ The number n may be a very large number, say 200 digits long!

@ Such large prime numbers are used extensively in cryptography.
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PrRiMALITY TEST USING FINITE EXTENSION RINGS

o Given a number n, we wish to know if it is a prime number.
@ The number n may be a very large number, say 200 digits long!
@ Such large prime numbers are used extensively in cryptography.

@ The trial division method will take a very long time on such numbers:
about 10%%° operations.

@ Even on the fastest computers available, this will take more than the
life of the universel
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PrRiMALITY TEST USING FINITE EXTENSION RINGS

e To quickly decide if a given number n is prime, we study the finite
extension ring Ry xr—1.
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PrRiMALITY TEST USING FINITE EXTENSION RINGS

e To quickly decide if a given number n is prime, we study the finite
extension ring Ry xr—1.

@ It was shown by Pierre de Fermat in 17th century that if n is prime
then

x®a)R(xDa)®- R (xPa)=xxQ---Qxda

n times n times

for every ain R,.
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PrRiMALITY TEST USING FINITE EXTENSION RINGS

e To quickly decide if a given number n is prime, we study the finite
extension ring Ry xr—1.

@ It was shown by Pierre de Fermat in 17th century that if n is prime
then

x®a)R(xDa)®- R (xPa)=xxQ---Qxda

n times n times

for every ain R,.
e This, however, cannot be used for quickly testing if n is prime since:
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PrRiMALITY TEST USING FINITE EXTENSION RINGS

e To quickly decide if a given number n is prime, we study the finite
extension ring Ry xr—1.

@ It was shown by Pierre de Fermat in 17th century that if n is prime
then

x®a)R(xDa)®- R (xPa)=xxQ---Qxda

n times n times

for every ain R,.
e This, however, cannot be used for quickly testing if n is prime since:
» The property may be satisfied even if n is composite,
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PrRiMALITY TEST USING FINITE EXTENSION RINGS

e To quickly decide if a given number n is prime, we study the finite
extension ring Ry xr—1.

@ It was shown by Pierre de Fermat in 17th century that if n is prime
then

x®a)R(xDa)®- R (xPa)=xxQ---Qxda

n times n times

for every ain R,.
e This, however, cannot be used for quickly testing if n is prime since:

» The property may be satisfied even if n is composite,
» Checking if the property is satisfied is very time consuming as it
requires checking for n different a's and n is large.
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PrRIMALITY TEST UNSING FINITE EXTENSION RINGS

o A few years ago, we showed that if we choose r carefully for R, xr_1
and if

(xPa)d(xPa)® - @ (xPa)=xOXxR - QxDa
n;rrnes nt?l;es

for only a few a's in R, then n must be prime!
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PrRIMALITY TEST UNSING FINITE EXTENSION RINGS

o A few years ago, we showed that if we choose r carefully for R, «r_1
and if

(xPa)d(xPa)® - @ (xPa)=xOXxR - QxDa
n;rrnes n times

for only a few a's in R, then n must be prime!
@ This was the first fast method that guaranteed correctness.

o Earlier, there were fast methods that may go wrong occasionally.
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REMARKS

@ There are several other places where these strange numbers are useful.

(IIT KANPUR) STRANGE NUMBERS



REMARKS

@ There are several other places where these strange numbers are useful.

@ A general principle is:

To understand the solutions of an equation defined over
integers, study the solutions of the equation in R, for primes

p.
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REMARKS

@ There are several other places where these strange numbers are useful.
@ A general principle is:
To understand the solutions of an equation defined over
integers, study the solutions of the equation in R, for primes
p.

@ Many problems have been
solved using this principle including the famous Fermat’s Last Theorem:

There is no integer solution of the equation x" + y" = z"
for n > 3.
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