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Abstract

We extract a paradigm for derandomizing tests for poly-
nomial identities from the recent AKS primality testing al-
gorithm. We then discuss its possible application to other
tests.

1 Intr oduction

Polynomial identity testinghas beenin news recently
dueto two majorresultsprovedlastyear:KabanetsandIm-
pagliazzo[3] provedthatany derandomizationof arandom-
izedalgorithmfor theproblemresultsin a lower boundon
arithmeticcircuits, while Agrawal, Kayal, andSaxena[2]
gave a completederandomizationof the testfor a specific
identity resultingin a deterministicpolynomial-timealgo-
rithm for primality testing.Viewedoptimistically, thesere-
sultssuggestthatlowerboundsonarithmeticcircuitsmight
be easierto obtain thanwe believe. In this paper, we try
to identify a possibleway of doing this. We first castthe
primality testingalgorithmof [2] asconstructinga pseudo-
randomgeneratoragainstthe randomizedtestfor an iden-
tity. Fromthatwe extracta paradigmfor derandomization
of arandomizedtestfor polynomialidentities.Wethendis-
cussanapplicationof this paradigmto testingexistenceof
perfectmatchingsin abipartitegraph.Wealsolist somein-
terestingconsequencesof our view of theprimality testing
algorithm,includinga computationallyefficient characteri-
zationof primenumbers,andanextremelyshortandsimple
(thoughnotsoefficient)algorithmfor primality testing.

2 Definitions

We use
���

to denotethering of numbersmodulo � , ���
to denotethe field of numbersmodulo � . For a ring � ,�
	 �� is thering of polynomialswith coefficientsin � . For���

, polynomialequation��������������������� mod ����������� �
meansthat �������"!���#����� leaveszeroremainderwhenco-
efficientsare reducedmodulo � andpowersof � are re-
ducedmodulo ������� .

For any two numbers� and $ suchthat ��$%��� �&�(' (i.e.,
thenumbersarerelatively prime), )%*+��� � equalstheorderof� modulo $ . This numberalwaysdivides ,-��$.� , theEuler’s
totientfunction.

3 A Characterization of Prime Numbers

The primality testingalgorithm of [2] is basedon the
following partialcharacterizationof primenumbers:

Lemma 3.1 [2]/ If � is prime then for every 0 and $ :
Prime ���1�203�4�����65&03� � !7� � !80
�:9�� mod � * !�'+�;� �=</ If for some $ such that ) * ��� �?>A@4BDC+E+F � , and for every0 , '�GH0IGKJML ,N��$%�OBPCQE4� :

Prime ���1�203�4�R9S� mod � * !A'+�;� �=�
then either every prime divisor of � is less then $ , or �
is a prime power.

To turn it into a completecharacterization,we needto
removethepossibilitiesthat � hassmalldivisorsandthat �
is a non-trivial powerof a prime. Thefirst oneof thesecan
beeliminatedby testingif

Prime���1�T'U�V�R9S� mod � * �;� �=<
This follows from thefollowing lemma:

Lemma 3.2 If Prime ���1�W'X�Y�Z9H� mod � * �;� � then either� is prime or every prime divisor of � is at least $ .
Proof. If �\[A$ thenwe have

Prime���1�T'U�]� mod � * �;� �^� ���_5`'X� � !�� � !A'a� mod � * ��� �� ���_5`'X� � !�� � !A'a� mod � �=<
And weknow thatPrime���1�T'U�4�:9�� mod � � if f � is prime.



Now supposethat �cbd$ . Let prime � divide � with�e[A$ . Then,

Prime���1�T'U�]� mod � * �;� �� ���c5`'U� � !�� � !A'�� mod � * �;� �� ���c5`'U� � !H'f� mod � * ��� �� *�g�hij;k h l � mMn � j � mod � ��<
Since�[A$ , thecoefficientof � � is o � �%p in theaboveequa-

tion. It is easyto seethat o � � p �rq ��Hs�`9S� mod � � .
To eliminatethepossibilityof � beinganon-trivial prime

power, we now simply needto testfor a few more 0 ’s:

Lemma 3.3 If Prime ���1�;0t�u�v9I� mod �w!A'Q��� � for every0 , 'SGx01GRBDC+EQy�� , and every prime divisor of � is greater
than @4BDC+EQy�� , then � is square free.

Proof. WehavePrime���1�20t�4�:9�� mod �r!�'+�;� � for every0 , '�GH0�GABDC+E+y � . This gives:�z'?5{0t� � �|'u5{0 � � mod � �
for 'aGA0IG{BDC+E y � . ExpandingtheRHSof theequationwe
get: ��'u5}0t� � �|'u5}0~� mod � �
for '�GH0IGHBDC+E y � .

Now supposethat � is not square-free.Let � F divide �
for someprime � . Then:� � � � � mod � F �
for '�G � G_BDC+EQy � . Since �x>�@4BPCQE.y�� , � � ���"����' for
� GABPCQE+y�� . Therefore,� � g�h �|'f� mod � F �
for 'G � G�BDC+E y � . As the orderof multiplicative group����T� is ,N��� F �4���N����!A'X� , we get:�"� � g�h=� � � �%g�h���� �|'�� mod � F �
for '�G � GABPCQE+y�� . As � cannotdivide ��!A' , weget:� �%g�h ��'�� mod � F �
for '�G � GABPCQE y � .

Notice that thereexist at most � roots of the equation� � � � � mod � F � in
���� � : if � is a root, then ���I5 � ��� � �� � � mod � F �?�:��� mod � F � andso �S5 � � cannotbea root

for

� s�:9�� mod �"� ; this impliesthateveryrootmustlie in a
differentresidueclassmodulo� .

Finally, we observe that if

� � � � � mod � F � for 'AG� G|��)X� y � , thenthereexist morethan � rootsof theequa-
tion � � � � � mod � F � thusarriving at a contradiction.Let� h , � F , <T<W< , ��� be all primeslessthan BPCQE y �:[�BDC+E y � . By
Chebyshev’s estimate,we know that �eb � �2��� �F;y � �;�t� �2� � . The

productof acollectionof upto ��� � �2� �F � �;�t� �2� � of theseprimes

is lessthan ��BPCQE y �"� �?��� F . Therefore,all suchproductswill
bedistinctmodulo� F . Let ¡ h , ¡ F , <T<W< , ¡�¢ bethenumbers
formedby suchproducts.We have:¡ �j �K¡ j � mod � F ���
for '£G m GK¤ , sinceall theprimefactorsof ¡ j satisfythe
equation.Thenumber¤ is at leastl �� n > l �� n �b l BPCQEQ¥M�'XJ n ¦ §�¨X©� ¦ §#¨%¦ §#¨W©� �uª� g ¦ §#¨.« �� ¦ §#¨.¦ §#¨W© <
Since�6b�� F bx'W¬�BDC+E+�� , � is greaterthan J h�® . Therefore,¤r>�� .

Puttingtogethertheabovelemmas,wegetthefollowing
characterizationof primes.

Corollary 3.4 � is prime if and only if for any $£>A@4BDC+E y �
such that ) * ��� �]>K@4BDC+E+F�� : Prime ���\�T'X�4�r9�� mod � * ��� �
and for every 0 , 'wG¯0°G±@²BPCQE.y � : Prime ���1�20t���9S� mod � * !A'+��� � .
Proof. It was shown in [2] that therealways exists an$�G³'X¬�BPCQE+´�� such that )%*+��� �H>°@²BPCQE F � . Their proof
also yields that there exists such an $ with @²BPCQE y �µ[$KG¶'W¬�BDC+E+´�� . Lemma3.1 shows that if Prime���1�;0t�e�9{� mod � * !v'+�;� � for suchan $ andfor every '�G_0KGJOL ,-��$.�OBDC+E4�·[Z@4BDC+E y � , then � is eithera prime power
or hasdivisors lessthan $ . Lemma3.2 rulesout divisors
lessthan $ andLemma3.3rulesout � beingaprimepower.
Hence� mustbeprimewhenall theconditionsaresatisfied.

4 Converting to a SingleIdentity

Although Corollary 3.4 provides a characterizationof
prime numbers,it is a bit unwieldy due to presenceof
multiple identities. Notice that all the identitiesare very
similar—theonly differencebeingthevalueof 0 used.We
caneasilytransformtheminto asingleidentity.



Lemma 4.1 Fix any $Y>A9 and any ��>K9 . Then,

Prime ���1�T'U�V�R9S� mod ���w!60t� * !A'+�;� � for 9
GA0IG{�]!A' (1)

if and only if

Prime ���\�;0t�4�`9S� mod � * !A'+�;� � for 'aGK0�G{�.< (2)

Proof. The proof is by induction on � . When �H�µ' ,
equation(1) is:

Prime���1�W'X�4�:9�� mod � * !H'Q��� �=<
This is identicalto equation(2) for 0S�x' .

Now supposethe equivalenceholds for �f!�' . So we
have:

Prime���1�W'X�¸� 9�� mod ���w!60t� * !A'+��� � for 9SGH0IG{�]!6J
if f

Prime���1�;0t�¸� 9�� mod � * !A'+��� � for '�GH0IG{�]!H'Q<
To provetheforwarddirection,assumethat

Prime���1�T'U�4�:9�� mod ���`!£0t� * !�'+�;� � for 9
GA0IG{�]!H'+<
Then,for 0S�K�]!A' , we have:���c5`'X� � �K� � 5`'f� mod ���w!��45`'X� * !H'Q��� ��<
Substituting�c56�]!A' for � , we get:���c56�W� � �����c5��?!A'X� � 5`'f� mod � * !A'+��� ��<
Usingtheequivalencefor �u!}' , wecanreplacetheRHSof
thelastequationby � � 5}�]!H' . Thus,we getequation(2)
for 0
�:� .

To provetheotherdirection,assumethat

Prime���1�;0t�4�:9�� mod � * !H'Q��� � for '�GA0�GH�.<
Then,for 0S�K� :���c56�W� � � � � 56�a� mod � * !A'+��� �� ���c5��?!A'X� � 5`'f� mod � * !A'+��� ��<
Now substituting�Z!��²5R' for � , we getequation(1) for0
�A�]!A' .
Corollary 4.2 � is prime if and only if for any $¹>@4BPCQE.y�� such that )%*Q��� �º>»@4BPCQE+F�� : Prime ���1�W'X���9e� mod ����������� � for every ��������¼H½W� * �X���¾!}0t� * !:'�¿'&GK0�GH@4BDC+E y �VÀ .
Proof. Follows directly from Corollary 3.4 and above
lemma.

We can simplify it further by using the fact (proved
in [2]) that therealways exists an $ , $vGÁ'W¬�BDC+E+´�� such
that ) * ��� �?>A@4BDC+E F � .

Corollary 4.3 � is prime if and only if Prime ���\�T'X�r�9S� mod �������=��� � where

�������4�`� hz® � �;�=Â �
Ã h�® � �2�=Â �Ä* k h y � �2��� �ÄÅ k h �;���¾!60t� * !A'X�=<
Proof. Follows from thefactaboveandthe(trivial) obser-
vationthat ÆV����� is divisibleby �"����� impliesit is divisible
by all factorsof ������� .

Corollary4.3givesriseto atwo line algorithmfor testing
primality:

Input: integer ��>r' .
1. Compute

���������`� h�® � �2�=Â ��Ã h�® � �2�=Â �Ä* k h y � �2�2� �ÄÅ k h �;���}!80t� * !�'X��<
2. Output PRIME iff���_5`'X� � �`� � 5:'�� mod ����������� �=<
Of course,thetime complexity of this algorithmis very

high: ÇS��BDC+E h�È � � !
5 A Paradigm for Derandomization

Corollary 4.2 fits exactly in the framework of the ran-
domizedalgorithmfor identity testinggiven in [1]. Their
algorithmfor testinga polynomialidentity is asfollows:

Let ��� � h � � F �W<T<T<W� �4É � be a polyno-
mial over field � � of degree ÊQË in

� Ë
specified by an arithmetic circuit. LetÌ�������^� ������ÍNÎ+���\Í « �W<T<W<����\ÍVÏVÐ « � whereÑ�Ò �ÔÓ ÒË k h ��ÊÕË75�'U� for '_G � GÖ¡ , andÑ
× ��' . For any $ suchthat ) * ���"�IbcBPCQE ÑSÉ ,
and for a randomly chosen polynomial¤£����� of degree BDC+E ÑSÉ , output ZERO iffÌ�������4�:9�� mod ��¤£�����;� * !A'+���"� .

It is shown therethattheabovealgorithmsucceedswith
probability at least 'a! h� �2� Í Ï whenthe input polynomial
is not identically zero. Corollary 4.2 hasexactly the same
form except for someminor differences(like identity be-
ing testedover ring

�4�
insteadof field ��� ). The reason

why it yields a deterministicalgorithm is that the sample
spacefor randompolynomial ¤Y����� hasbeenreducedto a



polynomialsizedsubset: ¤£����� takesthe value �Ø!H0 for
a small numberis 0 ’s. (Again, thereis a minor difference
in that Corollary 4.2 alsorequiresto testmodulo � * .) So
theprimality testof [2] canbeviewedasderandomizingthe
randomizedprimality testingof [1] in a preciseway.

Thisalsosuggeststhefollowingparadigmfor derandom-
izing identity tests.

Let ��� � h � � F �T<W<T<�� ��É � be a polyno-
mial over ring � of degree Ê Ë in

� Ë
specified by an arithmetic circuit. LetÌ�S�����^� �����\Í Î �;�\Í « �T<W<T<W���\Í ÏVÐ « � whereÑ�Ò �vÓ ÒË k h ��ÊÕËW5�'U� for '&G � GH¡ , and

Ñ
× ��' .
Constructa small samplespacefor ������� —a
polynomial of degreeboundedby a polynomial
in BPCQE Ñ É and ¡ . Show that

Ì� is zero if f it is
zeromodulo ������� for every ������� in thesample
space.

It is easyto observe (see,e.g.,[1]) that ��� � h �T<W<T<�� ��É �
is zero if f

Ì������� is zero. And since there are only a
few low degreepolynomialsin the samplespace,identity��� � h �T<W<T<�� ��É � canbeefficiently deterministicallytested.

Canthisparadigmbeusedto derandomizetestsfor some
otheridentities?We examineonesuchidentity: for testing
bipartitematching.Let Ù·�_�#Ú7�2Û²�;Ü£� bea bipartitegraph
with ¿ Ú�¿Ý��¿ Û~¿Ý��� . Define �}Þ� matrix ß¯��	 ¡�Ë j � as:¡eË j �Rà�Ë j Ã ��Ë j with à�Ë j ��' if edge��á�� m �?¼�Ü , 9 otherwise.
It wasshown by Lovasz[5] that Ù hasa perfectmatching
if f âtã�äU��ß|� s��9 . Usingthis characterization,a simpleran-
domizedNC algorithmfor matchingcanbe derived sinceâtã�äU��ß|� is an � F -variatemulti-linearpolynomial.

Let ustry to applyour paradigmto this algorithm.First,
weconvertthisto aunivariateidentitybymakingthesubsti-

tution � Ë j�åæ � F;ç ª�èDé.ê . Thispreservesthecharacterization.
Let

Ìß betheresultingmatrix. Now, insteadof choosinga
randomsmall degreepolynomial ������� , we choose�������
from thesetof polynomials ½W� * !:'I¿"'�Gv$~Gv� ® À . No-
tice thatwith this choiceof ������� , Ìßë� mod ��������� canbe
evaluatedin NC: if �������I�º� * !x' , thenfirst compute� Ë j �(J � ª ËDì j � mod $.� for '~G�á�� m G�� (this canbe done
by anNCh circuit), thenconstructmatrix íßî�_	 í¡�Ë j � withí¡eË j �`�\ï è�ê , andevaluateâtãTäX� íß|� (thiscannow bedonein
NC sincethedeterminantis a univariatedegree [K� È poly-
nomial),andfinally reducetheresultingpolynomialmodulo� * !x' . Therefore,the entirecomputation,moduloeach������� in thesamplespacecanbedonein NC.

Now we conjecturethefollowing:

Conjecture. Graph Ù has a perfect matching iff for
some �������A¼Ø½W� * !�'�¿S'xGð$�Gñ� ® À , âtã�ä%� Ìßx� s�9
� mod �������;� .

In anongoingwork (with S. Biswas,V. Pandey, andR.
Verma)we are able to show the following. Let ò be the
setof all matchingsof graph Ù expressedaspermutations
of 	P'+���"� . Let sgn� Ã � bethesignfunctionof permutationsof	�'Q���"� . Definepolynomialsó Ò ��ôu� � � as:

ó Ò ��ô²� � �4� iõ3ö.÷ sgn��ø � ÃNù �i Ë k h ô Ë � õ
� Ë � ú Ò <

We canprovethat:

Lemma 5.1 If âtãTäX� Ìß|���ð9�� mod � * !�'U� for every $ ,'aGH$
GH� ® , then ó Ò ��ô²� � �4�`9 for every

�
, 9
G � G�o � F p .

Soif it canbeshown that, Ù hasa perfectmatchingim-
plies ó Ò ��ôu� � � s��9 for some

� G¶o � F p , thenwe aredone.
Our experiments(thoughnot very extensive) suggestthat
this is indeedthe case. We can also prove this for sev-
eralspecialclassesof graphs.For example,if Ù is a com-
pletebipartitegraph,then ó Ò ��ôu� � �f�_9 for

� [�o � F p andó � ç � � ��ôu� � � s�ð9 . For non-completegraphs,the smallest

valueof

�
for which ó Ò ��ôu� � � s��9 is observed to be less

than o � F p .The paradigmcansimilarly be appliedto otherspecial
identities,e.g.,identity for testingequivalenceof read-once
branchingprograms.

6 Future Work

Improving the time complexity of the primality testing
algorithmremainsa majorproblem.Recently, Lenstraand
Pomerance[4] have broughtdown the time complexity toÇ�û8��BPCQE ® � � . A conjecturegiven at the end of [2] im-
provesthis to Ç�û8��BPCQE ¥ � � . However, asrecentlyobserved
by LenstraandPomerance,this conjectureis unlikely to be
true.

For theparadigmfor derandomizationthatwehaveiden-
tified, much work needsto be done to clarify its utility.
Ourwayof derandomizationis differentfrom theonegiven
in [3] where derandomizationis done making use of a
hardfunctionfor arithmeticcircuits—thisfollowstheusual
methodologyof deriving pseudo-randomgeneratorsfrom
hardfunctionsinitiated by NisanandWigderson[6]. One
interestingquestionhereis to seeif our paradigmcanalso
beput in thisway. Specifically, canoneshow thatthesmall
samplespacefor ������� canbe derived usinga hardfunc-
tion?And conversely, if asmallsamplespacefor ������� de-
randomizesall the identities,thencanoneconstructa hard
functionfrom sucha samplespace?
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