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1 Introduction

There are more than one definitions of the determinant of a matrix. In this
document, we will reduce one definition to another. Though I knew both the
definitions for a long time, this time I could not recall why the definitions
were the same. Hence, after I got the (pretty simple) answer I decided to
TeX it.

A determinant for an n x n matrix A = [a;;],1 < 4,5 < n over some
commutative ring' is defined as follows:

Definition 1 (Permutation based definition of determinant ).
n
det (4) = Z sgn (o) Hai,o(i)a
o€Sn i=1

where S, is the symmetric group of order n.
A recursive definition of the determinant is given by:

Definition 2 (Minor based definition of determinant ).

2?21(—1)i_101i ~det (A)  ifn>1,
a1l ifn=1,

det (A) = {

where Ajy; is the (n — 1) x (n — 1) matrix obtained by deleting the 1st
row and the ith column.

Theorem 3. The definitions 1 and 2 are the same.

'In this document, elements of the set are integers, though this proof can easily extend
to any commutative ring.



Proof. We prove this by induction on n.

Base case: When n =1, 57 has only 1 element. Hence, by both defini-
tions, det (A) = a1;.

Induction step: We assume that the two definitions lead to the same
determinant value for square matrices of size (n — 1).

In the permutation based definition, consider the term corresponding to
the permutation y € Sy. It is given by sgn (1) - @1,,(1)@2,(2)@3,(3) - - - Unp(n)-
Observe that the minor based definition of determinant will have a term
With ay,,(1)a2,(2)@3u(3) - - - Anpu(n)- We only have to prove that the sign of that
term in the minor based expression is equal to sgn (). In the minor based
definition, we set ¢ = p(1). Since Aj; is a square matrix of size (n — 1),
the two definitions lead to the same value of determinant . Let us call the
permutation in Aj; that leads to the term ag,(2)asu(s) - - - Anpn) in A1; as
permutation a. We map it to a permutation over the set {2,3,...n} by
increasing the value of each element by 1 and call it permutation 3. We
can further map the range to the range {1,2,...,n}\ {i}. Let us call this
bijection v. We do the following to get the range:

N BU) =1 B() <4
={ 50" wetsi
We map 1 to i and j to v(5)(j € {2,3,...,n}) This is exactly the permu-
tation we get by mapping 1 — 4,2 — pu(2),...,n — pu(n). This is our
permutation u.
Mathematically, let

(123 - i=1 i il e m—1
1 i 43 -+ -1 4 Gl 0 dp—1 ip
where is = (3(2),.... Let
1 2 3 -+ -1 1 t1+1 -+ n—1 n
v 1 2 v diio i1 g1t ip—1 In
Then applying ¢ and then 7w gives
(V2083 i1 i+l e m—1 om ) _
TNy e iy iy e iy i )

where

y {@—1 if i; <14,
J

i =19 . el

ij if i; > 1,
Hence, sgn (7) - sgn (o) = sgn (). Now, m = (4,0 — 1,...,3,2,1). Hence,
sgn (1) = (—1)"~1. Hence, sgn (1) = (—1)"'sgn (o). O



