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1 Discrete Fourier Transform

Let f:[0,n — 1] — F be a function. F' is a field.
Definition 1.1 The Discrete Fourier Transform of f is defined as

n—1
DFT;(j) = > f(i)w?; 0<j<n
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where w is a principal nt" root of unity, i.e., w" =1 and W™ # 1 for 0 < m < n

So, DFTy : [0,n — 1] — Fw], in general.

1.1 Evaluating DFT}
Given f = (co,c1,--.,Cn—1), compute (do,d1,...,d,—1) with d; = DFTy(j)

Time complexity of naive algorithm = (O(n?) operations over F.

1.2 Computing Inverse DFT
Theorem 1.1 %DFT[w_l]DFT[w]f =f

Proof.  Suppose DFT|w](co,c1,- .. ¢n-1) = (do,d1,...,dp—1)
Then dj = Z:-L;Ol Ciwij

Let DFT[LU_l](do, dy, ... ,dnfl) = (60, €ly... ,enfl)
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2 Fast Fourier Transform

Proposed by Gauss in the 1800’s, Fast Fourier Transforms employ the Divide-and-Conquer
technique.
Assume n = 2™ for some m > 0
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Let fo = (co,c2,...,cn—2) and f1 = (c1,¢3,...,¢n-1)

Let (eg,eq, ... ,e%_l) = DFTy, and (e, €], ..., e’%_l) = DFTy,

Then

dj = ej+uwle; 0<j<
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Time Complexity of FFT =T (n)
T(n) =2T(3) + O(n) = O(nlogn)

Therefore, time complexity of computing DF'T or Inverse DFT = ()(nlogn)

2.1 Polynomial Multiplication

Given polynomials P(z) and Q(x), both of degree n — 1, compute P * Q(z)
Obvious time complexity = (O(n?)



Let DFTp = (do,dy, ... ,dn_l) where d; = P(wj)
and DFTy = (e, €1, . . ., €n—1) where e; = Q(w?)

P x Q(wj) = P(wj)Q(wj) =dje;
DFTp.q = (doeg,dien, . ..,dn—16n—1) and can be computed using O(n) operations if DFTp
and DFTg are known.

deg P*x(Q =2n—2

Pretend that P and Q are deg! polynomials with > n — 2 and [ = 2¥ — 1 for some k. So,
use w, a principal 2¥th root of unity.

P x (@ is also a deg! polynomial.

Time complexity of computing P x Q) via DFT

= O(llogl) + Ol) + O(llogl)
= O(nlogn) as | = (O(n)

2.2 Integer Multiplication

Given integers a and b, both n bit long, compute a * b.
Obvious Time Complexity = O)(n?)

Let a=apay...an,_1 and b=1boby...b,_1.
a=Y"4a2 and b=3Y")b2

Assume n = 2%, Let [ | n. Let n =1 *t.
Split @ and b into ¢ blocks of [ bits each.

Let a = dodl e dt,1 and b= 6081 c. i)tfl.
Then a = Y!71 4,20 and b= Y20 b2

Let a(z) = Yi-b et and  b(z) = Y154 bz,



