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1 Smooth Numbers

Definition 1.1 A number x is said to be y-smooth if all its prime factors are less than or
equal to y.

Example of Smooth Numbers :
1, 2, 4, 8, 16, 32, 64, 128, 256, 512, ... are 2-smooth
1, 2, 3, 4, 6, 8, 9, 12, 16, 18, 24, ... are 3-smooth
1, 2, 3, 4, 5, 6, 8, 9, 10, 12, 15, 16, ... are 5-smooth
Smooth Numbers are used in Elliptic Curve Factoring, Quadratic Sieve and Number Field
Sieve, the three most popular integer factoring algorithms. They are also used in index
calculus method for discrete log problem. Before delving any further, we need to first get
an idea of density of smooth numbers.

2 Density of Smooth Numbers

Let Ψ(x, y) = {m ≤ x |m is y − smooth}
Let ψ(x, y) = |Ψ(x, y)|
Suppose m is y-smooth.
Then m = pα1

1 pα2
2 . . . pαt

t

where p1, p2, . . . , pt are all primes less than or equal to y.

2.1 Upper Bound on the Density

One way to go about finding the upper bound is,

ψ(x, y) =
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≤
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= O((log x)t)
= O((log x)
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Exercise 2.1 Find a decent upper bound for ψ(x, y).
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2.2 Lower Bound on the Density

The highest power of y that can divide into x is logy(x). It is easily seen that,
∑t

i=1 αi ≥
logy(x) + t. Therefore,
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