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APPROACHES TO LOWER BOUNDS

@ Proving lower bounds on the complexity of problems is the central
aim of complexity theory.
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APPROACHES TO LOWER BOUNDS

@ Proving lower bounds on the complexity of problems is the central
aim of complexity theory.

@ Most important amongst these is to prove P % NP.

@ So far, we have not been very successful.

@ Two approaches have been used over last thirty years but both have
hit roadblocks.
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FIRST APPROACH: DIAGONALIZATION

Basic IDEA
To prove that the set A does not belong to complexity class C.
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FIRST APPROACH: DIAGONALIZATION

Basic IDEA
To prove that the set A does not belong to complexity class C.
o Consider the (infinite) sequence of Turing machines accepting
precisely the class of sets in C.

o Let this sequence be My, M5, .. ..
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FIRST APPROACH: DIAGONALIZATION

Basic IDEA
To prove that the set A does not belong to complexity class C.
o Consider the (infinite) sequence of Turing machines accepting
precisely the class of sets in C.
o Let this sequence be My, M5, .. ..

@ Show that for every i, there is a string x; that belongs to set A iff M;
rejects x;.
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FIRST APPROACH: DIAGONALIZATION

o Earliest approach, popular in 1970s.

@ Useful for seperating complexity classes that are very “far apart,”
e.g., P and EXP.

MANINDRA AGRAWAL (IIT KANPUR) PROVING LOWER BOUNDS FSTTCS 2005 6 /73



FIRST APPROACH: DIAGONALIZATION

o Earliest approach, popular in 1970s.

@ Useful for seperating complexity classes that are very “far apart,”
e.g., P and EXP.

@ Did not work for closer classes, e.g., P and NP.

MANINDRA AGRAWAL (IIT KANPUR) PrOVING LOWER BOUNDS FSTTCS 2005 6 /73



FIRST APPROACH: DIAGONALIZATION

Earliest approach, popular in 1970s.

Useful for seperating complexity classes that are very “far apart,”
e.g., P and EXP.
Did not work for closer classes, e.g., P and NP.

Baker-Gill-Solovay (1975) showed that standard approaches to
diagonalization cannot seperate P and NP.
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FIRST APPROACH: DIAGONALIZATION

@ Earliest approach, popular in 1970s.

@ Useful for seperating complexity classes that are very “far apart,”
e.g., P and EXP.

@ Did not work for closer classes, e.g., P and NP.

o Baker-Gill-Solovay (1975) showed that standard approaches to
diagonalization cannot seperate P and NP.

@ They proved that standard techniques diagonalize and no
diagonalizable technique can prove P #£ NP or P = NP.
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EXAMPLE: SEPERATING P FroMm EXP

@ Let My, M», ... be an enumeration of deterministic TMs with M,
running for at most nll steps on an input of size n.

@ Define a set A as:

A= {i| M; rejects i}.
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EXAMPLE: SEPERATING P FroMm EXP

@ Let My, M», ... be an enumeration of deterministic TMs with M,
running for at most nll steps on an input of size n.

@ Define a set A as:
A= {i| M; rejects i}.

@ Set Aisin EXP.
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EXAMPLE: SEPERATING P FroMm EXP

@ Let My, M», ... be an enumeration of deterministic TMs with M,
running for at most nll steps on an input of size n.

@ Define a set A as:
A= {i| M; rejects i}.

Set A is in EXP.

If TM M; from the above sequence accepts A then M, accepts j iff
M; rejects j.
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SECOND APPROACH: COMBINATORIAL ARGUMENTS
ON CIRCUITS

@ Most of the complexity classes have a circuit characterization.
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@ Most of the complexity classes have a circuit characterization.

@ A family of circuits, one for each input length, corresponds to a set in
the class.
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SECOND APPROACH: COMBINATORIAL ARGUMENTS
ON CIRCUITS

@ Most of the complexity classes have a circuit characterization.

@ A family of circuits, one for each input length, corresponds to a set in
the class.

@ We consider circuits that are layered and have unbounded fanin gates.
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SECOND APPROACH: COMBINATORIAL ARGUMENTS
ON CIRCUITS

Basic IDEA
To prove that the set A does not belong to complexity class C.

o Consider the circuit characterization of C.
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o Consider the circuit characterization of C.

e This is given by a family of circuits, one circuit for every input length,
for each set in C.

MANINDRA AGRAWAL (IIT KANPUR)

PRrROVING LOWER BOUNDS FSTTCS 2005 9/ 73



SECOND APPROACH: COMBINATORIAL ARGUMENTS
ON CIRCUITS

Basic IDEA
To prove that the set A does not belong to complexity class C.

o Consider the circuit characterization of C.

e This is given by a family of circuits, one circuit for every input length,
for each set in C.

@ Prove that any circuit on input length n from the families can be
transformed to a “simple” circuit that “approximates” the original
circuit well.
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SECOND APPROACH: COMBINATORIAL ARGUMENTS
ON CIRCUITS

Basic IDEA
To prove that the set A does not belong to complexity class C.
o Consider the circuit characterization of C.

e This is given by a family of circuits, one circuit for every input length,
for each set in C.

@ Prove that any circuit on input length n from the families can be
transformed to a “simple” circuit that “approximates” the original
circuit well.

@ Prove that no “simple” circuit can approximate the set A well.

MANINDRA AGRAWAL (IIT KANPUR) PrOVING LOWER BOUNDS FSTTCS 2005 9/ 73



SECOND APPROACH: COMBINATORIAL ARGUMENTS
ON CIRCUITS

@ Proposed in 1980s.

@ Biggest successes were lower bounds on monotone and constant
depth circuit classes.
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@ Proposed in 1980s.

@ Biggest successes were lower bounds on monotone and constant
depth circuit classes.

@ Razborov (1985) seperated the class of sets characterized by
polynomial sized monotone circuits from the class of sets in NP
accepted by monotone circuits.
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SECOND APPROACH: COMBINATORIAL ARGUMENTS
ON CIRCUITS

@ Proposed in 1980s.

@ Biggest successes were lower bounds on monotone and constant
depth circuit classes.

@ Razborov (1985) seperated the class of sets characterized by
polynomial sized monotone circuits from the class of sets in NP
accepted by monotone circuits.

o Furst-Saxe-Sipser (1984), Hastad (1986) showed that the set PARITY
does not belong to the class of sets characterized by constant depth,
polynomial sized circuits.

PARITY is the set of all strings that have an odd number of 1's.
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ExaMPLE: LOWER BouNDs oN PARITY
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ExAaMPLE: LOWER BounDs ON PARITY
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ExaMPLE: LOWER BouNDs oN PARITY
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SECOND APPROACH: COMBINATORIAL ARGUMENTS
ON CIRCUITS

@ Appeared very promising in the beginning.
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SECOND APPROACH: COMBINATORIAL ARGUMENTS
ON CIRCUITS

@ Appeared very promising in the beginning.
e However, Razborov-Rudich (1994) proved otherwise.
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SECOND APPROACH: COMBINATORIAL ARGUMENTS
ON CIRCUITS

Appeared very promising in the beginning.
However, Razborov-Rudich (1994) proved otherwise.

They classified the combinatorial arguments used as natural proofs.

And showed, under very reasonable assumptions, that no natural
proof can prove lower bounds on circuit classes significantly larger
than constant depth, polynomial sized.
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A NEW APPROACH: PSEUDO-RANDOM GENERATORS

@ Pseudo-random generators were defined in 1980s for two reasons:

» To formalize the notion of cryptographic security.
» To derandomize probabilistic algorithms.

MANINDRA AGRAWAL (IIT KANPUR) PROVING LOWER BOUNDS FSTTCS 2005 13 /73



A NEW APPROACH: PSEUDO-RANDOM GENERATORS

@ Pseudo-random generators were defined in 1980s for two reasons:
» To formalize the notion of cryptographic security.
» To derandomize probabilistic algorithms.
@ In 1990s, they were shown to be equivalent to certain types of lower
bounds.

@ Recently, there are indications that they might be useful in proving
lower bounds.
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OUTLINE

© PsEuDO-RANDOM GENERATORS
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DEFINITION

Let C(n, d) be the class of depth d, size n boolean circuits on n inputs.

Let f:{0,1}* — {0,1}* be a function such that |f(y)| = n for all strings
y of length ¢(n) < n.
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DEFINITION

Function f is a (¢(n), n)-pseudo-random generator against C(n, d) if for
every circuit C € C(n, d),
1 1
on [ X1 C) =1} [ = Qz(n [y [ C(fy)) =1} = —.
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DEFINITION

Function f is a (¢(n), n)-pseudo-random generator against C(n, d) if for
every circuit C € C(n, d),
1 1
on [ X1 C) =1} ] = 2@(,, [y [ C(fy)) =1} = —.

String y is called the seed, and the difference n — ¢(n) is called the stretch
of the generator. @H
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EXISTANCE OF PSEUDO-RANDOM (GENERATORS

Let C be any circuit in C(n, n). Define F as: On input y, |y| = 5logn,
output a random string of length n.
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EXISTANCE OF PSEUDO-RANDOM (GENERATORS

Let C be any circuit in C(n, n). Define F as: On input y, |y| = 5logn,
output a random string of length n.

e For any y, define random variable Z, as: Z, = C(f(y)).
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EXISTANCE OF PSEUDO-RANDOM (GENERATORS

Let C be any circuit in C(n, n). Define F as: On input y, |y| = 5logn,
output a random string of length n.

e For any y, define random variable Z, as: Z, = C(f(y)).
@ Then,

>z, =[{y | C(fy)) =1} |.
y
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EXISTANCE OF PSEUDO-RANDOM (GENERATORS

Let C be any circuit in C(n, n). Define F as: On input y, |y| = 5logn,
output a random string of length n.
e For any y, define random variable Z, as: Z, = C(f(y)).
@ Then,
> 2, =y C(Fy) =1} |
y

o And,

Priz, = 1] = 5 | {x| C(x) = 1} |= uc (say).
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EXISTANCE OF PSEUDO-RANDOM (GENERATORS
e By Chernoff’s bound:

1
Pr| — > 7, — pc > dpc] < e MHC /A gm0 /A,
y

MANINDRA AGRAWAL (IIT KANPUR) PROVING LOWER BOUNDS



EXISTANCE OF PSEUDO-RANDOM (GENERATORS
e By Chernoff’s bound:

1
Pr| — > 7, — pc > dpc] < e MHC /A gm0 /A,
y

@ Choosing 6 = % we get:

1 1.
Pr[\ﬁZZy—ub “]<e /4,
y
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EXISTANCE OF PSEUDO-RANDOM (GENERATORS
e By Chernoff’s bound:

1
Pr| — > 7, — pc > dpc] < e MHC /A gm0 /A,
y

@ Choosing 6 = % we get:

1 1,
Pr[\ﬁZZy—ub “]<e /4,
y

o Since there are less than 2™ circuits in C(n, n), probability that F fails

to approximate pc for some C € C(n, n) is at most 2,,%
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EXISTANCE OF PSEUDO-RANDOM (GENERATORS
e By Chernoff’s bound:

1
Pr| — > 7, — pc > dpc] < e MHC /A gm0 /A,
y

@ Choosing 6 = % we get:

1 1,
Pr[\ﬁZZy—ub “]<e /4,
y

o Since there are less than 2™ circuits in C(n, n), probability that F fails

to approximate pc for some C € C(n, n) is at most 2,,%

@ Hence, most of the functions from {0,1}°'°8" to {0,1}" are
pseudo-random against C(n, n).
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OPTIMAL PSEUDO-RANDOM GENERATORS

Function f is an optimal pseudo-random generator against C(n, d) if it is a
(O(log n), n)-pseudo-random generator against C(n, d).

MANINDRA AGRAWAL (IIT KANPUR) PROVING LOWER BOUNDS FSTTCS 2005 19 / 73



OPTIMAL PSEUDO-RANDOM GENERATORS

Function f is an optimal pseudo-random generator against C(n, d) if it is a
(O(log n), n)-pseudo-random generator against C(n, d).

A simple argument shows that most of the functions are optimal
pseudo-random generators against C(n, n).

FSTTCS 2005 19 / 73
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TIME-BOUNDED PSEUDO-RANDOM GENERATORS

An (¢(n), n)-pseudo-random generator f is t(m)-computable if there is a
t(m)-time bounded DTM that, on input (y,/), |y| = m = £(n) and
1 <j < n, outputs the jth bit of f(y).
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TIME-BOUNDED PSEUDO-RANDOM GENERATORS

An (¢(n), n)-pseudo-random generator f is t(m)-computable if there is a
t(m)-time bounded DTM that, on input (y,/), |y| = m = £(n) and
1 <j < n, outputs the jth bit of f(y).

Time-bounded pseudo-random generators are very interesting!
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OUTLINE

@ APPLICATIONS OF TIME-BOUNDED PSEUDO-RANDOM
GENERATORS
@ Derandomizing Randomized Algorithms
@ Formalizing Cryptographic Security
@ Lower Bounds
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OUTLINE

@ APPLICATIONS OF TIME-BOUNDED PSEUDO-RANDOM
GENERATORS
@ Derandomizing Randomized Algorithms
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DERANDOMIZING BPP

Suppose there exists a 29(™)-computable optimal pseudo-random
generator f against C(n, n).
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DERANDOMIZING BPP

Suppose there exists a 29(™)-computable optimal pseudo-random
generator f against C(n, n).

@ Let B be a randomized polynomial-time algorithm accepting a set B
in BPP.
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DERANDOMIZING BPP

Suppose there exists a 29(™)-computable optimal pseudo-random
generator f against C(n, n).

@ Let B be a randomized polynomial-time algorithm accepting a set B
in BPP.

@ View B as taking two inputs x and r, with x being the “real” input
and r being a sequence of random bits.

@ Assume that |r| equals the square of time taken by 5 on input x.
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DERANDOMIZING BPP

e Fix any x. Then B(x, r) can be thought of as a circuit C of size
n = |r| operating on input r.
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DERANDOMIZING BPP

e Fix any x. Then B(x, r) can be thought of as a circuit C of size
n = |r| operating on input r.

@ Circuit C outputs a 1 on either at least %—fraction or at most
%—fraction of these inputs depending on whether x is in the set B or

not.
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DERANDOMIZING BPP

e Fix any x. Then B(x, r) can be thought of as a circuit C of size
n = |r| operating on input r.

@ Circuit C outputs a 1 on either at least %—fraction or at most
%—fraction of these inputs depending on whether x is in the set B or
not.

1

n

o Therefore, C will output a 1 on either at least (5 — %)-fraction or at

most (5 + %)—fraction of inputs of the form f(y).
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DERANDOMIZING BPP

@ Since f is optimal, |y| = O(log n).
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DERANDOMIZING BPP

@ Since f is optimal, |y| = O(log n).

@ Since f is 29(™-computable and m = |y| = O(log n), f(y) can be
computed in time n

o(1)
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DERANDOMIZING BPP

@ Since f is optimal, |y| = O(log n).
@ Since f is 29(™-computable and m = |y| = O(log n), f(y) can be
computed in time n©(1),

@ Therefore, in time polynomial in n, one can deterministically decide if
x is in the set B or not.
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@ Since f is optimal, |y| = O(log n).
@ Since f is 29(™-computable and m = |y| = O(log n), f(y) can be
computed in time n©(1),

@ Therefore, in time polynomial in n, one can deterministically decide if
x is in the set B or not.

@ Since n = |r|, nis a polynomial in |x|.
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DERANDOMIZING BPP

@ Since f is optimal, |y| = O(log n).
@ Since f is 29(™-computable and m = |y| = O(log n), f(y) can be
computed in time n©(1),

@ Therefore, in time polynomial in n, one can deterministically decide if
x is in the set B or not.

@ Since n = |r|, nis a polynomial in |x|.
@ This shows that B € P.
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DERANDOMIZING BPP

@ Since f is optimal, |y| = O(log n).
@ Since f is 29(™-computable and m = |y| = O(log n), f(y) can be

computed in time n©(1),

@ Therefore, in time polynomial in n, one can deterministically decide if
x is in the set B or not.

@ Since n = |r|, nis a polynomial in |x|.
@ This shows that B € P.
@ Thus, BPP = P.
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OUTLINE

@ APPLICATIONS OF TIME-BOUNDED PSEUDO-RANDOM
GENERATORS

@ Formalizing Cryptographic Security

MANINDRA AGRAWAL (IIT KANPUR) PROVING LOWER BOUNDS



FORMALIZING CRYPTOGRAPHIC SECURITY

Suppose there exists a m°(M)-computable (no(l), n)-pseudo-random
generator f against C(n, n).

MANINDRA AGRAWAL (IIT KANPUR) PROVING LOWER BOUNDS



FORMALIZING CRYPTOGRAPHIC SECURITY

Suppose there exists a m@(1)-

computable (n°), n)-pseudo-random
generator f against C(n, n).

@ Define function g as: on input y, |y| = m, output the first m* bits of
f(y)-
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FORMALIZING CRYPTOGRAPHIC SECURITY

Suppose there exists a m°(M)-computable (no(l), n)-pseudo-random
generator f against C(n, n).

@ Define function g as: on input y, |y| = m, output the first m* bits of
f(y)-

e Function g is efficiently computed since first m* bits of f can be
computed in time m

o(1)
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FORMALIZING CRYPTOGRAPHIC SECURITY

No randomized polynomial-time bounded adversary can distinguish the
output of function g from a random sequence.
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FORMALIZING CRYPTOGRAPHIC SECURITY

No randomized polynomial-time bounded adversary can distinguish the
output of function g from a random sequence. J

@ Let A be a randomized polynomial-time algorithm.

@ Suppose that A can distinguish the output of g from a random
sequence.
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FORMALIZING CRYPTOGRAPHIC SECURITY

No randomized polynomial-time bounded adversary can distinguish the
output of function g from a random sequence. J

@ Let A be a randomized polynomial-time algorithm.

@ Suppose that A can distinguish the output of g from a random

sequence.

4 0(1)

asasizen=m circuit C.

@ View A on input of size m

MANINDRA AGRAWAL (IIT KANPUR) PrOVING LOWER BOUNDS FSTTCS 2005 28 / 73



FORMALIZING CRYPTOGRAPHIC SECURITY

No randomized polynomial-time bounded adversary can distinguish the
output of function g from a random sequence. J

@ Let A be a randomized polynomial-time algorithm.

@ Suppose that A can distinguish the output of g from a random

sequence.

4 0(1)

@ View A on input of size m* as a size n=m circuit C.

@ Modify function g to g which outputs first n bits of f instead of first

m*.

@ A can distinguish the output of g from a random sequence by simply
ignoring all except first m* input bits.
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FORMALIZING CRYPTOGRAPHIC SECURITY

No randomized polynomial-time bounded adversary can distinguish the
output of function g from a random sequence. J

@ Let A be a randomized polynomial-time algorithm.

@ Suppose that A can distinguish the output of g from a random

sequence.

4 0(1)

@ View A on input of size m* as a size n=m circuit C.

@ Modify function g to g which outputs first n bits of f instead of first
4
m”.

@ A can distinguish the output of g from a random sequence by simply
ignoring all except first m* input bits.

@ This, however, is not possible since f is pseudo-random against
C(n, n).
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FORMALIZING CRYPTOGRAPHIC SECURITY

Function g is a provably secure stream cipher. J
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FORMALIZING CRYPTOGRAPHIC SECURITY

Function g is a provably secure stream cipher. J

o View input y to g as key.
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FORMALIZING CRYPTOGRAPHIC SECURITY

Function g is a provably secure stream cipher. J

o View input y to g as key.

e View g(y) as pseudo-random stream.

@ For example, for key size 128 bits, g provides 256 Mbits of random
stream.
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FORMALIZING CRYPTOGRAPHIC SECURITY

Function g is a provably secure stream cipher. J

o View input y to g as key.
e View g(y) as pseudo-random stream.

@ For example, for key size 128 bits, g provides 256 Mbits of random
stream.

This notion can be used to formalize block ciphers and public-key
encryption algorithms too.
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OUTLINE

@ APPLICATIONS OF TIME-BOUNDED PSEUDO-RANDOM
GENERATORS

@ Lower Bounds
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LOWER BOUNDS VIA PSEUDO-RANDOM GENERATORS

Suppose there exists a 2°(™)-computable optimal pseudo-random
generator f against C(n, n).
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LOWER BOUNDS VIA PSEUDO-RANDOM GENERATORS

Suppose there exists a 2°(™)-computable optimal pseudo-random
generator f against C(n, n).

@ Define a set B as: on input z, |z| = 2m), accept if there exists a y,
ly| = m, such that z is a prefix of f(y).
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LOWER BOUNDS VIA PSEUDO-RANDOM GENERATORS

Suppose there exists a 2°(™)-computable optimal pseudo-random
generator f against C(n, n).

@ Define a set B as: on input z, |z| = 2m), accept if there exists a y,
ly| = m, such that z is a prefix of f(y).

@ Set Bisin E.
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LOWER BOUNDS VIA PSEUDO-RANDOM GENERATORS

o Let f be a (clog n, n)-pseudo-random generator.
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@ Let f be a (clog n, n)-pseudo-random generator.

@ Suppose B can be accepted by a circuit family of size n = 23
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LOWER BOUNDS VIA PSEUDO-RANDOM GENERATORS

@ Let f be a (clog n, n)-pseudo-random generator.
@ Suppose B can be accepted by a circuit family of size n = 2.

o Let C be a circuit from this family on 2m inputs.
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LOWER BOUNDS VIA PSEUDO-RANDOM GENERATORS

Let f be a (clog n, n)-pseudo-random generator.
Suppose B can be accepted by a circuit family of size n = 2.

Let C be a circuit from this family on 2m inputs.

By definition of B, C accepts at most 2™ inputs.

MANINDRA AGRAWAL (IIT KANPUR) PrOVING LOWER BOUNDS FSTTCS 2005 32 /73



LOWER BOUNDS VIA PSEUDO-RANDOM GENERATORS

Let f be a (clog n, n)-pseudo-random generator.
Suppose B can be accepted by a circuit family of size n = 2.
Let C be a circuit from this family on 2m inputs.

By definition of B, C accepts at most 2™ inputs.

On the other hand, C accepts all prefixes of 7(y) of length 2m for
ly| = m.
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LOWER BOUNDS VIA PSEUDO-RANDOM GENERATORS

Let f be a (clog n, n)-pseudo-random generator.
Suppose B can be accepted by a circuit family of size n = 2%
Let C be a circuit from this family on 2m inputs.

By definition of B, C accepts at most 2™ inputs.

On the other hand, C accepts all prefixes of 7(y) of length 2m for
ly| =m.
Contradicts pseudo-randomness of f.
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LOWER BOUNDS VIA PSEUDO-RANDOM GENERATORS

@ Thus we get that sets in the class E require exponential sized circuits.
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LOWER BOUNDS VIA PSEUDO-RANDOM GENERATORS

@ Thus we get that sets in the class E require exponential sized circuits.

@ One can vary the depth and time-complexity of the generator to
obtain different lower bounds.
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EQUIVALENCE OF LOWER BOUNDS AND
PSEUDO-RANDOM GENERATORS

THEOREM (HASTAD-IMPAGLIAZZO-LEVIN-LUBY (1990))

There exist m°()-computable (n°(1), n)-pseudo-random generators against
C(n, n) iff there exist one-way functions.

One-way functions are functions computable in polynomial-time whose
inverse is hard-to-compute.
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EQUIVALENCE OF LOWER BOUNDS AND
PSEUDO-RANDOM GENERATORS

THEOREM (IMPAGLIAZZO-WIGDERSON,1997)

There exist 2°(™ _computable optimal pseudo-random generators against
C(n, n) iff there exist sets in E that cannot be computed by
subexponential-sized circuit family.
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EQUIVALENCE OF LOWER BOUNDS AND
PSEUDO-RANDOM GENERATORS

THEOREM (IMPAGLIAZZO-WIGDERSON,1997)

There exist 2°(™ _computable optimal pseudo-random generators against
C(n, n) iff there exist sets in E that cannot be computed by
subexponential-sized circuit family.

In both the results, proving the ‘if’ direction required a lot of work.
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OUTLINE

© LowERr BouNDs ON BOOLEAN CIRCUITS
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WHY SHOULD PSEUDO-RANDOM GENERATORS BE
ANY EASIER TO CONSTRUCT?

Pseudo-random generators avoid natural proof block. J
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WHY SHOULD PSEUDO-RANDOM (GENERATORS BE
ANY EASIER TO CONSTRUCT?

Pseudo-random generators avoid natural proof block. |

@ Since they imply lower bounds, they cannot satisfy natural proof
axioms.
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WHY SHOULD PSEUDO-RANDOM (GENERATORS BE
ANY EASIER TO CONSTRUCT?

Pseudo-random generators avoid natural proof block. )

@ Since they imply lower bounds, they cannot satisfy natural proof
axioms.

@ Checking if a truth-table codes an optimal pseudo-random function is
in PH.
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WHY SHOULD PSEUDO-RANDOM GENERATORS BE
ANY EASIER TO CONSTRUCT?

Some techniques in circuit model are known to be non-relativizable, e.g.,
Hastad's Switching Lemma.
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WHY SHOULD PSEUDO-RANDOM GENERATORS BE
ANY EASIER TO CONSTRUCT?

The problem is of designing an algorithm. J
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WHY SHOULD PSEUDO-RANDOM (GENERATORS BE
ANY EASIER TO CONSTRUCT?

The problem is of designing an algorithm. J

@ We know that optimal pseudo-random generators can be computed in
20(m) space.
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WHY SHOULD PSEUDO-RANDOM (GENERATORS BE
ANY EASIER TO CONSTRUCT?

The problem is of designing an algorithm. )

@ We know that optimal pseudo-random generators can be computed in
20(m) space.

o We need to improve it to 29(™) time.
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WHY SHOULD PSEUDO-RANDOM (GENERATORS BE
ANY EASIER TO CONSTRUCT?

There are a number of derandomization primitives available, e.g.,
extractors, expanders, pairwise independence.

e Expander graphs were recently used by Reingold (2005) to
derandomize searching in undirected graphs proving SL = L.
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A PossiBLE WAY OF PROVING P # NP

@ We now give a stepwise approach to prove P # NP.
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A PossiBLE WAY OF PROVING P # NP

@ We now give a stepwise approach to prove P # NP.

@ It is based on construction of successively stronger optimal
pseudo-random generators.
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FIRST STEP: AGAINST CONSTANT DEPTH CIRCUITS

@ Hastad (1986) proved that PARITY cannot be accepted by depth d

2n1/14d

circuits of size
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FIRST STEP: AGAINST CONSTANT DEPTH CIRCUITS

@ Hastad (1986) proved that PARITY cannot be accepted by depth d

. . . 1/14d
circuits of size 2" )

@ By Nisan-Wigderson (1987), this yields a m°(1)-computable,
(Iogo(d) n, n)-pseudo-random generator against C(n, d).
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FIRST STEP: AGAINST CONSTANT DEPTH CIRCUITS

@ Hastad (1986) proved that PARITY cannot be accepted by depth d

. . . 1/14d
circuits of size 2" )

@ By Nisan-Wigderson (1987), this yields a m°(1)-computable,
(Iogo(d) n, n)-pseudo-random generator against C(n, d).

@ This is almost an optimal pseudo-random generator — the seed length
is log®(?) n instead of O(log n).
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FIrsT STEP: AGAINST CONSTANT DEPTH CIRCUITS

STEP 1.

For each d > 0, construct a 29(™_computable optimal pseudo-random
generator against C(n, d).
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FIrsT STEP: AGAINST CONSTANT DEPTH CIRCUITS

There exists a 29(™)-computable optimal pseudo-random generator
against C(n, d)
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FIRST STEP: AGAINST CONSTANT DEPTH CIRCUITS

There exists a 2°(™)-computable optimal pseudo-random generator
against C(n, d)

4

There is a set B in E that cannot be accepted by any subexponential sized
depth d circuit family
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FIRST STEP: AGAINST CONSTANT DEPTH CIRCUITS

There exists a 2°(™)-computable optimal pseudo-random generator
against C(n, d)

4

There is a set B in E that cannot be accepted by any subexponential sized
depth d circuit family

4

B cannot be accepted by any n9~¢ size, (d — €)log n depth circuit family
with bounded fanin AND gates for any € > 0
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SECOND STEP: IMPROVE THE TIME COMPLEXITY

STEP 2.

For each d > 0, construct a m®M-computable optimal pseudo-random
generator against C(n, d).

MANINDRA AGRAWAL (IIT KANPUR)

PROVING LOWER BOUNDS



SECOND STEP: IMPROVE THE TIME COMPLEXITY

@ These generators yield hard sets in the class NP instead of E.
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SECOND STEP: IMPROVE THE TIME COMPLEXITY

@ These generators yield hard sets in the class NP instead of E.

@ For example, the generator aginst depth d circuits yields a set in NP
that cannot be accepted by any n?=¢ size, (d — ¢) log n depth circuit
family with bounded fanin AND gates.
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THIRD STEP: ENLARGE THE CLASS OF CIRCUITS

STEP 3.

Construct a mP(1)_

C(n, logn).

computable optimal pseudo-random generator against

MANINDRA AGRAWAL (IIT KANPUR) PROVING LOWER BOUNDS



THIRD STEP: ENLARGE THE CLASS OF CIRCUITS

@ Although the increase in depth is small, it improves the lower bound
enormously because of inherent exponentiation.
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THIRD STEP: ENLARGE THE CLASS OF CIRCUITS

@ Although the increase in depth is small, it improves the lower bound
enormously because of inherent exponentiation.

@ The generator implies that NP cannot be accepted by any family of
sublinear depth and subexponential sized circuits.
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THIRD STEP: ENLARGE THE CLASS OF CIRCUITS

@ Although the increase in depth is small, it improves the lower bound
enormously because of inherent exponentiation.

@ The generator implies that NP cannot be accepted by any family of
sublinear depth and subexponential sized circuits.

@ In particular, NC # NP.
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FOURTH STEP: FURTHER ENLARGE THE CLASS OF
CIRCUITS

STEP 4.

Construct a m®()-computable optimal pseudo-random generator against
C(n,log®® n).
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FourTH STEP: FURTHER ENLARGE THE CLASS OF
CIRCUITS

@ Again, because of exponentiation, this implies that NP cannot be
accepted by any family of polynomial depth and subexponential sized
circuits.
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FourTH STEP: FURTHER ENLARGE THE CLASS OF
CIRCUITS

@ Again, because of exponentiation, this implies that NP cannot be
accepted by any family of polynomial depth and subexponential sized
circuits.

@ In particular, P £ NP.
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CURRENT STATUS

o We known m°(M)-computable optimal pseudo-random generator
against C(n,2), the class of depth two circuits.
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CURRENT STATUS

o We known m°(M)-computable optimal pseudo-random generator
against C(n,2), the class of depth two circuits.

@ The construction does not appear to generalize to even to depth three
circuits.
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CURRENT STATUS

o We known m°(M)-computable optimal pseudo-random generator
against C(n,2), the class of depth two circuits.

@ The construction does not appear to generalize to even to depth three
circuits.

@ So there is a long way to go!
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OUTLINE

@ LOwWER BOUNDS ON ARITHMETIC CIRCUITS
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ARITHMETIC CIRCUITS

@ Arithmetic circuits over field F are circuits with addition, subtraction,
and multiplication gates.
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ARITHMETIC CIRCUITS

@ Arithmetic circuits over field F are circuits with addition, subtraction,
and multiplication gates.

@ These compute a polynomial over the field F.
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ARITHMETIC CIRCUITS

@ Arithmetic circuits over field F are circuits with addition, subtraction,
and multiplication gates.

These compute a polynomial over the field F.

A number of algrbraic problems admit arithmetic circuits.

For example, computing determinant, finding roots of a polynomial,
finding short vectors in a lattice etc.
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PowER OF ARITHMETIC CIRCUITS

@ Polynomial sized arithmetic circuits can solve all the above problems.
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PowER OF ARITHMETIC CIRCUITS

@ Polynomial sized arithmetic circuits can solve all the above problems.

@ They can also be easily simulated by boolean circuits of similar size.
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PowER OF ARITHMETIC CIRCUITS

@ Polynomial sized arithmetic circuits can solve all the above problems.

@ They can also be easily simulated by boolean circuits of similar size.
@ The converse is unlikely as shown by Valiant et. al. (1983):

» A polynomial sized arithmetic circuit of polynomial degree can be
transformed to polynomial sized arithmetic circuit of logarithmic depth
and fanin two multiplication gates.
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LOWER BOUNDS ON ARITHMETIC CIRCUITS

@ Due to their algebraic structure, it appears that obtaining lower
bounds on the arithmetic circuits should be easier.
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LOWER BOUNDS ON ARITHMETIC CIRCUITS

@ Due to their algebraic structure, it appears that obtaining lower
bounds on the arithmetic circuits should be easier.

@ It has not happened so far!
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LOWER BOUNDS ON ARITHMETIC CIRCUITS

@ Due to their algebraic structure, it appears that obtaining lower
bounds on the arithmetic circuits should be easier.

@ It has not happened so far!
@ We do not even know lower bounds on constant depth arithmetic
circuits!
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IDENTITY TESTING AND LOWER BOUNDS

@ ldentity Testing problem is that given a polynomial computed by an
arithmetic circuit, test if the polynomial is identically zero.
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IDENTITY TESTING AND LOWER BOUNDS

@ ldentity Testing problem is that given a polynomial computed by an
arithmetic circuit, test if the polynomial is identically zero.

@ It is a classical problem and there exist a number of randomized
polynomial time algorithms for solving it.
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IDENTITY TESTING AND LOWER BOUNDS

@ ldentity Testing problem is that given a polynomial computed by an
arithmetic circuit, test if the polynomial is identically zero.

@ It is a classical problem and there exist a number of randomized
polynomial time algorithms for solving it.

e Kabanets-Impagliazzo (2003) showed that a derandomization of
identity testing problem implies a lower bound on arithmetic circuits!

MANINDRA AGRAWAL (IIT KANPUR) PrOVING LOWER BOUNDS FSTTCS 2005 56 / 73



IDENTITY TESTING AND LOWER BOUNDS

@ ldentity Testing problem is that given a polynomial computed by an
arithmetic circuit, test if the polynomial is identically zero.

@ It is a classical problem and there exist a number of randomized
polynomial time algorithms for solving it.

e Kabanets-Impagliazzo (2003) showed that a derandomization of
identity testing problem implies a lower bound on arithmetic circuits!

@ We strengthen this relationship by defining pseudo-random generators
against arithmetic circuits.
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PSEUDO-RANDOM GENERATORS AGAINST
ARITHMETIC CIRCUITS

Let A(n, F) be a subclass of size n arithmetic circuits over field F.

Let f : N — (F[y])* be a function such that
f(n) = (fa(y), ..., fa(y),g(y)) for all n.
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PSEUDO-RANDOM GENERATORS AGAINST
ARITHMETIC CIRCUITS

Function f is an efficiently computable optimal pseudo-random generator
against A(n, F) if
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PSEUDO-RANDOM GENERATORS AGAINST
ARITHMETIC CIRCUITS

Function f is an efficiently computable optimal pseudo-random generator
against A(n, F) if

o Each fi(y) and g(y) is of degree n®(1).
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PSEUDO-RANDOM GENERATORS AGAINST
ARITHMETIC CIRCUITS

Function f is an efficiently computable optimal pseudo-random generator
against A(n, F) if

o Each fi(y) and g(y) is of degree n®(1).

0(1).

e Each fi(y) and g(y) is computable in time n
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PSEUDO-RANDOM GENERATORS AGAINST
ARITHMETIC CIRCUITS

Function f is an efficiently computable optimal pseudo-random generator
against A(n, F) if

o Each fi(y) and g(y) is of degree n®(1).

e Each fi(y) and g(y) is computable in time n©().

@ For any circuit C € A(n, F) with m < n inputs:

C(x1, %2, ..., xm) = 0iff C(f(y), 2(y),...,fm(y)) =0 (mod g(y)).

MANINDRA AGRAWAL (IIT KANPUR) PrOVING LOWER BOUNDS FSTTCS 2005 58 / 73



PSEUDO-RANDOM GENERATORS AGAINST
ARITHMETIC CIRCUITS

@ Schwartz-Zippel lemma shows that optimal pseudo-random
generators exist against the entire class of size n circuits.

» Of course, these are not efficiently computable.
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PSEUDO-RANDOM GENERATORS AGAINST
ARITHMETIC CIRCUITS

@ Schwartz-Zippel lemma shows that optimal pseudo-random
generators exist against the entire class of size n circuits.

» Of course, these are not efficiently computable.

@ If there exist efficiently computable optimal pseudo-random
generators against the entire class of size n circuits then:
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PSEUDO-RANDOM GENERATORS AGAINST
ARITHMETIC CIRCUITS

@ Schwartz-Zippel lemma shows that optimal pseudo-random
generators exist against the entire class of size n circuits.

» Of course, these are not efficiently computable.

@ If there exist efficiently computable optimal pseudo-random
generators against the entire class of size n circuits then:
» The identity testing problem can be solved in determinstic
polynomial-time.
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PSEUDO-RANDOM GENERATORS AGAINST
ARITHMETIC CIRCUITS

@ Schwartz-Zippel lemma shows that optimal pseudo-random
generators exist against the entire class of size n circuits.
» Of course, these are not efficiently computable.
o If there exist efficiently computable optimal pseudo-random
generators against the entire class of size n circuits then:
» The identity testing problem can be solved in determinstic
polynomial-time.
» There exists a multilinear polynomial in PSPACE that cannot be
computed by subexponential sized arithmetic circuits.
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PSEUDO-RANDOM GENERATORS IMPLY LOWER
BouNnDs

@ Suppose f is an efficiently computable optimal pseudo-random
generator against A(n, F).
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PSEUDO-RANDOM GENERATORS IMPLY LOWER
BouNnDs

@ Suppose f is an efficiently computable optimal pseudo-random
generator against A(n, F).

@ Let the degree of all polynomials in fi(y), ..., f,() be bounded by
d = n°® and m = log d.
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PSEUDO-RANDOM GENERATORS IMPLY LOWER
BouNnDs

@ Suppose f is an efficiently computable optimal pseudo-random
generator against A(n, F).

@ Let the degree of all polynomials in fi(y), ..., f,() be bounded by
d = n°® and m = log d.

@ Define polynomial g as:

q(Xl,XQ7 . ,X2m) = Z C5HX,‘.

SClLm] €S
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PSEUDO-RANDOM GENERATORS IMPLY LOWER
BouNnDs

@ Suppose f is an efficiently computable optimal pseudo-random
generator against A(n, F).

@ Let the degree of all polynomials in fi(y), ..., f,() be bounded by
d = n°® and m = log d.

@ Define polynomial g as:

q(Xl,XQ7 . ,Xgm) = Z C5HX,‘.

SClLm] €S

@ Here cs € F satisfying:

Y e [[fiv)=o0.

SCl1,m] i€S
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PseuDO-RANDOM GENERATORS IMPLY LOWER
BOUNDS

@ A non-zero g always exists:
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PSEUDO-RANDOM GENERATORS IMPLY LOWER
BouNnDs

@ A non-zero g always exists:
» Number of coefficients cs are exactly 2°™ = d2.
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PSEUDO-RANDOM GENERATORS IMPLY LOWER
BouNnDs

@ A non-zero g always exists:

» Number of coefficients cs are exactly 2°™ = d?.
» These need to satisfy a polynomial equation of degree at most
2m2™ = 2d log d.
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PSEUDO-RANDOM GENERATORS IMPLY LOWER
BouNnDs

@ A non-zero g always exists:
» Number of coefficients cs are exactly 2°™ = d?.
» These need to satisfy a polynomial equation of degree at most
2m2™ = 2d log d.
» This requires satisfying 2d log d + 1 homogeneous constraints.
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@ A non-zero g always exists:
» Number of coefficients cs are exactly 2°™ = d?.
» These need to satisfy a polynomial equation of degree at most
2m2™ = 2d log d.
» This requires satisfying 2d log d + 1 homogeneous constraints.
» Since d? > 2dlogd + 1 for d > 8, this is always possible.
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PSEUDO-RANDOM GENERATORS IMPLY LOWER
BouNDS

@ A non-zero g always exists:
» Number of coefficients cs are exactly 2°™ = d?.
» These need to satisfy a polynomial equation of degree at most
2m2™ = 2d log d.
» This requires satisfying 2d log d + 1 homogeneous constraints.
» Since d? > 2dlogd + 1 for d > 8, this is always possible.

@ Polynomial g can be computed by solving a system of 2°(™) |inear
equations, thus is computable in PSPACE.
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PSEUDO-RANDOM GENERATORS IMPLY LOWER
BouNnDs

@ Suppose that g can be computed by a circuit C in A(n, F).
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PSEUDO-RANDOM GENERATORS IMPLY LOWER
BouNnDs

@ Suppose that g can be computed by a circuit C in A(n, F).
e By definition of g, C(Ai(y), 2(y), .-, fam(y)) = 0.
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PSEUDO-RANDOM GENERATORS IMPLY LOWER
BouNnDs

@ Suppose that g can be computed by a circuit C in A(n, F).
e By definition of g, C(Ai(y), 2(y), .-, fam(y)) = 0.

e However, C(xi,x2,...,X2m) is non-zero.
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PSEUDO-RANDOM GENERATORS IMPLY LOWER
BouNnDs

Suppose that g can be computed by a circuit C in A(n, F).
By definition of q, C(fi(y), 22(¥),- -, fam(y)) = 0.

However, C(x1,x2,...,X2m) is non-zero.

This contradicts pseudo-randomness of f.
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WHY SHOULD PSEUDO-RANDOM GENERATORS BE
EASIER TO CONSTRUCT?
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WHY SHOULD PSEUDO-RANDOM GENERATORS BE
EASIER TO CONSTRUCT?

o A-Kayal-Saxena (2002) constructed an efficiently computable optimal
pseudo-random generator against a very special class of circuits.
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WHY SHOULD PSEUDO-RANDOM GENERATORS BE
EASIER TO CONSTRUCT?

o A-Kayal-Saxena (2002) constructed an efficiently computable optimal
pseudo-random generator against a very special class of circuits.

@ This contained circuits computing the polynomial (1 4 x)™ — x™ — 1
over ring Zp,.

@ The pseudo-random generator was:

16n° 4n*

f(n) = (x.x,..,x,8(x)),g(x) = x**" T] [[((x —a) - 1).

r=1 a=1
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WHY SHOULD PSEUDO-RANDOM GENERATORS BE
EASIER TO CONSTRUCT?

A-Kayal-Saxena (2002) constructed an efficiently computable optimal
pseudo-random generator against a very special class of circuits.

@ This contained circuits computing the polynomial (1 4 x)™ — x™ — 1
over ring Zp,.

@ The pseudo-random generator was:
16n° 4n*
f(n) = (x.x,..,x,8(x)),g(x) = x**" T] [[((x —a) - 1).
r=1a=1

This derandomized a primality testing algorithm.
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A PossiBLE WAY OF PROVING HARDNESS OF
PERMANENT

@ The complexity of computing permanent of a matrix characterizes the
class #P.

@ #P is the arithmetic analog of the class NP.
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@ #P is the arithmetic analog of the class NP.
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A PossiBLE WAY OF PROVING HARDNESS OF
PERMANENT

@ The complexity of computing permanent of a matrix characterizes the
class #P.

@ #P is the arithmetic analog of the class NP.

@ We give a stepwise approach to prove hardness of permanent.

@ As before, it is based on constructing successively stronger optimal
pseudo-random generators.
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FIrsT STEP: AGAINST CONSTANT DEPTH CIRCUITS

STEP 1.

For each d > 0, construct an efficiently computable optimal
pseudo-random generator against the class of size n, depth d arithmetic
circuits.
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FIrsT STEP: AGAINST CONSTANT DEPTH CIRCUITS

There exists an efficiently computable optimal pseudo-random generator
against the class of size n, depth d arithmetic circuits
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FIRST STEP: AGAINST CONSTANT DEPTH CIRCUITS

There exists an efficiently computable optimal pseudo-random generator
against the class of size n, depth d arithmetic circuits

4

There is a multilinear polynomial g computable in PSPACE that cannot be
computed by subexponential sized, depth d circuits
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FIRST STEP: AGAINST CONSTANT DEPTH CIRCUITS

There exists an efficiently computable optimal pseudo-random generator
against the class of size n, depth d arithmetic circuits

4

There is a multilinear polynomial g computable in PSPACE that cannot be
computed by subexponential sized, depth d circuits

4

Polynomial g cannot be computed by any size n9=¢, depth (d — ¢) log n
circuit family with bounded fanin multiplication gates
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SECOND STEP: AGAINST SUPERCONSTANT DEPTH
CIRCUITS

@ The union over all d's spans all polynomial sized circuits!

@ This motivates the second step.
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SECOND STEP: AGAINST SUPERCONSTANT DEPTH
CIRCUITS

@ The union over all d's spans all polynomial sized circuits!
@ This motivates the second step.

STEP 2.

Construct an efficiently computable optimal pseudo-random generator
against the class of size n, depth w(1) arithmetic circuits.
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SECOND STEP: AGAINST SUPERCONSTANT DEPTH
CIRCUITS

@ The union over all d's spans all polynomial sized circuits!

@ This motivates the second step.

STEP 2.
Construct an efficiently computable optimal pseudo-random generator
against the class of size n, depth w(1) arithmetic circuits.

This yields a multilinear polynomial in PSPACE that requires
superpolynomial sized arithmetic circuits.
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THIRD STEP: IMPROVE EFFICIENCY OF THE
GENERATOR

@ Suppose each coefficient of the hard-to-compute multilinear
polynomial given by a generator can be computed by a #P-function.
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THIRD STEP: IMPROVE EFFICIENCY OF THE
GENERATOR

@ Suppose each coefficient of the hard-to-compute multilinear
polynomial given by a generator can be computed by a #P-function.

@ Then the polynomial can be expressed as the permanent of a
O(m) x O(m) matrix.

MANINDRA AGRAWAL (IIT KANPUR) PrOVING LOWER BOUNDS FSTTCS 2005 68 / 73



THIRD STEP: IMPROVE EFFICIENCY OF THE
GENERATOR

@ Suppose each coefficient of the hard-to-compute multilinear
polynomial given by a generator can be computed by a #P-function.

@ Then the polynomial can be expressed as the permanent of a
O(m) x O(m) matrix.
o Call such generators #P-computable.
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THIRD STEP: IMPROVE EFFICIENCY OF THE
GENERATOR

@ Suppose each coefficient of the hard-to-compute multilinear
polynomial given by a generator can be computed by a #P-function.

@ Then the polynomial can be expressed as the permanent of a
O(m) x O(m) matrix.
o Call such generators #P-computable.

STEP 3.
Construct a #P-computable optimal pseudo-random generator against the
class of size n, depth w(1) arithmetic circuits.
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THIRD STEP: IMPROVE EFFICIENCY OF THE
(GGENERATOR

Such a generator implies that Permanent requires superpolynomial sized
arithmetic circuits.
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CURRENT STATUS

@ We know efficiently computable optimal pseudo-random generators
against size n, depth two arithmetic circuits.
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CURRENT STATUS

@ We know efficiently computable optimal pseudo-random generators
against size n, depth two arithmetic circuits.

@ Still some way to go!
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A CONJECTURE

@ Define , )
F(nvk):(yvyk7yk7"'7yk ayr_]')a

where r > n* is a primeand 1 < k <.
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A CONJECTURE

@ Define , )
F(nak):(yvyk7yk7"'7yk ayr_]')a

where r > n* is a primeand 1 < k <.

CONJECTURE
F is a #P-computable optimal pseudo-random generator against
arithmetic circuits of size n and depth w(1).

PROVING LOWER BOUNDS

MANINDRA AGRAWAL (IIT KANPUR)



PREDICTIONS FOR THE FUTURE
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PREDICTIONS FOR THE FUTURE

By 2010. J

All the steps for arithmetic circuits. [Proves hardness of Permanent]
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PREDICTIONS FOR THE FUTURE

By 2010.

All the steps for arithmetic circuits. [Proves hardness of Permanent]

By 2020.

First two steps for boolean circuits. [Proves NP requires exponential sized,
constant depth circuits; should also prove NC! # NP]
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By 2010.

All the steps for arithmetic circuits. [Proves hardness of Permanent]

By 2020.

First two steps for boolean circuits. [Proves NP requires exponential sized,
constant depth circuits; should also prove NC! # NP]

By 2022.
Third step for boolean circuits. [Proves NC # NP]
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PREDICTIONS FOR THE FUTURE

By 2010.

All the steps for arithmetic circuits. [Proves hardness of Permanent]

By 2020.

First two steps for boolean circuits. [Proves NP requires exponential sized,
constant depth circuits; should also prove NC! # NP]

By 2022.
Third step for boolean circuits. [Proves NC # NP]

By 2030.
Fourth step for boolean circuits. [Proves P = NP]
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THANK YOU!

WAL (IIT KANPUR) PROVING LOWER BOUNDS
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