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OUTLINE

@ DETERMINANT AND PERMANENT

MANINDRA AGRAWAL (IIT KANPUR) DETERMINANT VERSUS PERMANENT



DETERMINANT

Determinant of an n x n matrix X = [x; | is defined as:

det X = Z sgn(o H Xi o

UGSn

Here S, is the group of all permutations on [1, n] and sgn(co) is the sign of
the permulation o, sgn(o) € {1, —1}.
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PROPERTIES OF DETERMINANT

LINEARITY. det[ci +¢] ¢ -+ ¢p] = det[c1 ¢ -+ cp] +det[c] 2 -+ ¢
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PROPERTIES OF DETERMINANT

LINEARITY. det[ci +¢] ¢ -+ ¢p] = det[c1 ¢ -+ cp] +det[c] 2 -+ ¢
MULTIPLICATIVITY. det AB = det A - det B.
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PROPERTIES OF DETERMINANT

LINEARITY. det[ci +¢] ¢ -+ ¢p] = det[c1 ¢ -+ ¢p] +det[c] & -
MULTIPLICATIVITY. det AB = det A - det B.

GEOMETRIC INTERPRETATION. |det[c; ¢ -+ ¢,] | is the volume of the
parallelopied defined by vectors ¢1, ¢, ..., cp.

- Cpl-
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PROPERTIES OF DETERMINANT

LINEARITY. det[ci +¢] ¢ -+ ¢p] = det[c1 ¢ -+ cp] +det[c] 2 -+ ¢

MULTIPLICATIVITY. det AB = det A - det B.

GEOMETRIC INTERPRETATION. |det[c; ¢ -+ ¢,] | is the volume of the
parallelopied defined by vectors ¢1, ¢, ..., cp.

ALGEBRAIC INTERPRETATION. det A = []7_; A\; where Ay,
eigenvalues of A.

.., A\, are
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PROPERTIES OF DETERMINANT

LINEARITY. det[ci +¢] ¢ -+ ¢p] = det[c1 ¢ -+ cp] +det[c] 2 -+ ¢

MULTIPLICATIVITY. det AB = det A - det B.

GEOMETRIC INTERPRETATION. |det[c; ¢ -+ ¢,] | is the volume of the
parallelopied defined by vectors ¢y, o, ..., cs.

ALGEBRAIC INTERPRETATION. det A = H7:1 A where A1, ..., \, are
eigenvalues of A.

RELATION TO MULTIPLICATION. For any A, there exists an efficiently
computable B and number m such that det A = [B™]; 1.
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PERMANENT

Permanent of an n x n matrix X = [x; ] is defined as:

per X = Z HX"J(")'

oceS, i=1
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PERMANENT

Permanent of an n x n matrix X = [x; ] is defined as:

per X = Z HX"J(")'

O'ESn i=1

Same as determinant except the signs.
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PROPERTIES OF PERMANENT

LINEARITY. per[c1+¢f o -+ ¢ =
per [c1 & -+ cn] +per e 2 -+ Gl
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PROPERTIES OF PERMANENT

LINEARITY. per[c1+¢f o -+ ¢ =
per [c1 & -+ cn] +per e 2 -+ Gl

COMBINATORIAL INTERPRETATION. Permanent of matrix A with
non-negative numbers is the sum of weights of all perfect
matchings of the bipartite graph represented by A.
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PROPERTIES OF PERMANENT

@ Despite closeness in definition, permanent function satisfies much
fewer properties than determinant function.
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PROPERTIES OF PERMANENT

@ Despite closeness in definition, permanent function satisfies much
fewer properties than determinant function.

@ In particular, there are efficient algorithms to compute determinant,
however, there does not appear any way of computing permanent
efficiently.
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COMPUTATIONAL CHARACTERIZATIONS

Valiant (1979) showed that

@ The complexity of computing permanent polynomial charecterizes
arithmetic version of NP.
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COMPUTATIONAL CHARACTERIZATIONS

Valiant (1979) showed that

@ The complexity of computing permanent polynomial charecterizes
arithmetic version of NP.

e The complexity of computing determinant polynomial (nearly)
charecterizes arithmetic version of P.
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COMPUTING DETERMINANT AND PERMANENT

INTUITION. Permanent is much harder to compute than determinant.
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COMPUTING DETERMINANT AND PERMANENT

INTUITION. Permanent is much harder to compute than determinant.

This can be formalized in two ways:

@ Permanent of X has a large determinant complexity.
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COMPUTING DETERMINANT AND PERMANENT

INTUITION. Permanent is much harder to compute than determinant.

This can be formalized in two ways:

@ Permanent of X has a large determinant complexity.

e Permanent of X has large circuit complexity.
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OUTLINE

© CoMPLEXITY NOTIONS
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DETERMINANT COMPLEXITY

For matrix X = [x;;], permanent of X has determinant complexity m over
field F if there exists an m x m matrix Y such that

@ per X =detY.

e Each entry of Y is an F-affine combination of x;'s.
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ARITHMETIC CIRCUITS

Arithmetic circuits over field F represent a sequence of arithmetic
operations over F on variables.
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ARITHMETIC CIRCUITS

Arithmetic circuits over field F represent a sequence of arithmetic
operations over F on variables.

@ The variables are called input to the circuit.

@ The result of the operations is called the output of the circuit.
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ARITHMETIC CIRCUITS

‘ Output = (ux + vy)? + (vx —uy)? — (U2 + v2) * (x2 + y2) = 0 ‘
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CircuUIlT COMPLEXITY

Crucial parameters associated with arithmetic circuits are:

@ Size: equals the number of operations in the circuit.

AWAL (IIT KANPUR) DETERMINANT VERSUS PERMANENT ICM 2006 15 / 44



CircuUIlT COMPLEXITY

Crucial parameters associated with arithmetic circuits are:

@ Size: equals the number of operations in the circuit.

e Depth: equals the length of the longest path from a variable to
output of the circuit.
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CircuUIlT COMPLEXITY

Crucial parameters associated with arithmetic circuits are:

@ Size: equals the number of operations in the circuit.

e Depth: equals the length of the longest path from a variable to
output of the circuit.

o Degree: equals the formal degree of the polynomial output by the
circuit.
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CircuUIlT COMPLEXITY

Crucial parameters associated with arithmetic circuits are:

@ Size: equals the number of operations in the circuit.

@ Depth: equals the length of the longest path from a variable to
output of the circuit.

o Degree: equals the formal degree of the polynomial output by the
circuit.

Circuit complexity of a polynomial is the size of the smallest arithmetic
circuit that outputs the polynomial.
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CircuUIlT COMPLEXITY

’ Output = (ux + vy)2 + (vx —uy)2 — (U2 + v2) * (x2+y2) =0 ‘

‘ Depth =4 | ‘ Degree = 4 ‘
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ARITH-P AND ARITH-NP

Polynomial family {p,} € arith-P if p, has circuit complexity n®(),
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ARITH-P AND ARITH-NP

Polynomial family {p,} € arith-P if p, has circuit complexity n®(),

Polynomial family {qg,} € arith-NP if there exists a family {p,} € arith-P
such that

1 1

qn(Xl,.--,Xn) = Z Z P2n(X17---,Xn,)/17~-ayn)'

y1=0 vn=0
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DETERMINANT COMPLEXITY VERSUS CIRCUIT
COMPLEXITY

@ Determinant polynomial family over F is in arith-P.
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DETERMINANT COMPLEXITY VERSUS CIRCUIT
COMPLEXITY

@ Determinant polynomial family over F is in arith-P.

o A polynomial family in arith-P has determinant complexity n©(log).
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DETERMINANT COMPLEXITY VERSUS CIRCUIT
COMPLEXITY

@ Determinant polynomial family over F is in arith-P.

o A polynomial family in arith-P has determinant complexity n©(log).

HypPOTHESIS. Permanent of n x n matrix X over F has superpolynomial
circuit complexity for char F # 2.
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OUTLINE

@ KnowN LOWER BOUNDS ON COMPLEXITY OF PERMANENT
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LOWER BOUNDS FOR DETERMINANT COMPLEXITY

e Mignon and Ressayre (2004) showed that determinant complexity of
per X (size X = n) is Q(n?) over Q.
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LOWER BoUNDS FOR CIRcUIT COMPLEXITY

@ Lower bounds are known for permanent only for very restricted type
of circuits.
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LOWER BoUNDS FOR CIRcUIT COMPLEXITY

@ Lower bounds are known for permanent only for very restricted type
of circuits.
e Jerrum and Snir (1982) showed that any monotone circuit computing
per X is of exponential size.
» Monotone circuits are circuits with no negative constant.
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LOWER BoUNDS FOR CIRcUIT COMPLEXITY

@ Lower bounds are known for permanent only for very restricted type
of circuits.
e Jerrum and Snir (1982) showed that any monotone circuit computing
per X is of exponential size.
» Monotone circuits are circuits with no negative constant.
@ Shpilka and Wigderson (1999) showed that any depth three circuit
computing per X (or even det X) over Q is of size Q(n?).
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LOWER BoUNDS FOR CIRcUIT COMPLEXITY

e Grigoriev and Razborov (2000) showed that any depth three circuit
computing per X or det X over a finite field is of exponential size.
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LOWER BoUNDS FOR CIRcUIT COMPLEXITY

e Grigoriev and Razborov (2000) showed that any depth three circuit
computing per X or det X over a finite field is of exponential size.

e Raz (2004) showed that any multilinear formula computing per X or

det X is of size n®(logn),

» Formulas are circuits with outdegree one.
» Multilinear formulas are formulas in which every gate computes a
multilinear polynomial.
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OUTLINE

@ PrROVING STRONG LOWER BOUNDS ON DETERMINANT
COMPLEXITY

MANINDRA AGRAWAL (IIT KANPUR) DETERMINANT VERSUS PERMANENT



GEOMETRIC INVARIANT THEORY APPROACH

e Mulmulay and Sohoni (2002) have formulated the problem as an
algebraic geometry problem.
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GEOMETRIC INVARIANT THEORY APPROACH

e Mulmulay and Sohoni (2002) have formulated the problem as an
algebraic geometry problem.

o Let X; =[x j]i<ij<¢ be £ x £ matrix of variables.

o Let per, = per X; and det, = det X; denote the permanent and
determinant polynomials respectively in 2 variables.
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GEOMETRIC INVARIANT THEORY APPROACH

Mulmulay and Sohoni (2002) have formulated the problem as an
algebraic geometry problem.

Let X; = [xijli<ij<¢ be £ x ¢ matrix of variables.

Let per, = per X; and det, = det X; denote the permanent and
determinant polynomials respectively in 2 variables.

Suppose over Q, determinant complexity of per , is m.

o Let per, =detY for m x m matrix Y whose entries are affine
combinations of variables of X,.
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GEOMETRIC INVARIANT THEORY APPROACH

e Mulmulay and Sohoni (2002) have formulated the problem as an
algebraic geometry problem.

o Let X; =[x j]i<ij<¢ be £ x £ matrix of variables.

o Let per, = per X; and det, = det X; denote the permanent and
determinant polynomials respectively in 2 variables.

@ Suppose over Q, determinant complexity of per , is m.

o Let per, =detY for m x m matrix Y whose entries are affine
combinations of variables of X,.

o Define per, = x;7.7 - per .
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GEOMETRIC INVARIANT THEORY APPROACH

@ This can be expressed as:

per, =det - A

where A is a (non-invertible) matrix over Q.
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GEOMETRIC INVARIANT THEORY APPROACH

@ This can be expressed as:
per, =det - A

where A is a (non-invertible) matrix over Q.

o Let V = CM where M = (m2+n'7”71) and P(V) be the corresponding
projective space.

e Polynomials det ,, and per,, can be viewed as points in P(V).
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GEOMETRIC INVARIANT THEORY APPROACH

@ This can be expressed as:
per, =det - A

where A is a (non-invertible) matrix over Q.

o Let V = CM where M = (m2+n'7”71) and P(V) be the corresponding
projective space.

e Polynomials det ,, and per,, can be viewed as points in P(V).
e Let O be the orbit of det ,, under the action of SL,,.(C):

O = {detm-B| B € SL,2(C)}.
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GEOMETRIC INVARIANT THEORY APPROACH

@ This can be expressed as:
per, =det - A

where A is a (non-invertible) matrix over Q.

Let V = CM where M = (m2+n'7”71) and P(V) be the corresponding
projective space.

Polynomials det ,, and per,, can be viewed as points in P(V).
Let O be the orbit of det ,, under the action of SL,2(C):

O = {detm-B| B € SL,2(C)}.

It follows that per,, lies in the closure of O.
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GEOMETRIC INVARIANT THEORY APPROACH

@ Polynomial per, has far fewer automorphisms than det ,:
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GEOMETRIC INVARIANT THEORY APPROACH

@ Polynomial per, has far fewer automorphisms than det ,:
» det ,, is invariant under the map Y — CYD~! where
det C =detD # 0.
» per , is invariant under the map X — CYD~! where both C and D are
either diagonal or permutation matrices.
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GEOMETRIC INVARIANT THEORY APPROACH

@ Polynomial per, has far fewer automorphisms than det ,:
» det ,, is invariant under the map Y — CYD~! where
det C =detD # 0.
» per , is invariant under the map X — CYD~! where both C and D are
either diagonal or permutation matrices.

@ For any point in O, its set of automorphisms is a conjugate of the set
of automorphisms of det ,.
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GEOMETRIC INVARIANT THEORY APPROACH

Polynomial per, has several additional automorphisms due to additional
m — n variables.
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GEOMETRIC INVARIANT THEORY APPROACH

Polynomial per, has several additional automorphisms due to additional
m — n variables.

HypoTHESIS. For small m, a point that has the set of automorphisms of
per,, cannot occur in the closure of O.

MANINDRA AGRAWAL (IIT KANPUR) DETERMINANT VERSUS PERMANENT ICM 2006 27 / 44



OUTLINE

@ PrROVING STRONG LOWER BOUNDS ON CIRCUIT
COMPLEXITY
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DERANDOMIZATION AND LOWER BOUNDS

e Kabanets and Impagliazzo (2003) showed a connection between
derandomization of ldentity Testing problem and lower bounds on
arithmetic circuits:

> If Identity Testing problem can be solved deterministically in

polynomial time then NEXP has superpolynomial circuit complexity.
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DERANDOMIZATION AND LOWER BOUNDS

e Kabanets and Impagliazzo (2003) showed a connection between
derandomization of ldentity Testing problem and lower bounds on
arithmetic circuits:

> If Identity Testing problem can be solved deterministically in
polynomial time then NEXP has superpolynomial circuit complexity.

@ This connection can be made stronger via black-box derandomization,
or equivalently, pseudo-random generators.
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IDENTITY TESTING

DEFINITION

Given a polynomial computed by an arithmetic circuit over field F, test if
the polynomial is identically zero.
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PSEUDO-RANDOM GENERATORS AGAINST
ARITHMETIC CIRCUITS

o Let AF be a class of arithmetic circuits over field F with A7 denoting
the subclass of Ag of circuits of size s.
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PSEUDO-RANDOM GENERATORS AGAINST
ARITHMETIC CIRCUITS

o Let AF be a class of arithmetic circuits over field F with A7 denoting
the subclass of Af of circuits of size s.

o Let f : N+ (F[y])* be a function such that
f(s) = (ps1(y),-- -, Pss(¥); gs(y)) for all s.

MANINDRA AGRAWAL (IIT KANPUR) DETERMINANT VERSUS PERMANENT ICM 2006 31 /44



PSEUDO-RANDOM GENERATORS AGAINST
ARITHMETIC CIRCUITS

o Let AF be a class of arithmetic circuits over field F with A7 denoting
the subclass of Af of circuits of size s.

o Let f : N+ (F[y])* be a function such that
f(s) = (ps1(y),-- -, Pss(¥); gs(y)) for all s.

DEFINITION
Function f is a pseudo-random generator against Af if
o Each ps(y) and gs(y) is of degree sO(1).

e For any circuit C € A} with n <'s inputs:

C(x1,...,%n) = 0iff C(ps1(y),---,pPs,n(y)) =0 (mod gs(y)).

v
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EXISTANCE OF PSEUDO-RANDOM (GENERATORS

@ Schwartz-Zippel provide an efficient randomized algorithm to test if a
given circuit computes zero polynomial.
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EXISTANCE OF PSEUDO-RANDOM (GENERATORS

@ Schwartz-Zippel provide an efficient randomized algorithm to test if a
given circuit computes zero polynomial.

@ The same argument shows that a random choice of f is a
pseudo-random generator against the entire class of arithmetic
circuits with good probability.
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EFFICIENTLY COMPUTABLE PSEUDO-RANDOM
GENERATORS

@ A pseudo-random generator that can be quickly computed is very
useful.
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EFFICIENTLY COMPUTABLE PSEUDO-RANDOM
GENERATORS

@ A pseudo-random generator that can be quickly computed is very
useful.

DEFINITION

Function f is an efficiently computable pseudo-random generator against

Afr if
@ It is a pseudo-random generator against Af.
e f(s) can be computed in time s9(1).
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EFFICIENTLY COMPUTABLE PSEUDO-RANDOM
GENERATORS

o If there exist efficiently computable pseudo-random generators against
the entire class of arithmetic circuits then:
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EFFICIENTLY COMPUTABLE PSEUDO-RANDOM
GENERATORS

o If there exist efficiently computable pseudo-random generators against
the entire class of arithmetic circuits then:

» The identity testing problem can be solved in determinstic
polynomial-time.
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EFFICIENTLY COMPUTABLE PSEUDO-RANDOM
GENERATORS

o If there exist efficiently computable pseudo-random generators against
the entire class of arithmetic circuits then:
» The identity testing problem can be solved in determinstic
polynomial-time.
» There exists a multilinear polynomial in EXP that cannot be computed
by subexponential sized arithmetic circuits.
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A PoryNOMIAL WiTH HicH CircuiT COMPLEXITY

@ Let f be an efficiently computable pseudo-random generator against

AF.
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A PoryNOMIAL WiTH HicH CircuiT COMPLEXITY

@ Let f be an efficiently computable pseudo-random generator against
Af.

o Let the degree of all polynomials in ps1(y), ..., pss(y) be bounded
by d = s°M) and m = logd = O(log s).
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A PoryNOMIAL WiTH HicH CircuiT COMPLEXITY

@ Let f be an efficiently computable pseudo-random generator against
AF.

o Let the degree of all polynomials in ps1(y), ..., pss(y) be bounded
by d = s°M) and m = logd = O(log s).

o Define polynomial ry, as:

m(x1, %2, em) = > cs[[x

SCli2m] €S

MANINDRA AGRAWAL (IIT KANPUR) DETERMINANT VERSUS PERMANENT ICM 2006 35 / 44



A PoryNOMIAL WiTH HicH CircuiT COMPLEXITY

@ Let f be an efficiently computable pseudo-random generator against
AF.

o Let the degree of all polynomials in ps1(y), ..., pss(y) be bounded
by d = s°M) and m = logd = O(log s).

o Define polynomial ry, as:

rgm(Xl,Xg,...,sz) = Z C5HX,'.

SCli2m] €S

o Coefficients cs € F satisfy:

Z CSHPs,i()/) =0.

SC[1,2m] €S
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A PoryNoMmiAL WiTH HicH CirRcuiT COMPLEXITY

It can be shown that:

@ A non-zero rp, always exists.
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A PoryNOMIAL WiTH HicH CircuiT COMPLEXITY

It can be shown that:

@ A non-zero rp, always exists.

@ Polynomial rp,, can be computed by exponential size arithmetic
circuits.
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A PoryNOMIAL WiTH HicH CircuiT COMPLEXITY

It can be shown that:

@ A non-zero rp, always exists.

@ Polynomial rp,, can be computed by exponential size arithmetic
circuits.

o Circuit complexity of ra, is more than s = 20(m).
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OUTLINE

@ PROVING HARDNESS OF PERMANENT POLYNOMIAL
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A SIMPLER TASK

Construct an efficiently computable pseudo-random generator against the
class of size s, depth w(1) arithmetic circuits of degree s.
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THIS YIELDS SUPERPOLYNOMIAL LOWER BOUNDS

There exists an efficiently computable pseudo-random generator against
the class of size s, depth w(1) arithmetic circuits of degree s
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THIS YIELDS SUPERPOLYNOMIAL LOWER BOUNDS

There exists an efficiently computable pseudo-random generator against
the class of size s, depth w(1) arithmetic circuits of degree s

4

There is a multilinear polynomial ram of circuit complexity 2°(™) that
cannot be computed by size 2°(™) depth w(1) circuits
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THIS YIELDS SUPERPOLYNOMIAL LOWER BOUNDS

There exists an efficiently computable pseudo-random generator against
the class of size s, depth w(1) arithmetic circuits of degree s

4

There is a multilinear polynomial o, of circuit complexity 2°(™) that
cannot be computed by size 2°(™) depth w(1) circuits

I

Polynomial rap, cannot be computed by any size m@(1) arithmetic circuit
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CONNECTING TO PERMANENT

e Can each ry, be computed as permanent of a small matrix?
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CONNECTING TO PERMANENT

e Can each ry, be computed as permanent of a small matrix?

Pm(xt, %2, em) = > s [ %

SC[1,2m]  i€S

o Recall:
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CONNECTING TO PERMANENT

e Can each ry, be computed as permanent of a small matrix?

@ Recall:
rom(X1, X2, ..., Xom) = Z C5HX,'.
SC[12m] i€S
o Define
2m
Pam(XL, s Xoms Y1y Yom) = €(y1, - Yam) | [(vixi — yi + 1),
i=1

where ¢(b1,...,bym) = cs, S ={i| bj = 1}.
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CONNECTING TO PERMANENT

e Can each ry, be computed as permanent of a small matrix?

@ Recall:
rom(X1, X2, . ..y Xom) = Z cSHx,-,
SC[12m] i€S
@ Define
2m
Pam(X1, - X2ms Y1s - Yam) = €1, - yam) [ [ixi = yi + 1),
i=1
where ¢(b1,...,bym) = cs, S ={i| bj = 1}.
@ Then:
1 1
rm(X1, X2, ..., Xom) = Z Z Pam(X1y -« s Xoms Y1, -+ s Yom)-
n=0  yom=
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CONNECTING TO PERMANENT

e By Valiant (1979), if 74, has circuit complexity m©() then ra, can

be computed as permanent of a matrix of size m9().
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CONNECTING TO PERMANENT

e By Valiant (1979), if 74, has circuit complexity m©() then ra, can

be computed as permanent of a matrix of size m9().

@ So a pseudo-random generator such that 74, has circuit complexity
m°®) implies that Permanent has circuit complexity m®).
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CURRENT STATUS: SMALL DEPTH CIRCUITS

e We know efficiently computable pseudo-random generators against
size s, depth two arithmetic circuits.
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CURRENT STATUS: SMALL DEPTH CIRCUITS

e We know efficiently computable pseudo-random generators against
size s, depth two arithmetic circuits.

e Still some way to go!
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CURRENT STATUS: LARGE DEPTH BUT RESTRICTED
CLAss or CIRCUITS

o A-Kayal-Saxena (2002) constructed an efficiently computable
pseudo-random generator against a very special class of circuits.

e This contained circuits computing the polynomial (1 + x)” — x™ — 1
over ring Zp,.

@ The pseudo-random generator is:

16s° 4s*

f(S) - (y707 c '707 qs()/)), qS(Y) - y1655 H H((y - a)t - 1)

t=1 a=1
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CURRENT STATUS: LARGE DEPTH BUT RESTRICTED
CLAss or CIRCUITS

A-Kayal-Saxena (2002) constructed an efficiently computable
pseudo-random generator against a very special class of circuits.

e This contained circuits computing the polynomial (1 + x)” — x™ — 1
over ring Zp,.

@ The pseudo-random generator is:
. 16s° 4s*
f(S) - (%0; e 707 qs(y))7 qS(.y) - ylﬁs H H((y - a)t - 1)
t=1 a=1

This derandomized a primality testing algorithm.
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A CONJECTURE

Define

s—1

2
f(s, k) = (v, , ¥y, ey = 1),

where r > s% is a prime and 1 < k < r.
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A CONJECTURE

Define )

2
f(s, k) = (v, , ¥y, ey = 1),

where r > s% is a prime and 1 < k < r.

CONJECTURE

Function f is a pseudo-random generator against arithmetic circuits of size
s, depth w(1), and degree s.
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